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consumption of good 1 must decrease. Thus the horizontal intercept of
the budget line must shift inward, resulting in the tilt depicted in Fig-
ure 2.3.

Slope = –p' /p

Budget lines
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Increasing price. If good 1 becomes more expensive, the
budget line becomes steeper.

Figure
2.3

What happens to the budget line when we change the prices of good 1
and good 2 at the same time? Suppose for example that we double the
prices of both goods 1 and 2. In this case both the horizontal and vertical
intercepts shift inward by a factor of one-half, and therefore the budget
line shifts inward by one-half as well. Multiplying both prices by two is
just like dividing income by 2.
We can also see this algebraically. Suppose our original budget line is

p1x1 + p2x2 = m.

Now suppose that both prices become t times as large. Multiplying both
prices by t yields

tp1x1 + tp2x2 = m.

But this equation is the same as

p1x1 + p2x2 =
m
t

.

Thus multiplying both prices by a constant amount t is just like dividing
income by the same constant t. It follows that if we multiply both prices
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by t and we multiply income by t, then the budget line won’t change at
all.
We can also consider price and income changes together. What happens

if both prices go up and income goes down? Think about what happens to
the horizontal and vertical intercepts. If m decreases and p1 and p2 both
increase, then the intercepts m/p1 and m/p2 must both decrease. This
means that the budget line will shift inward. What about the slope of
the budget line? If price 2 increases more than price 1, so that −p1/p2
decreases (in absolute value), then the budget line will be flatter; if price 2
increases less than price 1, the budget line will be steeper.

2.5 The Numeraire

The budget line is defined by two prices and one income, but one of these
variables is redundant. We could peg one of the prices, or the income, to
some fixed value, and adjust the other variables so as to describe exactly
the same budget set. Thus the budget line

p1x1 + p2x2 = m

is exactly the same budget line as

p1

p2
x1 + x2 =

m
p2

or p1

m
x1 +

p2

m
x2 = 1,

since the first budget line results from dividing everything by p2, and the
second budget line results from dividing everything by m. In the first case,
we have pegged p2 = 1, and in the second case, we have pegged m = 1.
Pegging the price of one of the goods or income to 1 and adjusting the
other price and income appropriately doesn’t change the budget set at all.
When we set one of the prices to 1, as we did above, we often refer to that

price as the numeraire price. The numeraire price is the price relative to
which we are measuring the other price and income. It will occasionally be
convenient to think of one of the goods as being a numeraire good, since
there will then be one less price to worry about.

2.6 Taxes, Subsidies, and Rationing

Economic policy often uses tools that affect a consumer’s budget constraint,
such as taxes. For example, if the government imposes a quantity tax, this
means that the consumer has to pay a certain amount to the government
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for each unit of the good he purchases. In the U.S., for example, we pay
about 15 cents a gallon as a federal gasoline tax.
How does a quantity tax affect the budget line of a consumer? From

the viewpoint of the consumer the tax is just like a higher price. Thus a
quantity tax of t dollars per unit of good 1 simply changes the price of good
1 from p1 to p1 + t. As we’ve seen above, this implies that the budget line
must get steeper.
Another kind of tax is a value tax. As the name implies this is a tax

on the value—the price—of a good, rather than the quantity purchased of
a good. A value tax is usually expressed in percentage terms. Most states
in the U.S. have sales taxes. If the sales tax is 6 percent, then a good that
is priced at $1 will actually sell for $1.06. (Value taxes are also known as
ad valorem taxes.)
If good 1 has a price of p1 but is subject to a sales tax at rate τ , then

the actual price facing the consumer is (1 + τ)p1.
2 The consumer has to

pay p1 to the supplier and τp1 to the government for each unit of the good
so the total cost of the good to the consumer is (1 + τ)p1.

A subsidy is the opposite of a tax. In the case of a quantity subsidy,
the government gives an amount to the consumer that depends on the
amount of the good purchased. If, for example, the consumption of milk
were subsidized, the government would pay some amount of money to each
consumer of milk depending on the amount that consumer purchased. If
the subsidy is s dollars per unit of consumption of good 1, then from the
viewpoint of the consumer, the price of good 1 would be p1 −s. This would
therefore make the budget line flatter.
Similarly an ad valorem subsidy is a subsidy based on the price of the

good being subsidized. If the government gives you back $1 for every $2
you donate to charity, then your donations to charity are being subsidized
at a rate of 50 percent. In general, if the price of good 1 is p1 and good 1 is
subject to an ad valorem subsidy at rate σ, then the actual price of good 1
facing the consumer is (1− σ)p1.

3

You can see that taxes and subsidies affect prices in exactly the same
way except for the algebraic sign: a tax increases the price to the consumer,
and a subsidy decreases it.
Another kind of tax or subsidy that the government might use is a lump-

sum tax or subsidy. In the case of a tax, this means that the government
takes away some fixed amount of money, regardless of the individual’s be-
havior. Thus a lump-sum tax means that the budget line of a consumer
will shift inward because his money income has been reduced. Similarly, a
lump-sum subsidy means that the budget line will shift outward. Quantity

2 The Greek letter τ , tau, rhymes with “wow” in mathematical discourse, though mod-
ern Greeks pronounce it “taf.”

3 The Greek letter σ is pronounced “sig-ma.”
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taxes and value taxes tilt the budget line one way or the other depending
on which good is being taxed, but a lump-sum tax shifts the budget line
inward.

Governments also sometimes impose rationing constraints. This means
that the level of consumption of some good is fixed to be no larger than
some amount. For example, during World War II the U.S. government
rationed certain foods like butter and meat.

Suppose, for example, that good 1 were rationed so that no more than
x1 could be consumed by a given consumer. Then the budget set of the
consumer would look like that depicted in Figure 2.4: it would be the old
budget set with a piece lopped off. The lopped-off piece consists of all the
consumption bundles that are affordable but have x1 > x1.

x2

x1 x1

Budget line

Budget
set

Figure
2.4

Budget set with rationing. If good 1 is rationed, the section
of the budget set beyond the rationed quantity will be lopped
off.

Sometimes taxes, subsidies, and rationing are combined. For example,
we could consider a situation where a consumer could consume good 1
at a price of p1 up to some level x1, and then had to pay a tax t on all
consumption in excess of x1. The budget set for this consumer is depicted
in Figure 2.5. Here the budget line has a slope of −p1/p2 to the left of x1,
and a slope of −(p1 + t)/p2 to the right of x1.

creo
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Budget line
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Budget set

Taxing consumption greater than x1. In this budget set
the consumer must pay a tax only on the consumption of good
1 that is in excess of x1, so the budget line becomes steeper to
the right of x1.

Figure
2.5

EXAMPLE: The Food Stamp Program

Since the Food Stamp Act of 1964 the U.S. federal government has provided
a subsidy on food for poor people. The details of this program have been
adjusted several times. Here we will describe the economic effects of one
of these adjustments.
Before 1979, households who met certain eligibility requirements were

allowed to purchase food stamps, which could then be used to purchase food
at retail outlets. In January 1975, for example, a family of four could receive
a maximum monthly allotment of $153 in food coupons by participating in
the program.
The price of these coupons to the household depended on the household

income. A family of four with an adjusted monthly income of $300 paid
$83 for the full monthly allotment of food stamps. If a family of four had
a monthly income of $100, the cost for the full monthly allotment would
have been $25.4

The pre-1979 Food Stamp program was an ad valorem subsidy on food.
The rate at which food was subsidized depended on the household income.

4 These figures are taken from Kenneth Clarkson, Food Stamps and Nutrition, Ameri-
can Enterprise Institute, 1975.
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The family of four that was charged $83 for their allotment paid $1 to
receive $1.84 worth of food (1.84 equals 153 divided by 83). Similarly, the
household that paid $25 was paying $1 to receive $6.12 worth of food (6.12
equals 153 divided by 25).
The way that the Food Stamp program affected the budget set of a

household is depicted in Figure 2.6A. Here we have measured the amount
of money spent on food on the horizontal axis and expenditures on all other
goods on the vertical axis. Since we are measuring each good in terms of
the money spent on it, the “price” of each good is automatically 1, and the
budget line will therefore have a slope of −1.
If the household is allowed to buy $153 of food stamps for $25, then this

represents roughly an 84 percent (= 1−25/153) subsidy of food purchases,
so the budget line will have a slope of roughly −.16 (= 25/153) until the
household has spent $153 on food. Each dollar that the household spends
on food up to $153 would reduce its consumption of other goods by about
16 cents. After the household spends $153 on food, the budget line facing
it would again have a slope of −1.

FOOD $200

OTHER
GOODS Budget line

with food
stamps

Budget
line
without
food
stamps

Budget
line
without
food
stamps

Budget line
with food
stamps

OTHER
GOODS

$153 FOOD

A B

Figure
2.6

Food stamps. How the budget line is affected by the Food
Stamp program. Part A shows the pre-1979 program and part
B the post-1979 program.

These effects lead to the kind of “kink” depicted in Figure 2.6. House-
holds with higher incomes had to pay more for their allotment of food
stamps. Thus the slope of the budget line would become steeper as house-
hold income increased.
In 1979 the Food Stamp program was modified. Instead of requiring that
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households purchase food stamps, they are now simply given to qualified
households. Figure 2.6B shows how this affects the budget set.
Suppose that a household now receives a grant of $200 of food stamps a

month. Then this means that the household can consume $200 more food
per month, regardless of how much it is spending on other goods, which
implies that the budget line will shift to the right by $200. The slope
will not change: $1 less spent on food would mean $1 more to spend on
other things. But since the household cannot legally sell food stamps, the
maximum amount that it can spend on other goods does not change. The
Food Stamp program is effectively a lump-sum subsidy, except for the fact
that the food stamps can’t be sold.

2.7 Budget Line Changes

In the next chapter we will analyze how the consumer chooses an optimal
consumption bundle from his or her budget set. But we can already state
some observations here that follow from what we have learned about the
movements of the budget line.
First, we can observe that since the budget set doesn’t change when we

multiply all prices and income by a positive number, the optimal choice of
the consumer from the budget set can’t change either. Without even ana-
lyzing the choice process itself, we have derived an important conclusion:
a perfectly balanced inflation—one in which all prices and all incomes rise
at the same rate—doesn’t change anybody’s budget set, and thus cannot
change anybody’s optimal choice.
Second, we can make some statements about how well-off the consumer

can be at different prices and incomes. Suppose that the consumer’s income
increases and all prices remain the same. We know that this represents a
parallel shift outward of the budget line. Thus every bundle the consumer
was consuming at the lower income is also a possible choice at the higher
income. But then the consumer must be at least as well-off at the higher
income as at the lower income—since he or she has the same choices avail-
able as before plus some more. Similarly, if one price declines and all others
stay the same, the consumer must be at least as well-off. This simple ob-
servation will be of considerable use later on.

Summary

1. The budget set consists of all bundles of goods that the consumer can
afford at given prices and income. We will typically assume that there are
only two goods, but this assumption is more general than it seems.

2. The budget line is written as p1x1+p2x2 = m. It has a slope of −p1/p2,
a vertical intercept of m/p2, and a horizontal intercept of m/p1.
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3. Increasing income shifts the budget line outward. Increasing the price
of good 1 makes the budget line steeper. Increasing the price of good 2
makes the budget line flatter.

4. Taxes, subsidies, and rationing change the slope and position of the
budget line by changing the prices paid by the consumer.

REVIEW QUESTIONS

1. Originally the consumer faces the budget line p1x1 + p2x2 = m. Then
the price of good 1 doubles, the price of good 2 becomes 8 times larger,
and income becomes 4 times larger. Write down an equation for the new
budget line in terms of the original prices and income.

2. What happens to the budget line if the price of good 2 increases, but
the price of good 1 and income remain constant?

3. If the price of good 1 doubles and the price of good 2 triples, does the
budget line become flatter or steeper?

4. What is the definition of a numeraire good?

5. Suppose that the government puts a tax of 15 cents a gallon on gasoline
and then later decides to put a subsidy on gasoline at a rate of 7 cents a
gallon. What net tax is this combination equivalent to?

6. Suppose that a budget equation is given by p1x1 + p2x2 = m. The
government decides to impose a lump-sum tax of u, a quantity tax on
good 1 of t, and a quantity subsidy on good 2 of s. What is the formula
for the new budget line?

7. If the income of the consumer increases and one of the prices decreases
at the same time, will the consumer necessarily be at least as well-off?



CHAPTER 3

PREFERENCES

We saw in Chapter 2 that the economic model of consumer behavior is very
simple: people choose the best things they can afford. The last chapter was
devoted to clarifying the meaning of “can afford,” and this chapter will be
devoted to clarifying the economic concept of “best things.”
We call the objects of consumer choice consumption bundles. This

is a complete list of the goods and services that are involved in the choice
problem that we are investigating. The word “complete” deserves empha-
sis: when you analyze a consumer’s choice problem, make sure that you
include all of the appropriate goods in the definition of the consumption
bundle.
If we are analyzing consumer choice at the broadest level, we would want

not only a complete list of the goods that a consumer might consume, but
also a description of when, where, and under what circumstances they
would become available. After all, people care about how much food they
will have tomorrow as well as how much food they have today. A raft in the
middle of the Atlantic Ocean is very different from a raft in the middle of
the Sahara Desert. And an umbrella when it is raining is quite a different
good from an umbrella on a sunny day. It is often useful to think of the
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“same” good available in different locations or circumstances as a different
good, since the consumer may value the good differently in those situations.
However, when we limit our attention to a simple choice problem, the

relevant goods are usually pretty obvious. We’ll often adopt the idea de-
scribed earlier of using just two goods and calling one of them “all other
goods” so that we can focus on the tradeoff between one good and ev-
erything else. In this way we can consider consumption choices involving
many goods and still use two-dimensional diagrams.
So let us take our consumption bundle to consist of two goods, and let

x1 denote the amount of one good and x2 the amount of the other. The
complete consumption bundle is therefore denoted by (x1, x2). As noted
before, we will occasionally abbreviate this consumption bundle by X.

3.1 Consumer Preferences

We will suppose that given any two consumption bundles, (x1, x2) and
(y1, y2), the consumer can rank them as to their desirability. That is, the
consumer can determine that one of the consumption bundles is strictly
better than the other, or decide that she is indifferent between the two
bundles.
We will use the symbol � to mean that one bundle is strictly preferred

to another, so that (x1, x2) � (y1, y2) should be interpreted as saying that
the consumer strictly prefers (x1, x2) to (y1, y2), in the sense that she
definitely wants the x-bundle rather than the y-bundle. This preference
relation is meant to be an operational notion. If the consumer prefers
one bundle to another, it means that he or she would choose one over the
other, given the opportunity. Thus the idea of preference is based on the
consumer’s behavior. In order to tell whether one bundle is preferred to
another, we see how the consumer behaves in choice situations involving
the two bundles. If she always chooses (x1, x2) when (y1, y2) is available,
then it is natural to say that this consumer prefers (x1, x2) to (y1, y2).
If the consumer is indifferent between two bundles of goods, we use

the symbol ∼ and write (x1, x2) ∼ (y1, y2). Indifference means that the
consumer would be just as satisfied, according to her own preferences,
consuming the bundle (x1, x2) as she would be consuming the other bundle,
(y1, y2).
If the consumer prefers or is indifferent between the two bundles we say

that she weakly prefers (x1, x2) to (y1, y2) and write (x1, x2) � (y1, y2).
These relations of strict preference, weak preference, and indifference

are not independent concepts; the relations are themselves related! For
example, if (x1, x2) � (y1, y2) and (y1, y2) � (x1, x2) we can conclude that
(x1, x2) ∼ (y1, y2). That is, if the consumer thinks that (x1, x2) is at least
as good as (y1, y2) and that (y1, y2) is at least as good as (x1, x2), then the
consumer must be indifferent between the two bundles of goods.
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Similarly, if (x1, x2) � (y1, y2) but we know that it is not the case that
(x1, x2) ∼ (y1, y2), we can conclude that we must have (x1, x2) � (y1, y2).
This just says that if the consumer thinks that (x1, x2) is at least as good
as (y1, y2), and she is not indifferent between the two bundles, then it must
be that she thinks that (x1, x2) is strictly better than (y1, y2).

3.2 Assumptions about Preferences

Economists usually make some assumptions about the “consistency” of
consumers’ preferences. For example, it seems unreasonable—not to say
contradictory—to have a situation where (x1, x2) � (y1, y2) and, at the
same time, (y1, y2) � (x1, x2). For this would mean that the consumer
strictly prefers the x-bundle to the y-bundle . . . and vice versa.
So we usually make some assumptions about how the preference relations

work. Some of the assumptions about preferences are so fundamental that
we can refer to them as “axioms” of consumer theory. Here are three such
axioms about consumer preference.

Complete. We assume that any two different bundles can be compared.
That is, given any x-bundle and any y-bundle, we assume that (x1, x2) �
(y1, y2), or (y1, y2) � (x1, x2), or both, in which case the consumer is
indifferent between the two bundles.

Reflexive. We assume that any bundle is at least as good as itself:
(x1, x2) � (x1, x2).

Transitive. If (x1, x2) � (y1, y2) and (y1, y2) � (z1, z2), then we assume
that (x1, x2) � (z1, z2). In other words, if the consumer thinks that X is at
least as good as Y and that Y is at least as good as Z, then the consumer
thinks that X is at least as good as Z.

The first axiom, completeness, is hardly objectionable, at least for the
kinds of choices economists generally examine. To say that any two bundles
can be compared is simply to say that the consumer is able to make a choice
between any two given bundles. One might imagine extreme situations
involving life or death choices where ranking the alternatives might be
difficult, or even impossible, but these choices are, for the most part, outside
the domain of economic analysis.
The second axiom, reflexivity, is trivial. Any bundle is certainly at least

as good as an identical bundle. Parents of small children may occasionally
observe behavior that violates this assumption, but it seems plausible for
most adult behavior.
The third axiom, transitivity, is more problematic. It isn’t clear that

transitivity of preferences is necessarily a property that preferences would
have to have. The assumption that preferences are transitive doesn’t seem
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compelling on grounds of pure logic alone. In fact it’s not. Transitivity is
a hypothesis about people’s choice behavior, not a statement of pure logic.
Whether it is a basic fact of logic or not isn’t the point: it is whether or not
it is a reasonably accurate description of how people behave that matters.
What would you think about a person who said that he preferred a

bundle X to Y , and preferred Y to Z, but then also said that he preferred
Z to X? This would certainly be taken as evidence of peculiar behavior.

More importantly, how would this consumer behave if faced with choices
among the three bundles X, Y , and Z? If we asked him to choose his most
preferred bundle, he would have quite a problem, for whatever bundle he
chose, there would always be one that was preferred to it. If we are to have
a theory where people are making “best” choices, preferences must satisfy
the transitivity axiom or something very much like it. If preferences were
not transitive there could well be a set of bundles for which there is no best
choice.

3.3 Indifference Curves

It turns out that the whole theory of consumer choice can be formulated
in terms of preferences that satisfy the three axioms described above, plus
a few more technical assumptions. However, we will find it convenient to
describe preferences graphically by using a construction known as indif-
ference curves.

Consider Figure 3.1 where we have illustrated two axes representing a
consumer’s consumption of goods 1 and 2. Let us pick a certain consump-
tion bundle (x1, x2) and shade in all of the consumption bundles that are
weakly preferred to (x1, x2). This is called the weakly preferred set. The
bundles on the boundary of this set—the bundles for which the consumer
is just indifferent to (x1, x2)—form the indifference curve.
We can draw an indifference curve through any consumption bundle we

want. The indifference curve through a consumption bundle consists of all
bundles of goods that leave the consumer indifferent to the given bundle.
One problem with using indifference curves to describe preferences is

that they only show you the bundles that the consumer perceives as being
indifferent to each other—they don’t show you which bundles are better
and which bundles are worse. It is sometimes useful to draw small arrows
on the indifference curves to indicate the direction of the preferred bundles.
We won’t do this in every case, but we will do it in a few of the examples
where confusion might arise.
If we make no further assumptions about preferences, indifference curves

can take very peculiar shapes indeed. But even at this level of generality,
we can state an important principle about indifference curves: indifference
curves representing distinct levels of preference cannot cross. That is, the
situation depicted in Figure 3.2 cannot occur.
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Weakly preferred set. The shaded area consists of all bun-
dles that are at least as good as the bundle (x1, x2).

Figure
3.1

In order to prove this, let us choose three bundles of goods, X, Y , and
Z, such that X lies only on one indifference curve, Y lies only on the other
indifference curve, and Z lies at the intersection of the indifference curves.
By assumption the indifference curves represent distinct levels of prefer-
ence, so one of the bundles, say X, is strictly preferred to the other bundle,
Y . We know that X ∼ Z and Z ∼ Y , and the axiom of transitivity there-
fore implies that X ∼ Y . But this contradicts the assumption that X � Y .
This contradiction establishes the result—indifference curves representing
distinct levels of preference cannot cross.
What other properties do indifference curves have? In the abstract, the

answer is: not many. Indifference curves are a way to describe preferences.
Nearly any “reasonable” preferences that you can think of can be depicted
by indifference curves. The trick is to learn what kinds of preferences give
rise to what shapes of indifference curves.

3.4 Examples of Preferences

Let us try to relate preferences to indifference curves through some exam-
ples. We’ll describe some preferences and then see what the indifference
curves that represent them look like.
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Indifference curves cannot cross. If they did, X, Y , and
Z would all have to be indifferent to each other and thus could
not lie on distinct indifference curves.

There is a general procedure for constructing indifference curves given
a “verbal” description of the preferences. First plop your pencil down on
the graph at some consumption bundle (x1, x2). Now think about giving a
little more of good 1, Δx1, to the consumer, moving him to (x1 +Δx1, x2).
Now ask yourself how would you have to change the consumption of x2
to make the consumer indifferent to the original consumption point? Call
this change Δx2. Ask yourself the question “For a given change in good
1, how does good 2 have to change to make the consumer just indifferent
between (x1 + Δx1, x2 + Δx2) and (x1, x2)?” Once you have determined
this movement at one consumption bundle you have drawn a piece of the
indifference curve. Now try it at another bundle, and so on, until you
develop a clear picture of the overall shape of the indifference curves.

Perfect Substitutes

Two goods are perfect substitutes if the consumer is willing to substitute
one good for the other at a constant rate. The simplest case of perfect
substitutes occurs when the consumer is willing to substitute the goods on
a one-to-one basis.
Suppose, for example, that we are considering a choice between red pen-

cils and blue pencils, and the consumer involved likes pencils, but doesn’t
care about color at all. Pick a consumption bundle, say (10, 10). Then for
this consumer, any other consumption bundle that has 20 pencils in it is
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just as good as (10, 10). Mathematically speaking, any consumption bun-
dle (x1, x2) such that x1 + x2 = 20 will be on this consumer’s indifference
curve through (10, 10). Thus the indifference curves for this consumer are
all parallel straight lines with a slope of −1, as depicted in Figure 3.3.
Bundles with more total pencils are preferred to bundles with fewer total
pencils, so the direction of increasing preference is up and to the right, as
illustrated in Figure 3.3.
How does this work in terms of general procedure for drawing indifference

curves? If we are at (10, 10), and we increase the amount of the first good
by one unit to 11, how much do we have to change the second good to get
back to the original indifference curve? The answer is clearly that we have
to decrease the second good by 1 unit. Thus the indifference curve through
(10, 10) has a slope of −1. The same procedure can be carried out at any
bundle of goods with the same results—in this case all the indifference
curves have a constant slope of −1.

Indifference curves

x2

x1

Perfect substitutes. The consumer only cares about the total
number of pencils, not about their colors. Thus the indifference
curves are straight lines with a slope of −1.

Figure
3.3

The important fact about perfect substitutes is that the indifference
curves have a constant slope. Suppose, for example, that we graphed blue
pencils on the vertical axis and pairs of red pencils on the horizontal axis.
The indifference curves for these two goods would have a slope of −2, since
the consumer would be willing to give up two blue pencils to get one more
pair of red pencils.
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In the textbook we’ll primarily consider the case where goods are perfect
substitutes on a one-for-one basis, and leave the treatment of the general
case for the workbook.

Perfect Complements

Perfect complements are goods that are always consumed together in
fixed proportions. In some sense the goods “complement” each other. A
nice example is that of right shoes and left shoes. The consumer likes shoes,
but always wears right and left shoes together. Having only one out of a
pair of shoes doesn’t do the consumer a bit of good.

Let us draw the indifference curves for perfect complements. Suppose
we pick the consumption bundle (10, 10). Now add 1 more right shoe, so
we have (11, 10). By assumption this leaves the consumer indifferent to
the original position: the extra shoe doesn’t do him any good. The same
thing happens if we add one more left shoe: the consumer is also indifferent
between (10, 11) and (10, 10).

Thus the indifference curves are L-shaped, with the vertex of the L oc-
curring where the number of left shoes equals the number of right shoes as
in Figure 3.4.

LEFT SHOES

Indifference
curves

RIGHT SHOES

Figure
3.4

Perfect complements. The consumer always wants to con-
sume the goods in fixed proportions to each other. Thus the
indifference curves are L-shaped.
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Increasing both the number of left shoes and the number of right shoes
at the same time will move the consumer to a more preferred position,
so the direction of increasing preference is again up and to the right, as
illustrated in the diagram.
The important thing about perfect complements is that the consumer

prefers to consume the goods in fixed proportions, not necessarily that
the proportion is one-to-one. If a consumer always uses two teaspoons of
sugar in her cup of tea, and doesn’t use sugar for anything else, then the
indifference curves will still be L-shaped. In this case the corners of the
L will occur at (2 teaspoons sugar, 1 cup tea), (4 teaspoons sugar, 2 cups
tea) and so on, rather than at (1 right shoe, 1 left shoe), (2 right shoes, 2
left shoes), and so on.
In the textbook we’ll primarily consider the case where the goods are

consumed in proportions of one-for-one and leave the treatment of the
general case for the workbook.

Bads

A bad is a commodity that the consumer doesn’t like. For example, sup-
pose that the commodities in question are now pepperoni and anchovies—
and the consumer loves pepperoni but dislikes anchovies. But let us suppose
there is some possible tradeoff between pepperoni and anchovies. That is,
there would be some amount of pepperoni on a pizza that would compen-
sate the consumer for having to consume a given amount of anchovies. How
could we represent these preferences using indifference curves?
Pick a bundle (x1, x2) consisting of some pepperoni and some anchovies.

If we give the consumer more anchovies, what do we have to do with the
pepperoni to keep him on the same indifference curve? Clearly, we have
to give him some extra pepperoni to compensate him for having to put up
with the anchovies. Thus this consumer must have indifference curves that
slope up and to the right as depicted in Figure 3.5.
The direction of increasing preference is down and to the right—that

is, toward the direction of decreased anchovy consumption and increased
pepperoni consumption, just as the arrows in the diagram illustrate.

Neutrals

A good is a neutral good if the consumer doesn’t care about it one way
or the other. What if a consumer is just neutral about anchovies?1 In this
case his indifference curves will be vertical lines as depicted in Figure 3.6.

1 Is anybody neutral about anchovies?
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ANCHOVIES

Indifference
curves

PEPPERONI

Figure
3.5

Bads. Here anchovies are a “bad,” and pepperoni is a “good”
for this consumer. Thus the indifference curves have a positive
slope.

ANCHOVIES

Indifference
curves

PEPPERONI

Figure
3.6

A neutral good. The consumer likes pepperoni but is neutral
about anchovies, so the indifference curves are vertical lines.

He only cares about the amount of pepperoni he has and doesn’t care at
all about how many anchovies he has. The more pepperoni the better, but
adding more anchovies doesn’t affect him one way or the other.
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Satiation

We sometimes want to consider a situation involving satiation, where
there is some overall best bundle for the consumer, and the “closer” he is
to that best bundle, the better off he is in terms of his own preferences.
For example, suppose that the consumer has some most preferred bundle
of goods (x1, x2), and the farther away he is from that bundle, the worse
off he is. In this case we say that (x1, x2) is a satiation point, or a bliss
point. The indifference curves for the consumer look like those depicted in
Figure 3.7. The best point is (x1, x2) and points farther away from this
bliss point lie on “lower” indifference curves.

Indifference
curves

Satiation
point

x2

2x

x1 1x

Satiated preferences. The bundle (x1, x2) is the satiation
point or bliss point, and the indifference curves surround this
point.

Figure
3.7

In this case the indifference curves have a negative slope when the con-
sumer has “too little” or “too much” of both goods, and a positive slope
when he has “too much” of one of the goods. When he has too much of one
of the goods, it becomes a bad—reducing the consumption of the bad good
moves him closer to his “bliss point.” If he has too much of both goods,
they both are bads, so reducing the consumption of each moves him closer
to the bliss point.
Suppose, for example, that the two goods are chocolate cake and ice

cream. There might well be some optimal amount of chocolate cake and
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ice cream that you would want to eat per week. Any less than that amount
would make you worse off, but any more than that amount would also make
you worse off.
If you think about it, most goods are like chocolate cake and ice cream

in this respect—you can have too much of nearly anything. But people
would generally not voluntarily choose to have too much of the goods they
consume. Why would you choose to have more than you want of something?
Thus the interesting region from the viewpoint of economic choice is where
you have less than you want of most goods. The choices that people actually
care about are choices of this sort, and these are the choices with which we
will be concerned.

Discrete Goods

Usually we think of measuring goods in units where fractional amounts
make sense—you might on average consume 12.43 gallons of milk a month
even though you buy it a quart at a time. But sometimes we want to
examine preferences over goods that naturally come in discrete units.
For example, consider a consumer’s demand for automobiles. We could

define the demand for automobiles in terms of the time spent using an
automobile, so that we would have a continuous variable, but for many
purposes it is the actual number of cars demanded that is of interest.
There is no difficulty in using preferences to describe choice behavior

for this kind of discrete good. Suppose that x2 is money to be spent on
other goods and x1 is a discrete good that is only available in integer
amounts. We have illustrated the appearance of indifference “curves” and
a weakly preferred set for this kind of good in Figure 3.8. In this case the
bundles indifferent to a given bundle will be a set of discrete points. The
set of bundles at least as good as a particular bundle will be a set of line
segments.
The choice of whether to emphasize the discrete nature of a good or not

will depend on our application. If the consumer chooses only one or two
units of the good during the time period of our analysis, recognizing the
discrete nature of the choice may be important. But if the consumer is
choosing 30 or 40 units of the good, then it will probably be convenient to
think of this as a continuous good.

3.5 Well-Behaved Preferences

We’ve now seen some examples of indifference curves. As we’ve seen, many
kinds of preferences, reasonable or unreasonable, can be described by these
simple diagrams. But if we want to describe preferences in general, it will
be convenient to focus on a few general shapes of indifference curves. In
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A discrete good. Here good 1 is only available in integer
amounts. In panel A the dashed lines connect together the
bundles that are indifferent, and in panel B the vertical lines
represent bundles that are at least as good as the indicated
bundle.

Figure
3.8

this section we will describe some more general assumptions that we will
typically make about preferences and the implications of these assumptions
for the shapes of the associated indifference curves. These assumptions
are not the only possible ones; in some situations you might want to use
different assumptions. But we will take them as the defining features for
well-behaved indifference curves.

First we will typically assume that more is better, that is, that we are
talking about goods, not bads. More precisely, if (x1, x2) is a bundle of
goods and (y1, y2) is a bundle of goods with at least as much of both goods
and more of one, then (y1, y2) � (x1, x2). This assumption is sometimes
called monotonicity of preferences. As we suggested in our discussion of
satiation, more is better would probably only hold up to a point. Thus
the assumption of monotonicity is saying only that we are going to ex-
amine situations before that point is reached—before any satiation sets
in—while more still is better. Economics would not be a very interesting
subject in a world where everyone was satiated in their consumption of
every good.

What does monotonicity imply about the shape of indifference curves?
It implies that they have a negative slope. Consider Figure 3.9. If we start
at a bundle (x1, x2) and move anywhere up and to the right, we must be
moving to a preferred position. If we move down and to the left we must be
moving to a worse position. So if we are moving to an indifferent position,
we must be moving either left and up or right and down: the indifference
curve must have a negative slope.

creo
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Second, we are going to assume that averages are preferred to extremes.
That is, if we take two bundles of goods (x1, x2) and (y1, y2) on the same
indifference curve and take a weighted average of the two bundles such as

(
1

2
x1 +

1

2
y1,

1

2
x2 +

1

2
y2

)
,

then the average bundle will be at least as good as or strictly preferred
to each of the two extreme bundles. This weighted-average bundle has
the average amount of good 1 and the average amount of good 2 that is
present in the two bundles. It therefore lies halfway along the straight line
connecting the x–bundle and the y–bundle.

x2

(x , x )1 2

1x

Worse
bundles

Better
bundles

Figure
3.9

Monotonic preferences. More of both goods is a better
bundle for this consumer; less of both goods represents a worse
bundle.

Actually, we’re going to assume this for any weight t between 0 and 1,
not just 1/2. Thus we are assuming that if (x1, x2) ∼ (y1, y2), then

(tx1 + (1− t)y1, tx2 + (1− t)y2) � (x1, x2)

for any t such that 0 ≤ t ≤ 1. This weighted average of the two bundles
gives a weight of t to the x-bundle and a weight of 1 − t to the y-bundle.
Therefore, the distance from the x-bundle to the average bundle is just
a fraction t of the distance from the x-bundle to the y-bundle, along the
straight line connecting the two bundles.



WELL-BEHAVED PREFERENCES 47

What does this assumption about preferences mean geometrically? It
means that the set of bundles weakly preferred to (x1, x2) is a convex set.
For suppose that (y1, y2) and (x1, x2) are indifferent bundles. Then, if aver-
ages are preferred to extremes, all of the weighted averages of (x1, x2) and
(y1, y2) are weakly preferred to (x1, x2) and (y1, y2). A convex set has the
property that if you take any two points in the set and draw the line seg-
ment connecting those two points, that line segment lies entirely in the set.
Figure 3.10A depicts an example of convex preferences, while Figures

3.10B and 3.10C show two examples of nonconvex preferences. Figure
3.10C presents preferences that are so nonconvex that we might want to
call them “concave preferences.”

x2x2x2

(y , y )21

(x , x )1 2

1x

(x , x )1 2 (x , x )1 2

1x 1x
C  Concave
     preferences

B  Nonconvex
     preferences

A  Convex
     preferences

(y , y )21

(y , y )21 Averaged
bundle

Averaged
bundle

Averaged
bundle

Various kinds of preferences. Panel A depicts convex pref-
erences, panel B depicts nonconvex preferences, and panel C
depicts “concave” preferences.

Figure
3.10

Can you think of preferences that are not convex? One possibility might
be something like my preferences for ice cream and olives. I like ice cream
and I like olives . . . but I don’t like to have them together! In considering
my consumption in the next hour, I might be indifferent between consuming
8 ounces of ice cream and 2 ounces of olives, or 8 ounces of olives and 2
ounces of ice cream. But either one of these bundles would be better than
consuming 5 ounces of each! These are the kind of preferences depicted in
Figure 3.10C.
Why do we want to assume that well-behaved preferences are convex?

Because, for the most part, goods are consumed together. The kinds
of preferences depicted in Figures 3.10B and 3.10C imply that the con-
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sumer would prefer to specialize, at least to some degree, and to consume
only one of the goods. However, the normal case is where the consumer
would want to trade some of one good for the other and end up consuming
some of each, rather than specializing in consuming only one of the two
goods.
In fact, if we look at my preferences for monthly consumption of ice

cream and olives, rather than at my immediate consumption, they would
tend to look much more like Figure 3.10A than Figure 3.10C. Each month
I would prefer having some ice cream and some olives—albeit at different
times—to specializing in consuming either one for the entire month.
Finally, one extension of the assumption of convexity is the assumption

of strict convexity. This means that the weighted average of two in-
different bundles is strictly preferred to the two extreme bundles. Convex
preferences may have flat spots, while strictly convex preferences must have
indifferences curves that are “rounded.” The preferences for two goods that
are perfect substitutes are convex, but not strictly convex.

3.6 The Marginal Rate of Substitution

We will often find it useful to refer to the slope of an indifference curve at
a particular point. This idea is so useful that it even has a name: the slope
of an indifference curve is known as the marginal rate of substitution
(MRS). The name comes from the fact that the MRS measures the rate
at which the consumer is just willing to substitute one good for the other.
Suppose that we take a little of good 1, Δx1, away from the consumer.

Then we give him Δx2, an amount that is just sufficient to put him back
on his indifference curve, so that he is just as well off after this substitution
of x2 for x1 as he was before. We think of the ratio Δx2/Δx1 as being the
rate at which the consumer is willing to substitute good 2 for good 1.
Now think of Δx1 as being a very small change—a marginal change.

Then the rate Δx2/Δx1 measures the marginal rate of substitution of good
2 for good 1. As Δx1 gets smaller, Δx2/Δx1 approaches the slope of the
indifference curve, as can be seen in Figure 3.11.
When we write the ratio Δx2/Δx1, we will always think of both the

numerator and the denominator as being small numbers—as describing
marginal changes from the original consumption bundle. Thus the ratio
defining the MRS will always describe the slope of the indifference curve:
the rate at which the consumer is just willing to substitute a little more
consumption of good 2 for a little less consumption of good 1.
One slightly confusing thing about the MRS is that it is typically a

negative number. We’ve already seen that monotonic preferences imply
that indifference curves must have a negative slope. Since the MRS is the
numerical measure of the slope of an indifference curve, it will naturally be
a negative number.
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The marginal rate of substitution (MRS). The marginal
rate of substitution measures the slope of the indifference curve.

Figure
3.11

The marginal rate of substitution measures an interesting aspect of the
consumer’s behavior. Suppose that the consumer has well-behaved prefer-
ences, that is, preferences that are monotonic and convex, and that he is
currently consuming some bundle (x1, x2). We now will offer him a trade:
he can exchange good 1 for 2, or good 2 for 1, in any amount at a “rate of
exchange” of E.

That is, if the consumer gives up Δx1 units of good 1, he can get EΔx1
units of good 2 in exchange. Or, conversely, if he gives up Δx2 units of good
2, he can get Δx2/E units of good 1. Geometrically, we are offering the
consumer an opportunity to move to any point along a line with slope −E
that passes through (x1, x2), as depicted in Figure 3.12. Moving up and to
the left from (x1, x2) involves exchanging good 1 for good 2, and moving
down and to the right involves exchanging good 2 for good 1. In either
movement, the exchange rate is E. Since exchange always involves giving
up one good in exchange for another, the exchange rate E corresponds to
a slope of −E.

We can now ask what would the rate of exchange have to be in order for
the consumer to want to stay put at (x1, x2)? To answer this question, we
simply note that any time the exchange line crosses the indifference curve,
there will be some points on that line that are preferred to (x1, x2)—that
lie above the indifference curve. Thus, if there is to be no movement from
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(x1, x2), the exchange line must be tangent to the indifference curve. That
is, the slope of the exchange line, −E, must be the slope of the indifference
curve at (x1, x2). At any other rate of exchange, the exchange line would
cut the indifference curve and thus allow the consumer to move to a more
preferred point.

x2

x2

1x 1x

Indifference
curves

Slope = – E

Figure
3.12

Trading at an exchange rate. Here we are allowing the con-
sumer to trade the goods at an exchange rate E, which implies
that the consumer can move along a line with slope −E.

Thus the slope of the indifference curve, the marginal rate of substitution,
measures the rate at which the consumer is just on the margin of trading
or not trading. At any rate of exchange other than the MRS, the consumer
would want to trade one good for the other. But if the rate of exchange
equals the MRS, the consumer wants to stay put.

3.7 Other Interpretations of the MRS

We have said that the MRS measures the rate at which the consumer is
just on the margin of being willing to substitute good 1 for good 2. We
could also say that the consumer is just on the margin of being willing to
“pay” some of good 1 in order to buy some more of good 2. So sometimes
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you hear people say that the slope of the indifference curve measures the
marginal willingness to pay.
If good 2 represents the consumption of “all other goods,” and it is

measured in dollars that you can spend on other goods, then the marginal-
willingness-to-pay interpretation is very natural. The marginal rate of sub-
stitution of good 2 for good 1 is how many dollars you would just be willing
to give up spending on other goods in order to consume a little bit more
of good 1. Thus the MRS measures the marginal willingness to give up
dollars in order to consume a small amount more of good 1. But giving up
those dollars is just like paying dollars in order to consume a little more of
good 1.
If you use the marginal-willingness-to-pay interpretation of the MRS, you

should be careful to emphasize both the “marginal” and the “willingness”
aspects. The MRS measures the amount of good 2 that one is willing to
pay for a marginal amount of extra consumption of good 1. How much
you actually have to pay for some given amount of extra consumption may
be different than the amount you are willing to pay. How much you have
to pay will depend on the price of the good in question. How much you
are willing to pay doesn’t depend on the price—it is determined by your
preferences.
Similarly, how much you may be willing to pay for a large change in

consumption may be different from how much you are willing to pay for
a marginal change. How much you actually end up buying of a good will
depend on your preferences for that good and the prices that you face. How
much you would be willing to pay for a small amount extra of the good is
a feature only of your preferences.

3.8 Behavior of the MRS

It is sometimes useful to describe the shapes of indifference curves by de-
scribing the behavior of the marginal rate of substitution. For example,
the “perfect substitutes” indifference curves are characterized by the fact
that the MRS is constant at −1. The “neutrals” case is characterized by
the fact that the MRS is everywhere infinite. The preferences for “perfect
complements” are characterized by the fact that the MRS is either zero or
infinity, and nothing in between.
We’ve already pointed out that the assumption of monotonicity implies

that indifference curves must have a negative slope, so the MRS always
involves reducing the consumption of one good in order to get more of
another for monotonic preferences.
The case of convex indifference curves exhibits yet another kind of be-

havior for the MRS. For strictly convex indifference curves, the MRS—the
slope of the indifference curve—decreases (in absolute value) as we increase
x1. Thus the indifference curves exhibit a diminishing marginal rate of
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substitution. This means that the amount of good 1 that the person is
willing to give up for an additional amount of good 2 increases the amount
of good 1 increases. Stated in this way, convexity of indifference curves
seems very natural: it says that the more you have of one good, the more
willing you are to give some of it up in exchange for the other good. (But
remember the ice cream and olives example—for some pairs of goods this
assumption might not hold!)

Summary

1. Economists assume that a consumer can rank various consumption pos-
sibilities. The way in which the consumer ranks the consumption bundles
describes the consumer’s preferences.

2. Indifference curves can be used to depict different kinds of preferences.

3. Well-behaved preferences are monotonic (meaning more is better) and
convex (meaning averages are preferred to extremes).

4. The marginal rate of substitution (MRS) measures the slope of the in-
difference curve. This can be interpreted as how much the consumer is
willing to give up of good 2 to acquire more of good 1.

REVIEW QUESTIONS

1. If we observe a consumer choosing (x1, x2) when (y1, y2) is available one
time, are we justified in concluding that (x1, x2) � (y1, y2)?

2. Consider a group of people A, B, C and the relation “at least as tall as,”
as in “A is at least as tall as B.” Is this relation transitive? Is it complete?

3. Take the same group of people and consider the relation “strictly taller
than.” Is this relation transitive? Is it reflexive? Is it complete?

4. A college football coach says that given any two linemen A and B, he
always prefers the one who is bigger and faster. Is this preference relation
transitive? Is it complete?

5. Can an indifference curve cross itself? For example, could Figure 3.2
depict a single indifference curve?

6. Could Figure 3.2 be a single indifference curve if preferences are mono-
tonic?
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7. If both pepperoni and anchovies are bads, will the indifference curve
have a positive or a negative slope?

8. Explain why convex preferences means that “averages are preferred to
extremes.”

9. What is your marginal rate of substitution of $1 bills for $5 bills?

10. If good 1 is a “neutral,” what is its marginal rate of substitution for
good 2?

11. Think of some other goods for which your preferences might be concave.



CHAPTER 4

UTILITY

In Victorian days, philosophers and economists talked blithely of “utility”
as an indicator of a person’s overall well-being. Utility was thought of as
a numeric measure of a person’s happiness. Given this idea, it was natural
to think of consumers making choices so as to maximize their utility, that
is, to make themselves as happy as possible.
The trouble is that these classical economists never really described how

we were to measure utility. How are we supposed to quantify the “amount”
of utility associated with different choices? Is one person’s utility the same
as another’s? What would it mean to say that an extra candy bar would
give me twice as much utility as an extra carrot? Does the concept of utility
have any independent meaning other than its being what people maximize?
Because of these conceptual problems, economists have abandoned the

old-fashioned view of utility as being a measure of happiness. Instead,
the theory of consumer behavior has been reformulated entirely in terms
of consumer preferences, and utility is seen only as a way to describe
preferences.
Economists gradually came to recognize that all that mattered about

utility as far as choice behavior was concerned was whether one bundle
had a higher utility than another—how much higher didn’t really matter.
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Originally, preferences were defined in terms of utility: to say a bundle
(x1, x2) was preferred to a bundle (y1, y2) meant that the x-bundle had a
higher utility than the y-bundle. But now we tend to think of things the
other way around. The preferences of the consumer are the fundamen-
tal description useful for analyzing choice, and utility is simply a way of
describing preferences.

A utility function is a way of assigning a number to every possible
consumption bundle such that more-preferred bundles get assigned larger
numbers than less-preferred bundles. That is, a bundle (x1, x2) is preferred
to a bundle (y1, y2) if and only if the utility of (x1, x2) is larger than the
utility of (y1, y2): in symbols, (x1, x2) � (y1, y2) if and only if u(x1, x2) >
u(y1, y2).
The only property of a utility assignment that is important is how it

orders the bundles of goods. The magnitude of the utility function is only
important insofar as it ranks the different consumption bundles; the size of
the utility difference between any two consumption bundles doesn’t matter.
Because of this emphasis on ordering bundles of goods, this kind of utility
is referred to as ordinal utility.

Consider for example Table 4.1, where we have illustrated several dif-
ferent ways of assigning utilities to three bundles of goods, all of which
order the bundles in the same way. In this example, the consumer prefers
A to B and B to C. All of the ways indicated are valid utility functions
that describe the same preferences because they all have the property that
A is assigned a higher number than B, which in turn is assigned a higher
number than C.

Different ways to assign utilities.

Bundle U1 U2 U3

A 3 17 −1
B 2 10 −2
C 1 .002 −3

Table
4.1

Since only the ranking of the bundles matters, there can be no unique
way to assign utilities to bundles of goods. If we can find one way to assign
utility numbers to bundles of goods, we can find an infinite number of
ways to do it. If u(x1, x2) represents a way to assign utility numbers to
the bundles (x1, x2), then multiplying u(x1, x2) by 2 (or any other positive
number) is just as good a way to assign utilities.

Multiplication by 2 is an example of a monotonic transformation. A



56 UTILITY (Ch. 4)

monotonic transformation is a way of transforming one set of numbers into
another set of numbers in a way that preserves the order of the numbers.
We typically represent a monotonic transformation by a function f(u)

that transforms each number u into some other number f(u), in a way
that preserves the order of the numbers in the sense that u1 > u2 implies
f(u1) > f(u2). A monotonic transformation and a monotonic function are
essentially the same thing.
Examples of monotonic transformations are multiplication by a positive

number (e.g., f(u) = 3u), adding any number (e.g., f(u) = u+17), raising
u to an odd power (e.g., f(u) = u3), and so on.1

The rate of change of f(u) as u changes can be measured by looking at
the change in f between two values of u, divided by the change in u:

Δf
Δu

=
f(u2)− f(u1)

u2 − u1
.

For a monotonic transformation, f(u2)−f(u1) always has the same sign as
u2 − u1. Thus a monotonic function always has a positive rate of change.
This means that the graph of a monotonic function will always have a
positive slope, as depicted in Figure 4.1A.

vv

v = f (u )

uu
A B

v = f (u )

Figure
4.1

A positive monotonic transformation. Panel A illustrates
a monotonic function—one that is always increasing. Panel B
illustrates a function that is not monotonic, since it sometimes
increases and sometimes decreases.

1 What we are calling a “monotonic transformation” is, strictly speaking, called a “posi-
tive monotonic transformation,” in order to distinguish it from a “negative monotonic
transformation,” which is one that reverses the order of the numbers. Monotonic
transformations are sometimes called “monotonous transformations,” which seems
unfair, since they can actually be quite interesting.



CARDINAL UTILITY 57

If f(u) is any monotonic transformation of a utility function that repre-
sents some particular preferences, then f(u(x1, x2)) is also a utility function
that represents those same preferences.
Why? The argument is given in the following three statements:

1. To say that u(x1, x2) represents some particular preferences means that
u(x1, x2) > u(y1, y2) if and only if (x1, x2) � (y1, y2).

2. But if f(u) is a monotonic transformation, then u(x1, x2) > u(y1, y2) if
and only if f(u(x1, x2)) > f(u(y1, y2)).

3. Therefore, f(u(x1, x2)) > f(u(y1, y2)) if and only if (x1, x2) � (y1, y2),
so the function f(u) represents the preferences in the same way as the
original utility function u(x1, x2).

We summarize this discussion by stating the following principle: a mono-
tonic transformation of a utility function is a utility function that represents
the same preferences as the original utility function.
Geometrically, a utility function is a way to label indifference curves.

Since every bundle on an indifference curve must have the same utility, a
utility function is a way of assigning numbers to the different indifference
curves in a way that higher indifference curves get assigned larger num-
bers. Seen from this point of view a monotonic transformation is just a
relabeling of indifference curves. As long as indifference curves containing
more-preferred bundles get a larger label than indifference curves contain-
ing less-preferred bundles, the labeling will represent the same preferences.

4.1 Cardinal Utility

There are some theories of utility that attach a significance to the magni-
tude of utility. These are known as cardinal utility theories. In a theory
of cardinal utility, the size of the utility difference between two bundles of
goods is supposed to have some sort of significance.
We know how to tell whether a given person prefers one bundle of goods

to another: we simply offer him or her a choice between the two bundles
and see which one is chosen. Thus we know how to assign an ordinal utility
to the two bundles of goods: we just assign a higher utility to the chosen
bundle than to the rejected bundle. Any assignment that does this will be
a utility function. Thus we have an operational criterion for determining
whether one bundle has a higher utility than another bundle for some
individual.
But how do we tell if a person likes one bundle twice as much as another?

How could you even tell if you like one bundle twice as much as another?
One could propose various definitions for this kind of assignment: I like

one bundle twice as much as another if I am willing to pay twice as much
for it. Or, I like one bundle twice as much as another if I am willing to run
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twice as far to get it, or to wait twice as long, or to gamble for it at twice
the odds.

There is nothing wrong with any of these definitions; each one would
give rise to a way of assigning utility levels in which the magnitude of the
numbers assigned had some operational significance. But there isn’t much
right about them either. Although each of them is a possible interpretation
of what it means to want one thing twice as much as another, none of them
appears to be an especially compelling interpretation of that statement.

Even if we did find a way of assigning utility magnitudes that seemed
to be especially compelling, what good would it do us in describing choice
behavior? To tell whether one bundle or another will be chosen, we only
have to know which is preferred—which has the larger utility. Knowing
how much larger doesn’t add anything to our description of choice. Since
cardinal utility isn’t needed to describe choice behavior and there is no
compelling way to assign cardinal utilities anyway, we will stick with a
purely ordinal utility framework.

4.2 Constructing a Utility Function

But are we assured that there is any way to assign ordinal utilities? Given
a preference ordering can we always find a utility function that will order
bundles of goods in the same way as those preferences? Is there a utility
function that describes any reasonable preference ordering?

Not all kinds of preferences can be represented by a utility function.
For example, suppose that someone had intransitive preferences so that
A � B � C � A. Then a utility function for these preferences would have
to consist of numbers u(A), u(B), and u(C) such that u(A) > u(B) >
u(C) > u(A). But this is impossible.

However, if we rule out perverse cases like intransitive preferences, it
turns out that we will typically be able to find a utility function to represent
preferences. We will illustrate one construction here, and another one in
Chapter 14.

Suppose that we are given an indifference map as in Figure 4.2. We know
that a utility function is a way to label the indifference curves such that
higher indifference curves get larger numbers. How can we do this?

One easy way is to draw the diagonal line illustrated and label each
indifference curve with its distance from the origin measured along the
line.

How do we know that this is a utility function? It is not hard to see that
if preferences are monotonic then the line through the origin must intersect
every indifference curve exactly once. Thus every bundle is getting a label,
and those bundles on higher indifference curves are getting larger labels—
and that’s all it takes to be a utility function.
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Constructing a utility function from indifference curves.
Draw a diagonal line and label each indifference curve with how
far it is from the origin measured along the line.

Figure
4.2

This gives us one way to find a labeling of indifference curves, at least as
long as preferences are monotonic. This won’t always be the most natural
way in any given case, but at least it shows that the idea of an ordinal utility
function is pretty general: nearly any kind of “reasonable” preferences can
be represented by a utility function.

4.3 Some Examples of Utility Functions

In Chapter 3 we described some examples of preferences and the indiffer-
ence curves that represented them. We can also represent these preferences
by utility functions. If you are given a utility function, u(x1, x2), it is rel-
atively easy to draw the indifference curves: you just plot all the points
(x1, x2) such that u(x1, x2) equals a constant. In mathematics, the set of
all (x1, x2) such that u(x1, x2) equals a constant is called a level set. For
each different value of the constant, you get a different indifference curve.

EXAMPLE: Indifference Curves from Utility

Suppose that the utility function is given by: u(x1, x2) = x1x2. What do
the indifference curves look like?
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We know that a typical indifference curve is just the set of all x1 and x2
such that k = x1x2 for some constant k. Solving for x2 as a function of x1,
we see that a typical indifference curve has the formula:

x2 =
k
x1

.

This curve is depicted in Figure 4.3 for k = 1, 2, 3 · · ·.

Indifference 
curves

x2

k = 3

k = 2
k = 1

x1

Figure
4.3

Indifference curves. The indifference curves k = x1x2 for
different values of k.

Let’s consider another example. Suppose that we were given a utility
function v(x1, x2) = x2

1x2
2. What do its indifference curves look like? By

the standard rules of algebra we know that:

v(x1, x2) = x2
1x2

2 = (x1x2)
2 = u(x1, x2)

2.

Thus the utility function v(x1, x2) is just the square of the utility func-
tion u(x1, x2). Since u(x1, x2) cannot be negative, it follows that v(x1, x2)
is a monotonic transformation of the previous utility function, u(x1, x2).
This means that the utility function v(x1, x2) = x2

1x2
2 has to have exactly

the same shaped indifference curves as those depicted in Figure 4.3. The
labeling of the indifference curves will be different—the labels that were
1, 2, 3, · · · will now be 1, 4, 9, · · ·—but the set of bundles that has v(x1, x2) =
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9 is exactly the same as the set of bundles that has u(x1, x2) = 3. Thus
v(x1, x2) describes exactly the same preferences as u(x1, x2) since it orders
all of the bundles in the same way.

Going the other direction—finding a utility function that represents some
indifference curves—is somewhat more difficult. There are two ways to
proceed. The first way is mathematical. Given the indifference curves, we
want to find a function that is constant along each indifference curve and
that assigns higher values to higher indifference curves.

The second way is a bit more intuitive. Given a description of the pref-
erences, we try to think about what the consumer is trying to maximize—
what combination of the goods describes the choice behavior of the con-
sumer. This may seem a little vague at the moment, but it will be more
meaningful after we discuss a few examples.

Perfect Substitutes

Remember the red pencil and blue pencil example? All that mattered to
the consumer was the total number of pencils. Thus it is natural to measure
utility by the total number of pencils. Therefore we provisionally pick the
utility function u(x1, x2) = x1+x2. Does this work? Just ask two things: is
this utility function constant along the indifference curves? Does it assign
a higher label to more-preferred bundles? The answer to both questions is
yes, so we have a utility function.

Of course, this isn’t the only utility function that we could use. We could
also use the square of the number of pencils. Thus the utility function
v(x1, x2) = (x1 + x2)

2 = x2
1 + 2x1x2 + x2

2 will also represent the perfect-
substitutes preferences, as would any other monotonic transformation of
u(x1, x2).

What if the consumer is willing to substitute good 1 for good 2 at a rate
that is different from one-to-one? Suppose, for example, that the consumer
would require two units of good 2 to compensate him for giving up one unit
of good 1. This means that good 1 is twice as valuable to the consumer as
good 2. The utility function therefore takes the form u(x1, x2) = 2x1 + x2.
Note that this utility yields indifference curves with a slope of −2.

In general, preferences for perfect substitutes can be represented by a
utility function of the form

u(x1, x2) = ax1 + bx2.

Here a and b are some positive numbers that measure the “value” of goods
1 and 2 to the consumer. Note that the slope of a typical indifference curve
is given by −a/b.
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Perfect Complements

This is the left shoe–right shoe case. In these preferences the consumer only
cares about the number of pairs of shoes he has, so it is natural to choose
the number of pairs of shoes as the utility function. The number of complete
pairs of shoes that you have is the minimum of the number of right shoes
you have, x1, and the number of left shoes you have, x2. Thus the utility
function for perfect complements takes the form u(x1, x2) = min{x1, x2}.

To verify that this utility function actually works, pick a bundle of goods
such as (10, 10). If we add one more unit of good 1 we get (11, 10),
which should leave us on the same indifference curve. Does it? Yes, since
min{10, 10} = min{11, 10} = 10.
So u(x1, x2) = min{x1, x2} is a possible utility function to describe per-

fect complements. As usual, any monotonic transformation would be suit-
able as well.
What about the case where the consumer wants to consume the goods

in some proportion other than one-to-one? For example, what about the
consumer who always uses 2 teaspoons of sugar with each cup of tea? If x1
is the number of cups of tea available and x2 is the number of teaspoons
of sugar available, then the number of correctly sweetened cups of tea will
be min{x1, 1

2 x2}.
This is a little tricky so we should stop to think about it. If the number

of cups of tea is greater than half the number of teaspoons of sugar, then
we know that we won’t be able to put 2 teaspoons of sugar in each cup.
In this case, we will only end up with 1

2 x2 correctly sweetened cups of tea.
(Substitute some numbers in for x1 and x2 to convince yourself.)
Of course, any monotonic transformation of this utility function will

describe the same preferences. For example, we might want to multiply by
2 to get rid of the fraction. This gives us the utility function u(x1, x2) =
min{2x1, x2}.
In general, a utility function that describes perfect-complement prefer-

ences is given by

u(x1, x2) = min{ax1, bx2},

where a and b are positive numbers that indicate the proportions in which
the goods are consumed.

Quasilinear Preferences

Here’s a shape of indifference curves that we haven’t seen before. Suppose
that a consumer has indifference curves that are vertical translates of one
another, as in Figure 4.4. This means that all of the indifference curves are
just vertically “shifted” versions of one indifference curve. It follows that



SOME EXAMPLES OF UTILITY FUNCTIONS 63

the equation for an indifference curve takes the form x2 = k−v(x1), where
k is a different constant for each indifference curve. This equation says that
the height of each indifference curve is some function of x1, −v(x1), plus a
constant k. Higher values of k give higher indifference curves. (The minus
sign is only a convention; we’ll see why it is convenient below.)

x2

x1

Indifference
curves

Quasilinear preferences. Each indifference curve is a verti-
cally shifted version of a single indifference curve.

Figure
4.4

The natural way to label indifference curves here is with k—roughly
speaking, the height of the indifference curve along the vertical axis. Solv-
ing for k and setting it equal to utility, we have

u(x1, x2) = k = v(x1) + x2.
In this case the utility function is linear in good 2, but (possibly) non-

linear in good 1; hence the name quasilinear utility, meaning “partly
linear” utility. Specific examples of quasilinear utility would be u(x1, x2) =√

x1 + x2, or u(x1, x2) = lnx1 + x2. Quasilinear utility functions are not
particularly realistic, but they are very easy to work with, as we’ll see in
several examples later on in the book.

Cobb-Douglas Preferences

Another commonly used utility function is theCobb-Douglas utility func-
tion

u(x1, x2) = xc
1xd

2,
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where c and d are positive numbers that describe the preferences of the
consumer.2

The Cobb-Douglas utility function will be useful in several examples.
The preferences represented by the Cobb-Douglas utility function have the
general shape depicted in Figure 4.5. In Figure 4.5A, we have illustrated the
indifference curves for c = 1/2, d = 1/2. In Figure 4.5B, we have illustrated
the indifference curves for c = 1/5, d = 4/5. Note how different values of
the parameters c and d lead to different shapes of the indifference curves.

x2 x2

x1

B  c = 1/5 d =4/5

1x

A  c = 1/2 d =1/2

Figure
4.5

Cobb-Douglas indifference curves. Panel A shows the case
where c = 1/2, d = 1/2 and panel B shows the case where
c = 1/5, d = 4/5.

Cobb-Douglas indifference curves look just like the nice convex mono-
tonic indifference curves that we referred to as “well-behaved indifference
curves” in Chapter 3. Cobb-Douglas preferences are the standard exam-
ple of indifference curves that look well-behaved, and in fact the formula
describing them is about the simplest algebraic expression that generates
well-behaved preferences. We’ll find Cobb-Douglas preferences quite useful
to present algebraic examples of the economic ideas we’ll study later.
Of course a monotonic transformation of the Cobb-Douglas utility func-

tion will represent exactly the same preferences, and it is useful to see a
couple of examples of these transformations.

2 Paul Douglas was a twentieth-century economist at the University of Chicago who
later became a U.S. senator. Charles Cobb was a mathematician at Amherst College.
The Cobb-Douglas functional form was originally used to study production behavior.
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First, if we take the natural log of utility, the product of the terms will
become a sum so that we have

v(x1, x2) = ln(xc
1xd

2) = c lnx1 + d lnx2.

The indifference curves for this utility function will look just like the ones
for the first Cobb-Douglas function, since the logarithm is a monotonic
transformation. (For a brief review of natural logarithms, see the Mathe-
matical Appendix at the end of the book.)
For the second example, suppose that we start with the Cobb-Douglas

form
v(x1, x2) = xc

1xd
2.

Then raising utility to the 1/(c + d) power, we have

x
c

c+d

1 x
d

c+d

2 .

Now define a new number
a =

c
c + d

.

We can now write our utility function as

v(x1, x2) = xa
1x1−a

2 .

This means that we can always take a monotonic transformation of the
Cobb-Douglas utility function that make the exponents sum to 1. This
will turn out to have a useful interpretation later on.
The Cobb-Douglas utility function can be expressed in a variety of ways;

you should learn to recognize them, as this family of preferences is very
useful for examples.

4.4 Marginal Utility

Consider a consumer who is consuming some bundle of goods, (x1, x2).
How does this consumer’s utility change as we give him or her a little more
of good 1? This rate of change is called the marginal utility with respect
to good 1. We write it as MU1 and think of it as being a ratio,

MU1 =
ΔU
Δx1

=
u(x1 +Δx1, x2)− u(x1, x2)

Δx1
,

that measures the rate of change in utility (ΔU) associated with a small
change in the amount of good 1 (Δx1). Note that the amount of good 2 is
held fixed in this calculation.3

3 See the appendix to this chapter for a calculus treatment of marginal utility.
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This definition implies that to calculate the change in utility associated
with a small change in consumption of good 1, we can just multiply the
change in consumption by the marginal utility of the good:

ΔU = MU1Δx1.

The marginal utility with respect to good 2 is defined in a similar manner:

MU2 =
ΔU
Δx2

=
u(x1, x2 +Δx2)− u(x1, x2)

Δx2
.

Note that when we compute the marginal utility with respect to good 2 we
keep the amount of good 1 constant. We can calculate the change in utility
associated with a change in the consumption of good 2 by the formula

ΔU = MU2Δx2.

It is important to realize that the magnitude of marginal utility depends
on the magnitude of utility. Thus it depends on the particular way that we
choose to measure utility. If we multiplied utility by 2, then marginal utility
would also be multiplied by 2. We would still have a perfectly valid utility
function in that it would represent the same preferences, but it would just
be scaled differently.
This means that marginal utility itself has no behavioral content. How

can we calculate marginal utility from a consumer’s choice behavior? We
can’t. Choice behavior only reveals information about the way a consumer
ranks different bundles of goods. Marginal utility depends on the partic-
ular utility function that we use to reflect the preference ordering and its
magnitude has no particular significance. However, it turns out that mar-
ginal utility can be used to calculate something that does have behavioral
content, as we will see in the next section.

4.5 Marginal Utility and MRS

A utility function u(x1, x2) can be used to measure the marginal rate of
substitution (MRS) defined in Chapter 3. Recall that the MRS measures
the slope of the indifference curve at a given bundle of goods; it can be
interpreted as the rate at which a consumer is just willing to substitute a
small amount of good 2 for good 1.
This interpretation gives us a simple way to calculate the MRS. Con-

sider a change in the consumption of each good, (Δx1,Δx2), that keeps
utility constant—that is, a change in consumption that moves us along the
indifference curve. Then we must have

MU1Δx1 + MU2Δx2 = ΔU = 0.
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Solving for the slope of the indifference curve we have

MRS =
Δx2

Δx1
= −MU1

MU2
. (4.1)

(Note that we have 2 over 1 on the left-hand side of the equation and 1
over 2 on the right-hand side. Don’t get confused!)
The algebraic sign of the MRS is negative: if you get more of good 1 you

have to get less of good 2 in order to keep the same level of utility. However,
it gets very tedious to keep track of that pesky minus sign, so economists
often refer to the MRS by its absolute value—that is, as a positive number.
We’ll follow this convention as long as no confusion will result.
Now here is the interesting thing about the MRS calculation: the MRS

can be measured by observing a person’s actual behavior—we find that
rate of exchange where he or she is just willing to stay put, as described in
Chapter 3.
The utility function, and therefore the marginal utility function, is not

uniquely determined. Any monotonic transformation of a utility function
leaves you with another equally valid utility function. Thus, if we multiply
utility by 2, for example, the marginal utility is multiplied by 2. Thus the
magnitude of the marginal utility function depends on the choice of utility
function, which is arbitrary. It doesn’t depend on behavior alone; instead
it depends on the utility function that we use to describe behavior.
But the ratio of marginal utilities gives us an observable magnitude—

namely the marginal rate of substitution. The ratio of marginal utilities
is independent of the particular transformation of the utility function you
choose to use. Look at what happens if you multiply utility by 2. The
MRS becomes

MRS = −2MU1

2MU2
.

The 2s just cancel out, so the MRS remains the same.
The same sort of thing occurs when we take any monotonic transforma-

tion of a utility function. Taking a monotonic transformation is just rela-
beling the indifference curves, and the calculation for the MRS described
above is concerned with moving along a given indifference curve. Even
though the marginal utilities are changed by monotonic transformations,
the ratio of marginal utilities is independent of the particular way chosen
to represent the preferences.

4.6 Utility for Commuting

Utility functions are basically ways of describing choice behavior: if a bun-
dle of goods X is chosen when a bundle of goods Y is available, then X
must have a higher utility than Y . By examining choices consumers make
we can estimate a utility function to describe their behavior.
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This idea has been widely applied in the field of transportation economics
to study consumers’ commuting behavior. In most large cities commuters
have a choice between taking public transit or driving to work. Each of
these alternatives can be thought of as representing a bundle of different
characteristics: travel time, waiting time, out-of-pocket costs, comfort, con-
venience, and so on. We could let x1 be the amount of travel time involved
in each kind of transportation, x2 the amount of waiting time for each kind,
and so on.
If (x1, x2, . . . , xn) represents the values of n different characteristics of

driving, say, and (y1, y2, . . . , yn) represents the values of taking the bus, we
can consider a model where the consumer decides to drive or take the bus
depending on whether he prefers one bundle of characteristics to the other.
More specifically, let us suppose that the average consumer’s preferences

for characteristics can be represented by a utility function of the form

U(x1, x2, . . . , xn) = β1x1 + β2x2 + · · ·+ βnxn,

where the coefficients β1, β2, and so on are unknown parameters. Any
monotonic transformation of this utility function would describe the choice
behavior equally well, of course, but the linear form is especially easy to
work with from a statistical point of view.
Suppose now that we observe a number of similar consumers making

choices between driving and taking the bus based on the particular pattern
of commute times, costs, and so on that they face. There are statistical
techniques that can be used to find the values of the coefficients βi for i =
1, . . . , n that best fit the observed pattern of choices by a set of consumers.
These statistical techniques give a way to estimate the utility function for
different transportation modes.
One study reports a utility function that had the form4

U(T W, T T, C) = −0.147T W − 0.0411T T − 2.24C, (4.2)

where

T W = total walking time to and from bus or car
T T = total time of trip in minutes
C = total cost of trip in dollars

The estimated utility function in the Domenich-McFadden book correctly
described the choice between auto and bus transport for 93 percent of the
households in their sample.

4 See Thomas Domenich and Daniel McFadden, Urban Travel Demand (North-Holland
Publishing Company, 1975). The estimation procedure in this book also incorporated
various demographic characteristics of the households in addition to the purely eco-
nomic variables described here. Daniel McFadden was awarded the Nobel Prize in
economics in 2000 for his work in developing techniques to estimate models of this
sort.
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The coefficients on the variables in Equation (4.2) describe the weight
that an average household places on the various characteristics of their
commuting trips; that is, the marginal utility of each characteristic. The
ratio of one coefficient to another measures the marginal rate of substitu-
tion between one characteristic and another. For example, the ratio of the
marginal utility of walking time to the marginal utility of total time indi-
cates that walking time is viewed as being roughly 3 times as onerous as
travel time by the average consumer. In other words, the consumer would
be willing to substitute 3 minutes of additional travel time to save 1 minute
of walking time.
Similarly, the ratio of cost to travel time indicates the average consumer’s

tradeoff between these two variables. In this study, the average commuter
valued a minute of commute time at 0.0411/2.24 = 0.0183 dollars per
minute, which is $1.10 per hour. For comparison, the hourly wage for the
average commuter in 1967, the year of the study, was about $2.85 an hour.
Such estimated utility functions can be very valuable for determining

whether or not it is worthwhile to make some change in the public trans-
portation system. For example, in the above utility function one of the
significant factors explaining mode choice is the time involved in taking
the trip. The city transit authority can, at some cost, add more buses to
reduce this travel time. But will the number of extra riders warrant the
increased expense?
Given a utility function and a sample of consumers we can forecast which

consumers will drive and which consumers will choose to take the bus. This
will give us some idea as to whether the revenue will be sufficient to cover
the extra cost.
Furthermore, we can use the marginal rate of substitution to estimate

the value that each consumer places on the reduced travel time. We saw
above that in the Domenich-McFadden study the average commuter in
1967 valued commute time at a rate of $1.10 per hour. Thus the commuter
should be willing to pay about $0.37 to cut 20 minutes from his or her
trip. This number gives us a measure of the dollar benefit of providing
more timely bus service. This benefit must be compared to the cost of
providing more timely bus service in order to determine if such provision
is worthwhile. Having a quantitative measure of benefit will certainly be
helpful in making a rational decision about transport policy.

Summary

1. A utility function is simply a way to represent or summarize a prefer-
ence ordering. The numerical magnitudes of utility levels have no intrinsic
meaning.

2. Thus, given any one utility function, any monotonic transformation of
it will represent the same preferences.
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3. The marginal rate of substitution, MRS, can be calculated from the
utility function via the formula MRS = Δx2/Δx1 = −MU1/MU2.

REVIEW QUESTIONS

1. The text said that raising a number to an odd power was a monotonic
transformation. What about raising a number to an even power? Is this a
monotonic transformation? (Hint: consider the case f(u) = u2.)

2. Which of the following are monotonic transformations? (1) u = 2v − 13;
(2) u = −1/v2; (3) u = 1/v2; (4) u = ln v; (5) u = −e−v; (6) u = v2;
(7) u = v2 for v > 0; (8) u = v2 for v < 0.

3. We claimed in the text that if preferences were monotonic, then a diag-
onal line through the origin would intersect each indifference curve exactly
once. Can you prove this rigorously? (Hint: what would happen if it
intersected some indifference curve twice?)

4. What kind of preferences are represented by a utility function of the
form u(x1, x2) =

√
x1 + x2? What about the utility function v(x1, x2) =

13x1 + 13x2?

5. What kind of preferences are represented by a utility function of the form
u(x1, x2) = x1 +

√
x2? Is the utility function v(x1, x2) = x2

1 +2x1
√

x2 +x2
a monotonic transformation of u(x1, x2)?

6. Consider the utility function u(x1, x2) =
√

x1x2. What kind of pref-
erences does it represent? Is the function v(x1, x2) = x2

1x2 a monotonic
transformation of u(x1, x2)? Is the function w(x1, x2) = x2

1x2
2 a monotonic

transformation of u(x1, x2)?

7. Can you explain why taking a monotonic transformation of a utility
function doesn’t change the marginal rate of substitution?

APPENDIX

First, let us clarify what is meant by “marginal utility.” As elsewhere in eco-
nomics, “marginal” just means a derivative. So the marginal utility of good 1 is
just

MU1 = lim
Δx1→0

u(x1 +Δx1, x2)− u(x1, x2)

Δx1
=

∂u(x1, x2)

∂x1
.

Note that we have used the partial derivative here, since the marginal utility
of good 1 is computed holding good 2 fixed.
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Now we can rephrase the derivation of the MRS given in the text using calculus.
We’ll do it two ways: first by using differentials, and second by using implicit
functions.

For the first method, we consider making a change (dx1, dx2) that keeps utility
constant. So we want

du =
∂u(x1, x2)

∂x1
dx1 +

∂u(x1, x2)

∂x2
dx2 = 0.

The first term measures the increase in utility from the small change dx1, and
the second term measures the increase in utility from the small change dx2. We
want to pick these changes so that the total change in utility, du, is zero. Solving
for dx2/dx1 gives us

dx2

dx1
= −∂u(x1, x2)/∂x1

∂u(x1, x2)/∂x2
,

which is just the calculus analog of equation (4.1) in the text.
As for the second method, we now think of the indifference curve as being

described by a function x2(x1). That is, for each value of x1, the function x2(x1)
tells us how much x2 we need to get on that specific indifference curve. Thus the
function x2(x1) has to satisfy the identity

u(x1, x2(x1)) ≡ k,

where k is the utility label of the indifference curve in question.
We can differentiate both sides of this identity with respect to x1 to get

∂u(x1, x2)

∂x1
+

∂u(x1, x2)

∂x2

∂x2(x1)

∂x1
= 0.

Notice that x1 occurs in two places in this identity, so changing x1 will change
the function in two ways, and we have to take the derivative at each place that
x1 appears.

We then solve this equation for ∂x2(x1)/∂x1 to find

∂x2(x1)

∂x1
= −∂u(x1, x2)/∂x1

∂u(x1, x2)/∂x2
,

just as we had before.
The implicit function method is a little more rigorous, but the differential

method is more direct, as long as you don’t do something silly.
Suppose that we take a monotonic transformation of a utility function, say,

v(x1, x2) = f(u(x1, x2)). Let’s calculate the MRS for this utility function. Using
the chain rule

MRS = −∂v/∂x1

∂v/∂x2
= −∂f/∂u

∂f/∂u

∂u/∂x1

∂u/∂x2

= −∂u/∂x1

∂u/∂x2

since the ∂f/∂u term cancels out from both the numerator and denominator.
This shows that the MRS is independent of the utility representation.

This gives a useful way to recognize preferences that are represented by dif-
ferent utility functions: given two utility functions, just compute the marginal
rates of substitution and see if they are the same. If they are, then the two
utility functions have the same indifference curves. If the direction of increasing
preference is the same for each utility function, then the underlying preferences
must be the same.
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EXAMPLE: Cobb-Douglas Preferences

The MRS for Cobb-Douglas preferences is easy to calculate by using the formula
derived above.

If we choose the log representation where

u(x1, x2) = c lnx1 + d lnx2,

then we have

MRS = −∂u(x1, x2)/∂x1

∂u(x1, x2)/∂x2

= − c/x1

d/x2

= − c

d

x2

x1
.

Note that the MRS only depends on the ratio of the two parameters and the
quantity of the two goods in this case.

What if we choose the exponent representation where

u(x1, x2) = xc
1x

d
2?

Then we have

MRS = −∂u(x1, x2)/∂x1

∂u(x1, x2)/∂x2

= − cxc−1
1 xd

2

dxc
1x

d−1
2

= − cx2

dx1
,

which is the same as we had before. Of course you knew all along that a monotonic
transformation couldn’t change the marginal rate of substitution!



CHAPTER 5

CHOICE

In this chapter we will put together the budget set and the theory of prefer-
ences in order to examine the optimal choice of consumers. We said earlier
that the economic model of consumer choice is that people choose the best
bundle they can afford. We can now rephrase this in terms that sound more
professional by saying that “consumers choose the most preferred bundle
from their budget sets.”

5.1 Optimal Choice

A typical case is illustrated in Figure 5.1. Here we have drawn the budget
set and several of the consumer’s indifference curves on the same diagram.
We want to find the bundle in the budget set that is on the highest indif-
ference curve. Since preferences are well-behaved, so that more is preferred
to less, we can restrict our attention to bundles of goods that lie on the
budget line and not worry about those beneath the budget line.
Now simply start at the right-hand corner of the budget line and move to

the left. As we move along the budget line we note that we are moving to
higher and higher indifference curves. We stop when we get to the highest
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indifference curve that just touches the budget line. In the diagram, the
bundle of goods that is associated with the highest indifference curve that
just touches the budget line is labeled (x∗

1, x∗
2).

The choice (x∗
1, x∗

2) is an optimal choice for the consumer. The set
of bundles that she prefers to (x∗

1, x∗
2)—the set of bundles above her indif-

ference curve—doesn’t intersect the bundles she can afford—the bundles
beneath her budget line. Thus the bundle (x∗

1, x∗
2) is the best bundle that

the consumer can afford.

x2

Indifference
curves

Optimal
choice

x*2

x* x1 1

Figure
5.1

Optimal choice. The optimal consumption position is where
the indifference curve is tangent to the budget line.

Note an important feature of this optimal bundle: at this choice, the
indifference curve is tangent to the budget line. If you think about it a
moment you’ll see that this has to be the case: if the indifference curve
weren’t tangent, it would cross the budget line, and if it crossed the budget
line, there would be some nearby point on the budget line that lies above
the indifference curve—which means that we couldn’t have started at an
optimal bundle.
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Does this tangency condition really have to hold at an optimal choice?
Well, it doesn’t hold in all cases, but it does hold for most interesting cases.
What is always true is that at the optimal point the indifference curve can’t
cross the budget line. So when does “not crossing” imply tangent? Let’s
look at the exceptions first.
First, the indifference curve might not have a tangent line, as in Fig-

ure 5.2. Here the indifference curve has a kink at the optimal choice, and
a tangent just isn’t defined, since the mathematical definition of a tangent
requires that there be a unique tangent line at each point. This case doesn’t
have much economic significance—it is more of a nuisance than anything
else.

x2

2x*

1x* x1

Budget line

Indifference
curves

Kinky tastes. Here is an optimal consumption bundle where
the indifference curve doesn’t have a tangent.

Figure
5.2

The second exception is more interesting. Suppose that the optimal
point occurs where the consumption of some good is zero as in Figure 5.3.
Then the slope of the indifference curve and the slope of the budget line
are different, but the indifference curve still doesn’t cross the budget line.
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We say that Figure 5.3 represents a boundary optimum, while a case
like Figure 5.1 represents an interior optimum.
If we are willing to rule out “kinky tastes” we can forget about the

example given in Figure 5.2.1 And if we are willing to restrict ourselves only
to interior optima, we can rule out the other example. If we have an interior
optimum with smooth indifference curves, the slope of the indifference curve
and the slope of the budget line must be the same . . . because if they were
different the indifference curve would cross the budget line, and we couldn’t
be at the optimal point.

2

Indifference
curves

x

Budget
line

x* x11

Figure
5.3

Boundary optimum. The optimal consumption involves con-
suming zero units of good 2. The indifference curve is not tan-
gent to the budget line.

We’ve found a necessary condition that the optimal choice must satisfy.
If the optimal choice involves consuming some of both goods—so that it is
an interior optimum—then necessarily the indifference curve will be tangent
to the budget line. But is the tangency condition a sufficient condition for
a bundle to be optimal? If we find a bundle where the indifference curve
is tangent to the budget line, can we be sure we have an optimal choice?
Look at Figure 5.4. Here we have three bundles where the tangency

condition is satisfied, all of them interior, but only two of them are optimal.

1 Otherwise, this book might get an R rating.
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So in general, the tangency condition is only a necessary condition for
optimality, not a sufficient condition.

x2

Indifference
curves

Optimal
bundles

Nonoptimal
bundle

Budget line

x1

More than one tangency. Here there are three tangencies,
but only two optimal points, so the tangency condition is nec-
essary but not sufficient.

Figure
5.4

However, there is one important case where it is sufficient: the case
of convex preferences. In the case of convex preferences, any point that
satisfies the tangency condition must be an optimal point. This is clear
geometrically: since convex indifference curves must curve away from the
budget line, they can’t bend back to touch it again.
Figure 5.4 also shows us that in general there may be more than one

optimal bundle that satisfies the tangency condition. However, again con-
vexity implies a restriction. If the indifference curves are strictly convex—
they don’t have any flat spots—then there will be only one optimal choice
on each budget line. Although this can be shown mathematically, it is also
quite plausible from looking at the figure.
The condition that the MRS must equal the slope of the budget line at

an interior optimum is obvious graphically, but what does it mean econom-
ically? Recall that one of our interpretations of the MRS is that it is that
rate of exchange at which the consumer is just willing to stay put. Well,
the market is offering a rate of exchange to the consumer of −p1/p2—if
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you give up one unit of good 1, you can buy p1/p2 units of good 2. If the
consumer is at a consumption bundle where he or she is willing to stay put,
it must be one where the MRS is equal to this rate of exchange:

MRS = −p1

p2
.

Another way to think about this is to imagine what would happen if the
MRS were different from the price ratio. Suppose, for example, that the
MRS is Δx2/Δx1 = −1/2 and the price ratio is 1/1. Then this means the
consumer is just willing to give up 2 units of good 1 in order to get 1 unit of
good 2—but the market is willing to exchange them on a one-to-one basis.
Thus the consumer would certainly be willing to give up some of good 1 in
order to purchase a little more of good 2. Whenever the MRS is different
from the price ratio, the consumer cannot be at his or her optimal choice.

5.2 Consumer Demand

The optimal choice of goods 1 and 2 at some set of prices and income is
called the consumer’s demanded bundle. In general when prices and
income change, the consumer’s optimal choice will change. The demand
function is the function that relates the optimal choice—the quantities
demanded—to the different values of prices and incomes.
We will write the demand functions as depending on both prices and

income: x1(p1, p2, m) and x2(p1, p2, m). For each different set of prices and
income, there will be a different combination of goods that is the optimal
choice of the consumer. Different preferences will lead to different demand
functions; we’ll see some examples shortly. Our major goal in the next
few chapters is to study the behavior of these demand functions—how the
optimal choices change as prices and income change.

5.3 Some Examples

Let us apply the model of consumer choice we have developed to the exam-
ples of preferences described in Chapter 3. The basic procedure will be the
same for each example: plot the indifference curves and budget line and
find the point where the highest indifference curve touches the budget line.

Perfect Substitutes

The case of perfect substitutes is illustrated in Figure 5.5. We have three
possible cases. If p2 > p1, then the slope of the budget line is flatter than
the slope of the indifference curves. In this case, the optimal bundle is
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where the consumer spends all of his or her money on good 1. If p1 > p2,
then the consumer purchases only good 2. Finally, if p1 = p2, there is a
whole range of optimal choices—any amount of goods 1 and 2 that satisfies
the budget constraint is optimal in this case. Thus the demand function
for good 1 will be

x1 =

⎧⎨
⎩

m/p1 when p1 < p2;
any number between 0 and m/p1 when p1 = p2;
0 when p1 > p2.

Are these results consistent with common sense? All they say is that
if two goods are perfect substitutes, then a consumer will purchase the
cheaper one. If both goods have the same price, then the consumer doesn’t
care which one he or she purchases.

x2

Indifference
curves

Slope = –1

Budget line

Optimal choice

x* = m/p x11 1

Optimal choice with perfect substitutes. If the goods are
perfect substitutes, the optimal choice will usually be on the
boundary.

Figure
5.5

Perfect Complements

The case of perfect complements is illustrated in Figure 5.6. Note that
the optimal choice must always lie on the diagonal, where the consumer is
purchasing equal amounts of both goods, no matter what the prices are.
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In terms of our example, this says that people with two feet buy shoes in
pairs.2

Let us solve for the optimal choice algebraically. We know that this
consumer is purchasing the same amount of good 1 and good 2, no matter
what the prices. Let this amount be denoted by x. Then we have to satisfy
the budget constraint

p1x + p2x = m.

Solving for x gives us the optimal choices of goods 1 and 2:

x1 = x2 = x =
m

p1 + p2
.

The demand function for the optimal choice here is quite intuitive. Since
the two goods are always consumed together, it is just as if the consumer
were spending all of her money on a single good that had a price of p1+p2.

Indifference
curves

Optimal choice
x*

x2

2

Budget line

x*1 1x

Figure
5.6

Optimal choice with perfect complements. If the goods
are perfect complements, the quantities demanded will always
lie on the diagonal since the optimal choice occurs where x1
equals x2.

2 Don’t worry, we’ll get some more exciting results later on.
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B  1 unit demanded

1 2 3

A  Zero units demanded

1 2 3

Optimal choice

Budget line Optimal choice

Budget line

x2 x2

x1 x1

Discrete goods. In panel A the demand for good 1 is zero,
while in panel B one unit will be demanded.

Figure
5.7

Neutrals and Bads

In the case of a neutral good the consumer spends all of her money on the
good she likes and doesn’t purchase any of the neutral good. The same
thing happens if one commodity is a bad. Thus, if commodity 1 is a good
and commodity 2 is a bad, then the demand functions will be

x1 =
m
p1

x2 = 0.

Discrete Goods

Suppose that good 1 is a discrete good that is available only in integer
units, while good 2 is money to be spent on everything else. If the con-
sumer chooses 1, 2, 3, · · · units of good 1, she will implicitly choose the
consumption bundles (1, m− p1), (2, m− 2p1), (3, m− 3p1), and so on. We
can simply compare the utility of each of these bundles to see which has
the highest utility.
Alternatively, we can use the indifference-curve analysis in Figure 5.7. As

usual, the optimal bundle is the one on the highest indifference “curve.” If
the price of good 1 is very high, then the consumer will choose zero units
of consumption; as the price decreases the consumer will find it optimal to
consume 1 unit of the good. Typically, as the price decreases further the
consumer will choose to consume more units of good 1.

creo
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Concave Preferences

Consider the situation illustrated in Figure 5.8. Is X the optimal choice?
No! The optimal choice for these preferences is always going to be a bound-
ary choice, like bundle Z. Think of what nonconvex preferences mean. If
you have money to purchase ice cream and olives, and you don’t like to
consume them together, you’ll spend all of your money on one or the other.

x2

Nonoptimal
choice

Indifference
curves

X
Budget
line

Optimal
choice

Z x1

Figure
5.8

Optimal choice with concave preferences. The optimal
choice is the boundary point, Z, not the interior tangency point,
X, because Z lies on a higher indifference curve.

Cobb-Douglas Preferences

Suppose that the utility function is of the Cobb-Douglas form, u(x1, x2) =
xc

1xd
2. In the Appendix to this chapter we use calculus to derive the optimal



ESTIMATING UTILITY FUNCTIONS 83

choices for this utility function. They turn out to be

x1 =
c

c + d
m
p1

x2 =
d

c + d
m
p2

.

These demand functions are often useful in algebraic examples, so you
should probably memorize them.
The Cobb-Douglas preferences have a convenient property. Consider the

fraction of his income that a Cobb-Douglas consumer spends on good 1. If
he consumes x1 units of good 1, this costs him p1x1, so this represents a
fraction p1x1/m of total income. Substituting the demand function for x1
we have p1x1

m
=

p1

m
c

c + d
m
p1

=
c

c + d
.

Similarly the fraction of his income that the consumer spends on good 2 is
d/(c + d).
Thus the Cobb-Douglas consumer always spends a fixed fraction of his

income on each good. The size of the fraction is determined by the exponent
in the Cobb-Douglas function.
This is why it is often convenient to choose a representation of the Cobb-

Douglas utility function in which the exponents sum to 1. If u(x1, x2) =
xa

1x1−a
2 , then we can immediately interpret a as the fraction of income spent

on good 1. For this reason we will usually write Cobb-Douglas preferences
in this form.

5.4 Estimating Utility Functions

We’ve now seen several different forms for preferences and utility functions
and have examined the kinds of demand behavior generated by these pref-
erences. But in real life we usually have to work the other way around: we
observe demand behavior, but our problem is to determine what kind of
preferences generated the observed behavior.
For example, suppose that we observe a consumer’s choices at several

different prices and income levels. An example is depicted in Table 5.1.
This is a table of the demand for two goods at the different levels of prices
and incomes that prevailed in different years. We have also computed
the share of income spent on each good in each year using the formulas
s1 = p1x1/m and s2 = p2x2/m.

For these data, the expenditure shares are relatively constant. There are
small variations from observation to observation, but they probably aren’t
large enough to worry about. The average expenditure share for good 1 is
about 1/4, and the average income share for good 2 is about 3/4. It appears
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Table
5.1

Some data describing consumption behavior.

Year p1 p2 m x1 x2 s1 s2 Utility

1 1 1 100 25 75 .25 .75 57.0
2 1 2 100 24 38 .24 .76 33.9
3 2 1 100 13 74 .26 .74 47.9
4 1 2 200 48 76 .24 .76 67.8
5 2 1 200 25 150 .25 .75 95.8
6 1 4 400 100 75 .25 .75 80.6
7 4 1 400 24 304 .24 .76 161.1

that a utility function of the form u(x1, x2) = x
1
4
1 x

3
4
2 seems to fit these

data pretty well. That is, a utility function of this form would generate
choice behavior that is pretty close to the observed choice behavior. For
convenience we have calculated the utility associated with each observation
using this estimated Cobb-Douglas utility function.
As far as we can tell from the observed behavior it appears as though the

consumer is maximizing the function u(x1, x2) = x
1
4
1 x

3
4
2 . It may well be that

further observations on the consumer’s behavior would lead us to reject this
hypothesis. But based on the data we have, the fit to the optimizing model
is pretty good.
This has very important implications, since we can now use this “fitted”

utility function to evaluate the impact of proposed policy changes. Suppose,
for example, that the government was contemplating imposing a system of
taxes that would result in this consumer facing prices (2, 3) and having an
income of 200. According to our estimates, the demanded bundle at these
prices would be

x1 =
1

4

200

2
= 25

x2 =
3

4

200

3
= 50.

The estimated utility of this bundle is

u(x1, x2) = 25
1
4 50

3
4 ≈ 42.

This means that the new tax policy would make the consumer better off
than he was in year 2, but worse off than he was in year 3. Thus we can use
the observed choice behavior to value the implications of proposed policy
changes on this consumer.
Since this is such an important idea in economics, let us review the

logic one more time. Given some observations on choice behavior, we try
to determine what, if anything, is being maximized. Once we have an
estimate of what it is that is being maximized, we can use this both to
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predict choice behavior in new situations and to evaluate proposed changes
in the economic environment.
Of course we have described a very simple situation. In reality, we nor-

mally don’t have detailed data on individual consumption choices. But we
often have data on groups of individuals—teenagers, middle-class house-
holds, elderly people, and so on. These groups may have different prefer-
ences for different goods that are reflected in their patterns of consumption
expenditure. We can estimate a utility function that describes their con-
sumption patterns and then use this estimated utility function to forecast
demand and evaluate policy proposals.
In the simple example described above, it was apparent that income

shares were relatively constant so that the Cobb-Douglas utility function
would give us a pretty good fit. In other cases, a more complicated form
for the utility function would be appropriate. The calculations may then
become messier, and we may need to use a computer for the estimation,
but the essential idea of the procedure is the same.

5.5 Implications of the MRS Condition

In the last section we examined the important idea that observation of de-
mand behavior tells us important things about the underlying preferences
of the consumers that generated that behavior. Given sufficient observa-
tions on consumer choices it will often be possible to estimate the utility
function that generated those choices.
But even observing one consumer choice at one set of prices will allow

us to make some kinds of useful inferences about how consumer utility will
change when consumption changes. Let us see how this works.
In well-organized markets, it is typical that everyone faces roughly the

same prices for goods. Take, for example, two goods like butter and milk.
If everyone faces the same prices for butter and milk, and everyone is
optimizing, and everyone is at an interior solution . . . then everyone must
have the same marginal rate of substitution for butter and milk.
This follows directly from the analysis given above. The market is offer-

ing everyone the same rate of exchange for butter and milk, and everyone
is adjusting their consumption of the goods until their own “internal” mar-
ginal valuation of the two goods equals the market’s “external” valuation
of the two goods.
Now the interesting thing about this statement is that it is independent

of income and tastes. People may value their total consumption of the two
goods very differently. Some people may be consuming a lot of butter and
a little milk, and some may be doing the reverse. Some wealthy people
may be consuming a lot of milk and a lot of butter while other people may
be consuming just a little of each good. But everyone who is consuming
the two goods must have the same marginal rate of substitution. Everyone
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who is consuming the goods must agree on how much one is worth in terms
of the other: how much of one they would be willing to sacrifice to get some
more of the other.
The fact that price ratios measure marginal rates of substitution is very

important, for it means that we have a way to value possible changes in
consumption bundles. Suppose, for example, that the price of milk is $1
a quart and the price of butter is $2 a pound. Then the marginal rate of
substitution for all people who consume milk and butter must be 2: they
have to have 2 quarts of milk to compensate them for giving up 1 pound
of butter. Or conversely, they have to have 1 pound of butter to make
it worth their while to give up 2 quarts of milk. Hence everyone who is
consuming both goods will value a marginal change in consumption in the
same way.
Now suppose that an inventor discovers a new way of turning milk into

butter: for every 3 quarts of milk poured into this machine, you get out
1 pound of butter, and no other useful byproducts. Question: is there
a market for this device? Answer: the venture capitalists won’t beat a
path to his door, that’s for sure. For everyone is already operating at a
point where they are just willing to trade 2 quarts of milk for 1 pound
of butter; why would they be willing to substitute 3 quarts of milk for 1
pound of butter? The answer is they wouldn’t; this invention isn’t worth
anything.
But what would happen if he got it to run in reverse so he could dump

in a pound of butter get out 3 quarts of milk? Is there a market for this
device? Answer: yes! The market prices of milk and butter tell us that
people are just barely willing to trade one pound of butter for 2 quarts of
milk. So getting 3 quarts of milk for a pound of butter is a better deal than
is currently being offered in the marketplace. Sign me up for a thousand
shares! (And several pounds of butter.)
The market prices show that the first machine is unprofitable: it produces

$2 of butter by using $3 of milk. The fact that it is unprofitable is just
another way of saying that people value the inputs more than the outputs.
The second machine produces $3 worth of milk by using only $2 worth of
butter. This machine is profitable because people value the outputs more
than the inputs.
The point is that, since prices measure the rate at which people are just

willing to substitute one good for another, they can be used to value policy
proposals that involve making changes in consumption. The fact that prices
are not arbitrary numbers but reflect how people value things on the margin
is one of the most fundamental and important ideas in economics.
If we observe one choice at one set of prices we get the MRS at one

consumption point. If the prices change and we observe another choice we
get another MRS. As we observe more and more choices we learn more
and more about the shape of the underlying preferences that may have
generated the observed choice behavior.
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5.6 Choosing Taxes

Even the small bit of consumer theory we have discussed so far can be used
to derive interesting and important conclusions. Here is a nice example
describing a choice between two types of taxes. We saw that a quantity
tax is a tax on the amount consumed of a good, like a gasoline tax of
15 cents per gallon. An income tax is just a tax on income. If the
government wants to raise a certain amount of revenue, is it better to raise
it via a quantity tax or an income tax? Let’s apply what we’ve learned to
answer this question.
First we analyze the imposition of a quantity tax. Suppose that the

original budget constraint is

p1x1 + p2x2 = m.

What is the budget constraint if we tax the consumption of good 1 at a
rate of t? The answer is simple. From the viewpoint of the consumer it is
just as if the price of good 1 has increased by an amount t. Thus the new
budget constraint is

(p1 + t)x1 + p2x2 = m. (5.1)

Therefore a quantity tax on a good increases the price perceived by
the consumer. Figure 5.9 gives an example of how that price change might
affect demand. At this stage, we don’t know for certain whether this tax will
increase or decrease the consumption of good 1, although the presumption
is that it will decrease it. Whichever is the case, we do know that the
optimal choice, (x∗

1, x∗
2), must satisfy the budget constraint

(p1 + t)x∗
1 + p2x∗

2 = m. (5.2)

The revenue raised by this tax is R∗ = tx∗
1.

Let’s now consider an income tax that raises the same amount of revenue.
The form of this budget constraint would be

p1x1 + p2x2 = m − R∗

or, substituting for R∗,

p1x1 + p2x2 = m − tx∗
1.

Where does this budget line go in Figure 5.9?
It is easy to see that it has the same slope as the original budget line,

−p1/p2, but the problem is to determine its location. As it turns out, the
budget line with the income tax must pass through the point (x∗

1, x∗
2). The

way to check this is to plug (x∗
1, x∗

2) into the income-tax budget constraint
and see if it is satisfied.
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Indifference
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Optimal
choice
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Optimal choice
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1 2

Figure
5.9

Income tax versus a quantity tax. Here we consider a quan-
tity tax that raises revenue R∗ and an income tax that raises
the same revenue. The consumer will be better off under the
income tax, since he can choose a point on a higher indifference
curve.

Is it true that

p1x∗
1 + p2x∗

2 = m − tx∗
1?

Yes it is, since this is just a rearrangement of equation (5.2), which we
know to be true.

This establishes that (x∗
1, x∗

2) lies on the income tax budget line: it is an
affordable choice for the consumer. But is it an optimal choice? It is easy
to see that the answer is no. At (x∗

1, x∗
2) the MRS is −(p1 + t)/p2. But the

income tax allows us to trade at a rate of exchange of −p1/p2. Thus the
budget line cuts the indifference curve at (x∗

1, x∗
2), which implies that there

will be some point on the budget line that will be preferred to (x∗
1, x∗

2).

Therefore the income tax is definitely superior to the quantity tax in
the sense that you can raise the same amount of revenue from a consumer
and still leave him or her better off under the income tax than under the
quantity tax.

This is a nice result, and worth remembering, but it is also worthwhile
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understanding its limitations. First, it only applies to one consumer. The
argument shows that for any given consumer there is an income tax that
will raise as much money from that consumer as a quantity tax and leave
him or her better off. But the amount of that income tax will typically differ
from person to person. So a uniform income tax for all consumers is not
necessarily better than a uniform quantity tax for all consumers. (Think
about a case where some consumer doesn’t consume any of good 1—this
person would certainly prefer the quantity tax to a uniform income tax.)

Second, we have assumed that when we impose the tax on income the
consumer’s income doesn’t change. We have assumed that the income tax
is basically a lump sum tax—one that just changes the amount of money
a consumer has to spend but doesn’t affect any choices he has to make.
This is an unlikely assumption. If income is earned by the consumer, we
might expect that taxing it will discourage earning income, so that after-tax
income might fall by even more than the amount taken by the tax.

Third, we have totally left out the supply response to the tax. We’ve
shown how demand responds to the tax change, but supply will respond
too, and a complete analysis would take those changes into account as well.

Summary

1. The optimal choice of the consumer is that bundle in the consumer’s
budget set that lies on the highest indifference curve.

2. Typically the optimal bundle will be characterized by the condition that
the slope of the indifference curve (the MRS) will equal the slope of the
budget line.

3. If we observe several consumption choices it may be possible to estimate
a utility function that would generate that sort of choice behavior. Such a
utility function can be used to predict future choices and to estimate the
utility to consumers of new economic policies.

4. If everyone faces the same prices for the two goods, then everyone will
have the same marginal rate of substitution, and will thus be willing to
trade off the two goods in the same way.

REVIEW QUESTIONS

1. If two goods are perfect substitutes, what is the demand function for
good 2?
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2. Suppose that indifference curves are described by straight lines with a
slope of −b. Given arbitrary prices and money income p1, p2, and m, what
will the consumer’s optimal choices look like?

3. Suppose that a consumer always consumes 2 spoons of sugar with each
cup of coffee. If the price of sugar is p1 per spoonful and the price of coffee
is p2 per cup and the consumer has m dollars to spend on coffee and sugar,
how much will he or she want to purchase?

4. Suppose that you have highly nonconvex preferences for ice cream and
olives, like those given in the text, and that you face prices p1, p2 and have
m dollars to spend. List the choices for the optimal consumption bundles.

5. If a consumer has a utility function u(x1, x2) = x1x4
2, what fraction of

her income will she spend on good 2?

6. For what kind of preferences will the consumer be just as well-off facing
a quantity tax as an income tax?

APPENDIX

It is very useful to be able to solve the preference-maximization problem and get
algebraic examples of actual demand functions. We did this in the body of the
text for easy cases like perfect substitutes and perfect complements, and in this
Appendix we’ll see how to do it in more general cases.

First, we will generally want to represent the consumer’s preferences by a utility
function, u(x1, x2). We’ve seen in Chapter 4 that this is not a very restrictive
assumption; most well-behaved preferences can be described by a utility function.

The first thing to observe is that we already know how to solve the optimal-
choice problem. We just have to put together the facts that we learned in the
last three chapters. We know from this chapter that an optimal choice (x1, x2)
must satisfy the condition

MRS(x1, x2) = −p1

p2
, (5.3)

and we saw in the Appendix to Chapter 4 that the MRS can be expressed as the
negative of the ratio of derivatives of the utility function. Making this substitution
and cancelling the minus signs, we have

∂u(x1, x2)/∂x1

∂u(x1, x2)/∂x2
=

p1

p2
. (5.4)

From Chapter 2 we know that the optimal choice must also satisfy the budget
constraint

p1x1 + p2x2 = m. (5.5)

This gives us two equations—the MRS condition and the budget constraint—
and two unknowns, x1 and x2. All we have to do is to solve these two equations
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to find the optimal choices of x1 and x2 as a function of the prices and income.
There are a number of ways to solve two equations in two unknowns. One way
that always works, although it might not always be the simplest, is to solve the
budget constraint for one of the choices, and then substitute that into the MRS
condition.

Rewriting the budget constraint, we have

x2 =
m

p2
− p1

p2
x1 (5.6)

and substituting this into equation (5.4) we get

∂u(x1,m/p2 − (p1/p2)x1)/∂x1

∂u(x1,m/p2 − (p1/p2)x1)/∂x2
=

p1

p2
.

This rather formidable looking expression has only one unknown variable, x1,
and it can typically be solved for x1 in terms of (p1, p2,m). Then the budget
constraint yields the solution for x2 as a function of prices and income.

We can also derive the solution to the utility maximization problem in a more
systematic way, using calculus conditions for maximization. To do this, we first
pose the utility maximization problem as a constrained maximization problem:

max
x1,x2

u(x1, x2)

such that p1x1 + p2x2 = m.

This problem asks that we choose values of x1 and x2 that do two things:
first, they have to satisfy the constraint, and second, they give a larger value for
u(x1, x2) than any other values of x1 and x2 that satisfy the constraint.

There are two useful ways to solve this kind of problem. The first way is simply
to solve the constraint for one of the variables in terms of the other and then
substitute it into the objective function.

For example, for any given value of x1, the amount of x2 that we need to
satisfy the budget constraint is given by the linear function

x2(x1) =
m

p2
− p1

p2
x1. (5.7)

Now substitute x2(x1) for x2 in the utility function to get the unconstrained
maximization problem

max
x1

u(x1,m/p2 − (p1/p2)x1).

This is an unconstrained maximization problem in x1 alone, since we have used
the function x2(x1) to ensure that the value of x2 will always satisfy the budget
constraint, whatever the value of x1 is.

We can solve this kind of problem just by differentiating with respect to x1

and setting the result equal to zero in the usual way. This procedure will give us
a first-order condition of the form

∂u(x1, x2(x1))

∂x1
+

∂u(x1, x2(x1))

∂x2

dx2

dx1
= 0. (5.8)
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Here the first term is the direct effect of how increasing x1 increases utility. The
second term consists of two parts: the rate of increase of utility as x2 increases,
∂u/∂x2, times dx2/dx1, the rate of increase of x2 as x1 increases in order to
continue to satisfy the budget equation. We can differentiate (5.7) to calculate
this latter derivative

dx2

dx1
= −p1

p2
.

Substituting this into (5.8) gives us

∂u(x∗
1, x

∗
2)/∂x1

∂u(x∗
1, x

∗
2)/∂x2

=
p1

p2
,

which just says that the marginal rate of substitution between x1 and x2 must
equal the price ratio at the optimal choice (x∗

1, x
∗
2). This is exactly the condition

we derived above: the slope of the indifference curve must equal the slope of the
budget line. Of course the optimal choice must also satisfy the budget constraint
p1x

∗
1 + p2x

∗
2 = m, which again gives us two equations in two unknowns.

The second way that these problems can be solved is through the use of La-
grange multipliers. This method starts by defining an auxiliary function known
as the Lagrangian:

L = u(x1, x2)− λ(p1x1 + p2x2 −m).

The new variable λ is called a Lagrange multiplier since it is multiplied by the
constraint.3 Then Lagrange’s theorem says that an optimal choice (x∗

1, x
∗
2) must

satisfy the three first-order conditions

∂L

∂x1
=

∂u(x∗
1, x

∗
2)

∂x1
− λp1 = 0

∂L

∂x2
=

∂u(x∗
1, x

∗
2)

∂x2
− λp2 = 0

∂L

∂λ
= p1x

∗
1 + p2x

∗
2 −m = 0.

There are several interesting things about these three equations. First, note
that they are simply the derivatives of the Lagrangian with respect to x1, x2,
and λ, each set equal to zero. The last derivative, with respect to λ, is just the
budget constraint. Second, we now have three equations for the three unknowns,
x1, x2, and λ. We have a hope of solving for x1 and x2 in terms of p1, p2, and
m.

Lagrange’s theorem is proved in any advanced calculus book. It is used quite
extensively in advanced economics courses, but for our purposes we only need to
know the statement of the theorem and how to use it.

In our particular case, it is worthwhile noting that if we divide the first condi-
tion by the second one, we get

∂u(x∗
1, x

∗
2)/∂x1

∂u(x∗
1, x

∗
2)/∂x2

=
p1

p2
,

which simply says the MRS must equal the price ratio, just as before. The budget
constraint gives us the other equation, so we are back to two equations in two
unknowns.

3 The Greek letter λ is pronounced “lamb-da.”
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EXAMPLE: Cobb-Douglas Demand Functions

In Chapter 4 we introduced the Cobb-Douglas utility function

u(x1, x2) = xc
1x

d
2.

Since utility functions are only defined up to a monotonic transformation, it is
convenient to take logs of this expression and work with

lnu(x1, x2) = c lnx1 + d lnx2.

Let’s find the demand functions for x1 and x2 for the Cobb-Douglas utility
function. The problem we want to solve is

max
x1,x2

c lnx1 + d lnx2

such that p1x1 + p2x2 = m.

There are at least three ways to solve this problem. One way is just to write
down the MRS condition and the budget constraint. Using the expression for the
MRS derived in Chapter 4, we have

cx2

dx1
=

p1

p2

p1x1 + p2x2 = m.

These are two equations in two unknowns that can be solved for the optimal
choice of x1 and x2. One way to solve them is to substitute the second into the
first to get

c(m/p2 − x1p1/p2)

dx1
=

p1

p2
.

Cross multiplying gives
c(m− x1p1) = dp1x1.

Rearranging this equation gives

cm = (c+ d)p1x1

or
x1 =

c

c+ d

m

p1
.

This is the demand function for x1. To find the demand function for x2, substitute
into the budget constraint to get

x2 =
m

p2
− p1

p2

c

c+ d

m

p1

=
d

c+ d

m

p2
.
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The second way is to substitute the budget constraint into the maximization
problem at the beginning. If we do this, our problem becomes

max
x1

c lnx1 + d ln(m/p2 − x1p1/p2).

The first-order condition for this problem is

c

x1
− d

p2

m− p1x1

p1

p2
= 0.

A little algebra—which you should do!—gives us the solution

x1 =
c

c+ d

m

p1
.

Substitute this back into the budget constraint x2 = m/p2 − x1p1/p2 to get

x2 =
d

c+ d

m

p2
.

These are the demand functions for the two goods, which, happily, are the same
as those derived earlier by the other method.

Now for Lagrange’s method. Set up the Lagrangian

L = c lnx1 + d lnx2 − λ(p1x1 + p2x2 −m)

and differentiate to get the three first-order conditions

∂L

∂x1
=

c

x1
− λp1 = 0

∂L

∂x2
=

d

x2
− λp2 = 0

∂L

∂λ
= p1x1 + p2x2 −m = 0.

Now the trick is to solve them! The best way to proceed is to first solve for λ and
then for x1 and x2. So we rearrange and cross multiply the first two equations
to get

c = λp1x1

d = λp2x2.

These equations are just asking to be added together:

c+ d = λ(p1x1 + p2x2) = λm,

which gives us

λ =
c+ d

m
.

Substitute this back into the first two equations and solve for x1 and x2 to get

x1 =
c

c+ d

m

p1

x2 =
d

c+ d

m

p2
,

just as before.



CHAPTER 6

DEMAND

In the last chapter we presented the basic model of consumer choice: how
maximizing utility subject to a budget constraint yields optimal choices.
We saw that the optimal choices of the consumer depend on the consumer’s
income and the prices of the goods, and we worked a few examples to see
what the optimal choices are for some simple kinds of preferences.
The consumer’s demand functions give the optimal amounts of each

of the goods as a function of the prices and income faced by the consumer.
We write the demand functions as

x1 = x1(p1, p2, m)

x2 = x2(p1, p2, m).

The left-hand side of each equation stands for the quantity demanded. The
right-hand side of each equation is the function that relates the prices and
income to that quantity.
In this chapter we will examine how the demand for a good changes as

prices and income change. Studying how a choice responds to changes in the
economic environment is known as comparative statics, which we first
described in Chapter 1. “Comparative” means that we want to compare
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two situations: before and after the change in the economic environment.
“Statics” means that we are not concerned with any adjustment process
that may be involved in moving from one choice to another; rather we will
only examine the equilibrium choice.
In the case of the consumer, there are only two things in our model

that affect the optimal choice: prices and income. The comparative statics
questions in consumer theory therefore involve investigating how demand
changes when prices and income change.

6.1 Normal and Inferior Goods

We start by considering how a consumer’s demand for a good changes
as his income changes. We want to know how the optimal choice at one
income compares to the optimal choice at another level of income. During
this exercise, we will hold the prices fixed and examine only the change in
demand due to the income change.
We know how an increase in money income affects the budget line when

prices are fixed—it shifts it outward in a parallel fashion. So how does this
affect demand?
We would normally think that the demand for each good would increase

when income increases, as shown in Figure 6.1. Economists, with a singular
lack of imagination, call such goods normal goods. If good 1 is a normal
good, then the demand for it increases when income increases, and de-
creases when income decreases. For a normal good the quantity demanded
always changes in the same way as income changes:

Δx1

Δm
> 0.

If something is called normal, you can be sure that there must be a
possibility of being abnormal. And indeed there is. Figure 6.2 presents
an example of nice, well-behaved indifference curves where an increase of
income results in a reduction in the consumption of one of the goods. Such
a good is called an inferior good. This may be “abnormal,” but when
you think about it, inferior goods aren’t all that unusual. There are many
goods for which demand decreases as income increases; examples might
include gruel, bologna, shacks, or nearly any kind of low-quality good.
Whether a good is inferior or not depends on the income level that we

are examining. It might very well be that very poor people consume more
bologna as their income increases. But after a point, the consumption of
bologna would probably decline as income continued to increase. Since in
real life the consumption of goods can increase or decrease when income
increases, it is comforting to know that economic theory allows for both
possibilities.
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Indifference
curves

Optimal choices

Budget lines

x1

x2

Normal goods. The demand for both goods increases when
income increases, so both goods are normal goods.

Figure
6.1

6.2 Income Offer Curves and Engel Curves

We have seen that an increase in income corresponds to shifting the budget
line outward in a parallel manner. We can connect together the demanded
bundles that we get as we shift the budget line outward to construct the
income offer curve. This curve illustrates the bundles of goods that are
demanded at the different levels of income, as depicted in Figure 6.3A.
The income offer curve is also known as the income expansion path. If
both goods are normal goods, then the income expansion path will have a
positive slope, as depicted in Figure 6.3A.

For each level of income, m, there will be some optimal choice for each
of the goods. Let us focus on good 1 and consider the optimal choice at
each set of prices and income, x1(p1, p2, m). This is simply the demand
function for good 1. If we hold the prices of goods 1 and 2 fixed and look
at how demand changes as we change income, we generate a curve known
as the Engel curve. The Engel curve is a graph of the demand for one of
the goods as a function of income, with all prices being held constant. For
an example of an Engel curve, see Figure 6.3B.
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6.2

An inferior good. Good 1 is an inferior good, which means
that the demand for it decreases when income increases.
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A  Income offer curve B  Engel curve

Figure
6.3

How demand changes as income changes. The income of-
fer curve (or income expansion path) shown in panel A depicts
the optimal choice at different levels of income and constant
prices. When we plot the optimal choice of good 1 against in-
come, m, we get the Engel curve, depicted in panel B.
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6.3 Some Examples

Let’s consider some of the preferences that we examined in Chapter 5 and
see what their income offer curves and Engel curves look like.

Perfect Substitutes

The case of perfect substitutes is depicted in Figure 6.4. If p1 < p2, so
that the consumer is specializing in consuming good 1, then if his income
increases he will increase his consumption of good 1. Thus the income offer
curve is the horizontal axis, as shown in Figure 6.4A.

Indifference
curves

Income
offer
curve

Typical
budget
line

Engel
curve

Slope = p1

11

2x m

x x
A  Income offer curve B  Engel curve

Perfect substitutes. The income offer curve (A) and an Engel
curve (B) in the case of perfect substitutes.

Figure
6.4

Since the demand for good 1 is x1 = m/p1 in this case, the Engel curve
will be a straight line with a slope of p1, as depicted in Figure 6.4B. (Since
m is on the vertical axis, and x1 on the horizontal axis, we can write
m = p1x1, which makes it clear that the slope is p1.)

Perfect Complements

The demand behavior for perfect complements is shown in Figure 6.5. Since
the consumer will always consume the same amount of each good, no matter
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CHAPTER 9

BUYING AND
SELLING

In the simple model of the consumer that we considered in the preceding
chapters, the income of the consumer was given. In reality people earn their
income by selling things that they own: items that they have produced,
assets that they have accumulated, or, most commonly, their own labor.
In this chapter we will examine how the earlier model must be modified so
as to describe this kind of behavior.

9.1 Net and Gross Demands

As before, we will limit ourselves to the two-good model. We now sup-
pose that the consumer starts off with an endowment of the two goods,
which we will denote by (ω1, ω2).

1 This is how much of the two goods the
consumer has before he enters the market. Think of a farmer who goes
to market with ω1 units of carrots and ω2 units of potatoes. The farmer
inspects the prices available at the market and decides how much he wants
to buy and sell of the two goods.

1 The Greek letter ω, omega, is pronounced “o–may–gah.”
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Let us make a distinction here between the consumer’s gross demands
and his net demands. The gross demand for a good is the amount of the
good that the consumer actually ends up consuming: how much of each of
the goods he or she takes home from the market. The net demand for a
good is the difference between what the consumer ends up with (the gross
demand) and the initial endowment of goods. The net demand for a good
is simply the amount that is bought or sold of the good.
If we let (x1, x2) be the gross demands, then (x1 − ω1, x2 − ω2) are the

net demands. Note that while the gross demands are typically positive
numbers, the net demands may be positive or negative. If the net demand
for good 1 is negative, it means that the consumer wants to consume less
of good 1 than she has; that is, she wants to supply good 1 to the market.
A negative net demand is simply an amount supplied.
For purposes of economic analysis, the gross demands are the more im-

portant, since that is what the consumer is ultimately concerned with. But
the net demands are what are actually exhibited in the market and thus
are closer to what the layman means by demand or supply.

9.2 The Budget Constraint

The first thing we should do is to consider the form of the budget constraint.
What constrains the consumer’s final consumption? It must be that the
value of the bundle of goods that she goes home with must be equal to the
value of the bundle of goods that she came with. Or, algebraically:

p1x1 + p2x2 = p1ω1 + p2ω2.

We could just as well express this budget line in terms of net demands as

p1(x1 − ω1) + p2(x2 − ω2) = 0.

If (x1 − ω1) is positive we say that the consumer is a net buyer or net
demander of good 1; if it is negative we say that she is a net seller or
net supplier. Then the above equation says that the value of what the
consumer buys must equal the value of what she sells, which seems sensible
enough.
We could also express the budget line when the endowment is present

in a form similar to the way we described it before. Now it takes two
equations:

p1x1 + p2x2 = m
m = p1ω1 + p2ω2.

Once the prices are fixed, the value of the endowment, and hence the
consumer’s money income, is fixed.
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What does the budget line look like graphically? When we fix the prices,
money income is fixed, and we have a budget equation just like we had
before. Thus the slope must be given by −p1/p2, just as before, so the only
problem is to determine the location of the line.

The location of the line can be determined by the following simple obser-
vation: the endowment bundle is always on the budget line. That is, one
value of (x1, x2) that satisfies the budget line is x1 = ω1 and x2 = ω2. The
endowment is always just affordable, since the amount you have to spend
is precisely the value of the endowment.

Putting these facts together shows that the budget line has a slope of
−p1/p2 and passes through the endowment point. This is depicted in Fig-
ure 9.1.

Indifference curves

x

x*

ω2

2

2

1 1x*ω

Budget line
slope = –p /p

x1

1 2

Figure
9.1

The budget line. The budget line passes through the endow-
ment and has a slope of −p1/p2.

Given this budget constraint, the consumer can choose the optimal con-
sumption bundle just as before. In Figure 9.1 we have shown an example
of an optimal consumption bundle (x∗

1, x∗
2). Just as before, it will satisfy

the optimality condition that the marginal rate of substitution is equal to
the price ratio.
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In this particular case, x∗
1 > ω1 and x∗

2 < ω2, so the consumer is a net
buyer of good 1 and a net seller of good 2. The net demands are simply the
net amounts that the consumer buys or sells of the two goods. In general
the consumer may decide to be either a buyer or a seller depending on the
relative prices of the two goods.

9.3 Changing the Endowment

In our previous analysis of choice we examined how the optimal consump-
tion changed as the money income changed while the prices remained fixed.
We can do a similar analysis here by asking how the optimal consumption
changes as the endowment changes while the prices remain fixed.
For example, suppose that the endowment changes from (ω1, ω2) to some

other value (ω�
1, ω�

2) such that

p1ω1 + p2ω2 > p1ω�
1 + p2ω�

2.

This inequality means that the new endowment (ω�
1, ω�

2) is worth less than
the old endowment—the money income that the consumer could achieve
by selling her endowment is less.
This is depicted graphically in Figure 9.2A: the budget line shifts in-

ward. Since this is exactly the same as a reduction in money income, we
can conclude the same two things that we concluded in our examination of
that case. First, the consumer is definitely worse off with the endowment
(ω�

1, ω�
2) than she was with the old endowment, since her consumption pos-

sibilities have been reduced. Second, her demand for each good will change
according to whether that good is a normal good or an inferior good.
For example, if good 1 is a normal good and the consumer’s endowment

changes in a way that reduces its value, we can conclude that the consumer’s
demand for good 1 will decrease.
The case where the value of the endowment increases is depicted in Fig-

ure 9.2B. Following the above argument we conclude that if the budget
line shifts outward in a parallel way, the consumer must be made better
off. Algebraically, if the endowment changes from (ω1, ω2) to (ω�

1, ω�
2) and

p1ω1 + p2ω2 < p1ω�
1 + p2ω�

2, then the consumer’s new budget set must con-
tain her old budget set. This in turn implies that the optimal choice of the
consumer with the new budget set must be preferred to the optimal choice
given the old endowment.
It is worthwhile pondering this point a moment. In Chapter 7 we argued

that just because a consumption bundle had a higher cost than another
didn’t mean that it would be preferred to the other bundle. But that
only holds for a bundle that must be consumed. If a consumer can sell a
bundle of goods on a free market at constant prices, then she will always
prefer a higher-valued bundle to a lower-valued bundle, simply because a
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9.2

Changes in the value of the endowment. In case A the
value of the endowment decreases, and in case B it increases.

higher-valued bundle gives her more income, and thus more consumption
possibilities. Therefore, an endowment that has a higher value will always
be preferred to an endowment with a lower value. This simple observation
will turn out to have some important implications later on.
There’s one more case to consider: what happens if p1ω1+p2ω2 = p1ω�

1+
p2ω�

2? Then the budget set doesn’t change at all: the consumer is just
as well-off with (ω1, ω2) as with (ω�

1, ω�
2), and her optimal choice should

be exactly the same. The endowment has just shifted along the original
budget line.

9.4 Price Changes

Earlier, when we examined how demand changed when price changed, we
conducted our investigation under the hypothesis that money income re-
mained constant. Now, when money income is determined by the value
of the endowment, such a hypothesis is unreasonable: if the value of a
good you are selling changes, your money income will certainly change.
Thus in the case where the consumer has an endowment, changing prices
automatically implies changing income.
Let us first think about this geometrically. If the price of good 1 de-

creases, we know that the budget line becomes flatter. Since the endow-
ment bundle is always affordable, this means that the budget line must
pivot around the endowment, as depicted in Figure 9.3.
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Decreasing the price of good 1. Lowering the price of good
1 makes the budget line pivot around the endowment. If the
consumer remains a supplier she must be worse off.

Figure
9.3

In this case, the consumer is initially a seller of good 1 and remains a
seller of good 1 even after the price has declined. What can we say about
this consumer’s welfare? In the case depicted, the consumer is on a lower
indifference curve after the price change than before, but will this be true
in general? The answer comes from applying the principle of revealed
preference.
If the consumer remains a supplier, then her new consumption bundle

must be on the colored part of the new budget line. But this part of the new
budget line is inside the original budget set: all of these choices were open to
the consumer before the price changed. Therefore, by revealed preference,
all of these choices are worse than the original consumption bundle. We can
therefore conclude that if the price of a good that a consumer is selling goes
down, and the consumer decides to remain a seller, then the consumer’s
welfare must have declined.
What if the price of a good that the consumer is selling decreases and

the consumer decides to switch to being a buyer of that good? In this case,
the consumer may be better off or she may be worse off—there is no way
to tell.
Let us now turn to the situation where the consumer is a net buyer of a

good. In this case everything neatly turns around: if the consumer is a net
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buyer of a good, its price increases, and the consumer optimally decides
to remain a buyer, then she must definitely be worse off. But if the price
increase leads her to become a seller, it could go either way—she may be
better off, or she may be worse off. These observations follow from a simple
application of revealed preference just like the cases described above, but it
is good practice for you to draw a graph just to make sure you understand
how this works.
Revealed preference also allows us to make some interesting points about

the decision of whether to remain a buyer or to become a seller when prices
change. Suppose, as in Figure 9.4, that the consumer is a net buyer of good
1, and consider what happens if the price of good 1 decreases. Then the
budget line becomes flatter as in Figure 9.4.

ω

ω xx*

x*

x

Original
budget

Endowment

Must consume here

Original
choice

New
budget

1 1 1

2

2

2

Figure
9.4

Decreasing the price of good 1. If a person is a buyer and
the price of what she is buying decreases, she remains a buyer.

As usual we don’t know for certain whether the consumer will buy more
or less of good 1—it depends on her tastes. However, we can say something
for sure: the consumer will continue to be a net buyer of good 1—she will
not switch to being a seller.
How do we know this? Well, consider what would happen if the consumer

did switch. Then she would be consuming somewhere on the colored part
of the new budget line in Figure 9.4. But those consumption bundles were
feasible for her when she faced the original budget line, and she rejected
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them in favor of (x∗
1, x∗

2). So (x∗
1, x∗

2) must be better than any of those
points. And under the new budget line, (x∗

1, x∗
2) is a feasible consumption

bundle. So whatever she consumes under the new budget line, it must be
better than (x∗

1, x∗
2)—and thus better than any points on the colored part

of the new budget line. This implies that her consumption of x1 must
be to the right of her endowment point—that is, she must remain a net
demander of good 1.
Again, this kind of observation applies equally well to a person who is

a net seller of a good: if the price of what she is selling goes up, she will
not switch to being a net buyer. We can’t tell for sure if the consumer will
consume more or less of the good she is selling—but we know that she will
keep selling it if the price goes up.

9.5 Offer Curves and Demand Curves

Recall from Chapter 6 that price offer curves depict those combinations of
both goods that may be demanded by a consumer and that demand curves
depict the relationship between the price and the quantity demanded of
some good. Exactly the same constructions work when the consumer has
an endowment of both goods.
Consider, for example, Figure 9.5, which illustrates the price offer curve

and the demand curve for a consumer. The offer curve will always pass
through the endowment, because at some price the endowment will be
a demanded bundle; that is, at some prices the consumer will optimally
choose not to trade.
As we’ve seen, the consumer may decide to be a buyer of good 1 for

some prices and a seller of good 1 for other prices. Thus the offer curve
will generally pass to the left and to the right of the endowment point.
The demand curve illustrated in Figure 9.5B is the gross demand curve—

it measures the total amount the consumer chooses to consume of good 1.
We have illustrated the net demand curve in Figure 9.6.
Note that the net demand for good 1 will typically be negative for some

prices. This will be when the price of good 1 becomes so high that the
consumer chooses to become a seller of good 1. At some price the consumer
switches between being a net demander to being a net supplier of good 1.
It is conventional to plot the supply curve in the positive orthant, al-

though it actually makes more sense to think of supply as just a negative
demand. We’ll bow to tradition here and plot the net supply curve in the
normal way—as a positive amount, as in Figure 9.6.
Algebraically the net demand for good 1, d1(p1, p2), is the difference

between the gross demand x1(p1, p2) and the endowment of good 1, when
this difference is positive; that is, when the consumer wants more of the
good than he or she has:

d1(p1, p2) =
{x1(p1, p2)− ω1 if this is positive;
0 otherwise.
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The offer curve and the demand curve. These are two
ways of depicting the relationship between the demanded bundle
and the prices when an endowment is present.

The net supply curve is the difference between how much the consumer
has of good 1 and how much he or she wants when this difference is positive:

s1(p1, p2) =
{ω1 − x1(p1, p2) if this is positive;
0 otherwise.

Everything that we’ve established about the properties of demand behav-
ior applies directly to the supply behavior of a consumer—because supply
is just negative demand. If the gross demand curve is always downward
sloping, then the net demand curve will be downward sloping and the sup-
ply curve will be upward sloping. Think about it: if an increase in the
price makes the net demand more negative, then the net supply will be
more positive.

9.6 The Slutsky Equation Revisited

The above applications of revealed preference are handy, but they don’t
really answer the main question: how does the demand for a good react to
a change in its price? We saw in Chapter 8 that if money income was held
constant, and the good was a normal good, then a reduction in its price
must lead to an increase in demand.
The catch is the phrase “money income was held constant.” The case we

are examining here necessarily involves a change in money income, since
the value of the endowment will necessarily change when a price changes.

creo
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In Chapter 8 we described the Slutsky equation that decomposed the
change in demand due to a price change into a substitution effect and an
income effect. The income effect was due to the change in purchasing power
when prices change. But now, purchasing power has two reasons to change
when a price changes. The first is the one involved in the definition of the
Slutsky equation: when a price falls, for example, you can buy just as much
of a good as you were consuming before and have some extra money left
over. Let us refer to this as the ordinary income effect. But the second
effect is new. When the price of a good changes, it changes the value of
your endowment and thus changes your money income. For example, if
you are a net supplier of a good, then a fall in its price will reduce your
money income directly since you won’t be able to sell your endowment for
as much money as you could before. We will have the same effects that
we had before, plus an extra income effect from the influence of the prices
on the value of the endowment bundle. We’ll call this the endowment
income effect.

In the earlier form of the Slutsky equation, the amount of money income
you had was fixed. Now we have to worry about how your money income
changes as the value of your endowment changes. Thus, when we calculate
the effect of a change in price on demand, the Slutsky equation will take
the form:

total change in demand = change due to substitution effect + change in de-
mand due to ordinary income effect + change in demand due to endowment
income effect.
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The first two effects are familiar. As before, let us use Δx1 to stand for
the total change in demand, Δxs

1 to stand for the change in demand due
to the substitution effect, and Δxm

1 to stand for the change in demand due
to the ordinary income effect. Then we can substitute these terms into the
above “verbal equation” to get the Slutsky equation in terms of rates of
change:

Δx1

Δp1
=

Δxs
1

Δp1
− x1

Δxm
1

Δm
+ endowment income effect. (9.1)

What will the last term look like? We’ll derive an explicit expression
below, but let us first think about what is involved. When the price of the
endowment changes, money income will change, and this change in money
income will induce a change in demand. Thus the endowment income effect
will consist of two terms:

endowment income effect = change in demand when income changes
× the change in income when price changes. (9.2)

Let’s look at the second effect first. Since income is defined to be

m = p1ω1 + p2ω2,

we have
Δm
Δp1

= ω1.

This tells us how money income changes when the price of good 1 changes:
if you have 10 units of good 1 to sell, and its price goes up by $1, your
money income will go up by $10.
The first term in equation (9.2) is just how demand changes when income

changes. We already have an expression for this: it is Δxm
1 /Δm: the change

in demand divided by the change in income. Thus the endowment income
effect is given by

endowment income effect =
Δxm

1
Δm

Δm
Δp1

=
Δxm

1
Δm

ω1. (9.3)

Inserting equation (9.3) into equation (9.1) we get the final form of the
Slutsky equation:

Δx1

Δp1
=

Δxs
1

Δp1
+ (ω1 − x1)

Δxm
1

Δm
.

This equation can be used to answer the question posed above. We know
that the sign of the substitution effect is always negative—opposite the
direction of the change in price. Let us suppose that the good is a normal
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good, so that Δxm
1 /Δm > 0. Then the sign of the combined income effect

depends on whether the person is a net demander or a net supplier of
the good in question. If the person is a net demander of a normal good,
and its price increases, then the consumer will necessarily buy less of it.
If the consumer is a net supplier of a normal good, then the sign of the
total effect is ambiguous: it depends on the magnitude of the (positive)
combined income effect as compared to the magnitude of the (negative)
substitution effect.
As before, each of these changes can be depicted graphically, although

the graph gets rather messy. Refer to Figure 9.7, which depicts the Slutsky
decomposition of a price change. The total change in the demand for good 1
is indicated by the movement from A to C. This is the sum of three separate
movements: the substitution effect, which is the movement from A to B,
and two income effects. The ordinary income effect, which is the movement
from B to D, is the change in demand holding money income fixed—that
is, the same income effect that we examined in Chapter 8. But since the
value of the endowment changes when prices change, there is now an extra
income effect: because of the change in the value of the endowment, money
income changes. This change in money income shifts the budget line back
inward so that it passes through the endowment bundle. The change in
demand from D to C measures this endowment income effect.

x2

x1A B C D

Original
choice

Endowment

Final choice

Indifference
curves

The Slutsky equation revisited. Breaking up the effect
of the price change into the substitution effect (A to B), the
ordinary income effect (B to D), and the endowment income
effect (D to C).

Figure
9.7
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9.7 Use of the Slutsky Equation

Suppose that we have a consumer who sells apples and oranges that he
grows on a few trees in his backyard, like the consumer we described at the
beginning of Chapter 8. We said there that if the price of apples increased,
then this consumer might actually consume more apples. Using the Slutsky
equation derived in this chapter, it is not hard to see why. If we let xa stand
for the consumer’s demand for apples, and let pa be the price of apples,
then we know that

Δxa
Δpa

=
Δxs

a
Δpa
(−)

+ (ωa − xa)

(+)

Δxm
a

Δm .
(+)

This says that the total change in the demand for apples when the price
of apples changes is the substitution effect plus the income effect. The sub-
stitution effect works in the right direction—increasing the price decreases
the demand for apples. But if apples are a normal good for this consumer,
the income effect works in the wrong direction. Since the consumer is a net
supplier of apples, the increase in the price of apples increases his money
income so much that he wants to consume more apples due to the income
effect. If the latter term is strong enough to outweigh the substitution
effect, we can easily get the “perverse” result.

EXAMPLE: Calculating the Endowment Income Effect

Let’s try a little numerical example. Suppose that a dairy farmer produces
40 quarts of milk a week. Initially the price of milk is $3 a quart. His
demand function for milk, for his own consumption, is

x1 = 10 +
m

10p1
.

Since he is producing 40 quarts at $3 a quart, his income is $120 a week.
His initial demand for milk is therefore x1 = 14. Now suppose that the
price of milk changes to $2 a quart. His money income will then change to
m� = 2× 40 = $80, and his demand will be x�

1 = 10 + 80/20 = 14.

If his money income had remained fixed at m = $120, he would have
purchased x1 = 10+120/10× 2 = 16 quarts of milk at this price. Thus the
endowment income effect—the change in his demand due to the change
in the value of his endowment—is −2. The substitution effect and the
ordinary income effect for this problem were calculated in Chapter 8.
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9.8 Labor Supply

Let us apply the idea of an endowment to analyzing a consumer’s labor
supply decision. The consumer can choose to work a lot and have rela-
tively high consumption, or can choose to work a little and have a small
consumption. The amount of consumption and labor will be determined
by the interaction of the consumer’s preferences and the budget constraint.

The Budget Constraint

Let us suppose that the consumer initially has some money income M that
she receives whether she works or not. This might be income from invest-
ments or from relatives, for example. We call this amount the consumer’s
nonlabor income. (The consumer could have zero nonlabor income, but
we want to allow for the possibility that it is positive.)
Let us use C to indicate the amount of consumption the consumer has,

and use p to denote the price of consumption. Then letting w be the wage
rate, and L the amount of labor supplied, we have the budget constraint:

pC = M + wL.

This says that the value of what the consumer consumes must be equal to
her nonlabor income plus her labor income.
Let us try to compare the above formulation to the previous examples

of budget constraints. The major difference is that we have something
that the consumer is choosing—labor supply—on the right-hand side of
the equation. We can easily transpose it to the left-hand side to get

pC − wL = M.

This is better, but we have a minus sign where we normally have a
plus sign. How can we remedy this? Let us suppose that there is some
maximum amount of labor supply possible—24 hours a day, 7 days a week,
or whatever is compatible with the units of measurement we are using. Let
L denote this amount of labor time. Then adding wL to each side and
rearranging we have

pC + w(L − L) = M + wL.

Let us define C = M/p, the amount of consumption that the consumer
would have if she didn’t work at all. That is, C is her endowment of
consumption, so we write

pC + w(L − L) = pC + wL.
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Now we have an equation very much like those we’ve seen before. We
have two choice variables on the left-hand side and two endowment variables
on the right-hand side. The variable L−L can be interpreted as the amount
of “leisure”—that is, time that isn’t labor time. Let us use the variable
R (for relaxation!) to denote leisure, so that R = L − L. Then the total
amount of time you have available for leisure is R = L and the budget
constraint becomes

pC + wR = pC + wR.

The above equation is formally identical to the very first budget con-
straint that we wrote in this chapter. However, it has a much more inter-
esting interpretation. It says that the value of a consumer’s consumption
plus her leisure has to equal the value of her endowment of consumption
and her endowment of time, where her endowment of time is valued at her
wage rate. The wage rate is not only the price of labor, it is also the price
of leisure.

After all, if your wage rate is $10 an hour and you decide to consume
an extra hour’s leisure, how much does it cost you? The answer is that
it costs you $10 in forgone income—that’s the price of that extra hour’s
consumption of leisure. Economists sometimes say that the wage rate is
the opportunity cost of leisure.

The right-hand side of this budget constraint is sometimes called the
consumer’s full income or implicit income. It measures the value of
what the consumer owns—her endowment of consumption goods, if any,
and her endowment of her own time. This is to be distinguished from the
consumer’s measured income, which is simply the income she receives
from selling off some of her time.
The nice thing about this budget constraint is that it is just like the ones

we’ve seen before. It passes through the endowment point (L, C) and has a
slope of −w/p. The endowment would be what the consumer would get if
she did not engage in market trade at all, and the slope of the budget line
tells us the rate at which the market will exchange one good for another.
The optimal choice occurs where the marginal rate of substitution—the

tradeoff between consumption and leisure—equals w/p, the real wage, as
depicted in Figure 9.8. The value of the extra consumption to the consumer
from working a little more has to be just equal to the value of the lost leisure
that it takes to generate that consumption. The real wage is the amount
of consumption that the consumer can purchase if she gives up an hour of
leisure.

9.9 Comparative Statics of Labor Supply

First let us consider how a consumer’s labor supply changes as money
income changes with the price and wage held fixed. If you won the state
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lottery and got a big increase in nonlabor income, what would happen to
your supply of labor? What would happen to your demand for leisure?
For most people, the supply of labor would drop when their money in-

come increased. In other words, leisure is probably a normal good for most
people: when their money income rises, people choose to consume more
leisure. There seems to be a fair amount of evidence for this observation,
so we will adopt it as a maintained hypothesis: we will assume that leisure
is a normal good.
What does this imply about the response of the consumer’s labor supply

to changes in the wage rate? When the wage rate increases there are two
effects: the return to working more increase and the cost of consuming
leisure increases. By using the ideas of income and substitution effects and
the Slutsky equation we can isolate these individual effects and analyze
them.
When the wage rate increases, leisure becomes more expensive, which by

itself leads people to want less of it (the substitution effect). Since leisure
is a normal good, we would then predict that an increase in the wage rate
would necessarily lead to a decrease in the demand for leisure—that is, an
increase in the supply of labor. This follows from the Slutsky equation
given in Chapter 8. A normal good must have a negatively sloped demand
curve. If leisure is a normal good, then the supply curve of labor must be
positively sloped.
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But there is a problem with this analysis. First, at an intuitive level, it
does not seem reasonable that increasing the wage would always result in
an increased supply of labor. If my wage becomes very high, I might well
“spend” the extra income in consuming leisure. How can we reconcile this
apparently plausible behavior with the economic theory given above?
If the theory gives the wrong answer, it is probably because we’ve mis-

applied the theory. And indeed in this case we have. The Slutsky example
described earlier gave the change in demand holding money income con-
stant. But if the wage rate changes, then money income must change as
well. The change in demand resulting from a change in money income is
an extra income effect—the endowment income effect. It occurs on top of
the ordinary income effect.
If we apply the appropriate version of the Slutsky equation given earlier

in this chapter, we get the following expression:

ΔR
Δw = substitution effect

(−)

+ (R − R)

(+)

ΔR
Δm.
(+)

(9.4)

In this expression the substitution effect is definitely negative, as it al-
ways is, and ΔR/Δm is positive since we are assuming that leisure is a
normal good. But (R − R) is positive as well, so the sign of the whole
expression is ambiguous. Unlike the usual case of consumer demand, the
demand for leisure will have an ambiguous sign, even if leisure is a normal
good. As the wage rate increases, people may work more or less.
Why does this ambiguity arise? When the wage rate increases, the substi-

tution effect says work more in order to substitute consumption for leisure.
But when the wage rate increases, the value of the endowment goes up as
well. This is just like extra income, which may very well be consumed in
taking extra leisure. Which is the larger effect is an empirical matter and
cannot be decided by theory alone. We have to look at people’s actual
labor supply decisions to determine which effect dominates.
The case where an increase in the wage rate results in a decrease in the

supply of labor is represented by a backward-bending labor supply
curve. The Slutsky equation tells us that this effect is more likely to occur
the larger is (R − R), that is, the larger is the supply of labor. When
R = R, the consumer is consuming only leisure, so an increase in the wage
will result in a pure substitution effect and thus an increase in the supply
of labor. But as the labor supply increases, each increase in the wage gives
the consumer additional income for all the hours he is working, so that
after some point he may well decide to use this extra income to “purchase”
additional leisure—that is, to reduce his supply of labor.
A backward-bending labor supply curve is depicted in Figure 9.9. When

the wage rate is small, the substitution effect is larger than the income
effect, and an increase in the wage will decrease the demand for leisure and
hence increase the supply of labor. But for larger wage rates the income
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effect may outweigh the substitution effect, and an increase in the wage
will reduce the supply of labor.
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EXAMPLE: Overtime and the Supply of Labor

Consider a worker who has chosen to supply a certain amount of labor
L∗ = R − R∗ when faced with the wage rate w as depicted in Figure 9.10.
Now suppose that the firm offers him a higher wage, w� > w, for extra time
that he chooses to work. Such a payment is known as an overtime wage.

In terms of Figure 9.10, this means that the slope of the budget line will
be steeper for labor supplied in excess of L∗. But then we know that the
worker will optimally choose to supply more labor, by the usual sort of
revealed preference argument: the choices involving working less than L∗

were available before the overtime was offered and were rejected.
Note that we get an unambiguous increase in labor supply with an over-

time wage, whereas just offering a higher wage for all hours worked has an
ambiguous effect—as discussed above, labor supply may increase or it may
decrease. The reason is that the response to an overtime wage is essentially
a pure substitution effect—the change in the optimal choice resulting from
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Overtime versus an ordinary wage increase. An increase
in the overtime wage definitely increases the supply of labor,
while an increase in the straight wage could decrease the supply
of labor.

pivoting the budget line around the chosen point. Overtime gives a higher
payment for the extra hours worked, whereas a straight increase in the wage
gives a higher payment for all hours worked. Thus a straight-wage increase
involves both a substitution and an income effect while an overtime-wage
increase results in a pure substitution effect. An example of this is shown in
Figure 9.10. There an increase in the straight wage results in a decrease in
labor supply, while an increase in the overtime wage results in an increase
in labor supply.

Summary

1. Consumers earn income by selling their endowment of goods.

2. The gross demand for a good is the amount that the consumer ends up
consuming. The net demand for a good is the amount the consumer buys.
Thus the net demand is the difference between the gross demand and the
endowment.
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3. The budget constraint has a slope of −p1/p2 and passes through the
endowment bundle.

4. When a price changes, the value of what the consumer has to sell will
change and thereby generate an additional income effect in the Slutsky
equation.

5. Labor supply is an interesting example of the interaction of income and
substitution effects. Due to the interaction of these two effects, the response
of labor supply to a change in the wage rate is ambiguous.

REVIEW QUESTIONS

1. If a consumer’s net demands are (5,−3) and her endowment is (4, 4),
what are her gross demands?

2. The prices are (p1, p2) = (2, 3), and the consumer is currently consuming
(x1, x2) = (4, 4). There is a perfect market for the two goods in which they
can be bought and sold costlessly. Will the consumer necessarily prefer
consuming the bundle (y1, y2) = (3, 5)? Will she necessarily prefer having
the bundle (y1, y2)?

3. The prices are (p1, p2) = (2, 3), and the consumer is currently consuming
(x1, x2) = (4, 4). Now the prices change to (q1, q2) = (2, 4). Could the
consumer be better off under these new prices?

4. The U.S. currently imports about half of the petroleum that it uses. The
rest of its needs are met by domestic production. Could the price of oil rise
so much that the U.S. would be made better off?

5. Suppose that by some miracle the number of hours in the day increased
from 24 to 30 hours (with luck this would happen shortly before exam
week). How would this affect the budget constraint?

6. If leisure is an inferior good, what can you say about the slope of the
labor supply curve?

APPENDIX

The derivation of the Slutsky equation in the text contained one bit of hand
waving. When we considered how changing the monetary value of the endowment
affects demand, we said that it was equal to Δxm

1 /Δm. In our old version of the
Slutsky equation this was the rate of change in demand when income changed
so as to keep the original consumption bundle affordable. But that will not
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necessarily be equal to the rate of change of demand when the value of the
endowment changes. Let’s examine this point in a little more detail.

Let the price of good 1 change from p1 to p′1, and use m′′ to denote the new
money income at the price p′1 due to the change in the value of the endowment.
Suppose that the price of good 2 remains fixed so we can omit it as an argument
of the demand function.

By definition of m′′, we know that

m′′ −m = Δp1ω1.

Note that it is identically true that

x1(p
′
1,m

′′)− x1(p1,m)

Δp1
=

+
x1(p

′
1,m

′)− x1(p1,m)

Δp1
(substitution effect)

− x1(p
′
1,m

′)− x1(p
′
1,m)

Δp1
(ordinary income effect)

+
x1(p

′
1,m

′′)− x1(p
′
1,m)

Δp1
(endowment income effect).

(Just cancel out identical terms with opposite signs on the right-hand side.)
By definition of the ordinary income effect,

Δp1 =
m′ −m

x1

and by definition of the endowment income effect,

Δp1 =
m′′ −m

ω1
.

Making these replacements gives us a Slutsky equation of the form

x1(p
′
1,m

′′)− x1(p1,m)

Δp1
=

+
x1(p

′
1,m

′)− x1(p1,m)

Δp1
(substitution effect)

− x1(p
′
1,m

′)− x1(p
′
1,m)

m′ −m
x1 (ordinary income effect)

+
x1(p

′
1,m

′′)− x1(p
′
1,m)

m′′ −m
ω1 (endowment income effect).

Writing this in terms of Δs, we have

Δx1

Δp1
=

Δxs
1

Δp1
− Δxm

1

Δm
x1 +

Δxw
1

Δm
ω1.
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The only new term here is the last one. It tells how the demand for good 1
changes as income changes, times the endowment of good 1. This is precisely the
endowment income effect.

Suppose that we are considering a very small price change, and thus a small
associated income change. Then the fractions in the two income effects will be
virtually the same, since the rate of change of good 1 when income changes from
m to m′ should be about the same as when income changes from m to m′′. For
such small changes we can collect terms and write the last two terms—the income
effects—as

Δxm
1

Δm
(ω1 − x1),

which yields a Slutsky equation of the same form as that derived earlier:

Δx1

Δp1
=

Δxs
1

Δp1
+ (ω1 − x1)

Δxm
1

Δm
.

If we want to express the Slutsky equation in calculus terms, we can just take
limits in this expression. Or, if you prefer, we can calculate the correct equation
directly, just by taking partial derivatives. Let x1(p1,m(p1)) be the demand
function for good 1 where we hold price 2 fixed and recognize that money income
depends on the price of good 1 via the relationship m(p1) = p1ω1 + p2ω2. Then
we can write

dx1(p1,m(p1))

dp1
=

∂x1(p1,m)

∂p1
+

∂x1(p1,m)

∂m

dm(p1)

dp1
. (9.5)

By the definition of m(p1) we know how income changes when price changes:

∂m(p1)

∂p1
= ω1, (9.6)

and by the Slutsky equation we know how demand changes when price changes,
holding money income fixed:

∂x1(p1,m)

∂p1
=

∂xs
1(p1)

∂p1
− ∂x(p1,m)

∂m
x1. (9.7)

Inserting equations (9.6) and (9.7) into equation (9.5) we have

dx1(p1,m(p1))

dp1
=

∂xs
1(p1)

∂p1
+

∂x(p1,m)

∂m
(ω1 − x1),

which is the form of the Slutsky equation that we want.



CHAPTER 10

INTERTEMPORAL
CHOICE

In this chapter we continue our examination of consumer behavior by con-
sidering the choices involved in saving and consuming over time. Choices
of consumption over time are known as intertemporal choices.

10.1 The Budget Constraint

Let us imagine a consumer who chooses how much of some good to consume
in each of two time periods. We will usually want to think of this good
as being a composite good, as described in Chapter 2, but you can think
of it as being a specific commodity if you wish. We denote the amount
of consumption in each period by (c1, c2) and suppose that the prices of
consumption in each period are constant at 1. The amount of money the
consumer will have in each period is denoted by (m1, m2).

Suppose initially that the only way the consumer has of transferring
money from period 1 to period 2 is by saving it without earning interest.
Furthermore let us assume for the moment that he has no possibility of
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Budget constraint. This is the budget constraint when the
rate of interest is zero and no borrowing is allowed. The less
the individual consumes in period 1, the more he can consume
in period 2.

Figure
10.1

borrowing money, so that the most he can spend in period 1 is m1. His
budget constraint will then look like the one depicted in Figure 10.1.
We see that there will be two possible kinds of choices. The consumer

could choose to consume at (m1, m2), which means that he just consumes
his income each period, or he can choose to consume less than his income
during the first period. In this latter case, the consumer is saving some of
his first-period consumption for a later date.
Now, let us allow the consumer to borrow and lend money at some

interest rate r. Keeping the prices of consumption in each period at 1 for
convenience, let us derive the budget constraint. Suppose first that the
consumer decides to be a saver so his first period consumption, c1, is less
than his first-period income, m1. In this case he will earn interest on the
amount he saves, m1 − c1, at the interest rate r. The amount that he can
consume next period is given by

c2 = m2 + (m1 − c1) + r(m1 − c1)

= m2 + (1 + r)(m1 − c1). (10.1)

This says that the amount that the consumer can consume in period 2 is
his income plus the amount he saved from period 1, plus the interest that
he earned on his savings.
Now suppose that the consumer is a borrower so that his first-period

consumption is greater than his first-period income. The consumer is a
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borrower if c1 > m1, and the interest he has to pay in the second period
will be r(c1 − m1). Of course, he also has to pay back the amount that he
borrowed, c1 − m1. This means his budget constraint is given by

c2 = m2 − r(c1 − m1)− (c1 − m1)

= m2 + (1 + r)(m1 − c1),

which is just what we had before. If m1 − c1 is positive, then the consumer
earns interest on this savings; if m1 − c1 is negative, then the consumer
pays interest on his borrowings.

If c1 = m1, then necessarily c2 = m2, and the consumer is neither a
borrower nor a lender. We might say that this consumption position is the
“Polonius point.”1

We can rearrange the budget constraint for the consumer to get two
alternative forms that are useful:

(1 + r)c1 + c2 = (1 + r)m1 + m2 (10.2)

and

c1 +
c2

1 + r
= m1 +

m2

1 + r
. (10.3)

Note that both equations have the form

p1x1 + p2x2 = p1m1 + p2m2.

In equation (10.2), p1 = 1 + r and p2 = 1. In equation (10.3), p1 = 1 and
p2 = 1/(1 + r).
We say that equation (10.2) expresses the budget constraint in terms of

future value and that equation (10.3) expresses the budget constraint in
terms of present value. The reason for this terminology is that the first
budget constraint makes the price of future consumption equal to 1, while
the second budget constraint makes the price of present consumption equal
to 1. The first budget constraint measures the period-1 price relative to
the period-2 price, while the second equation does the reverse.

The geometric interpretation of present value and future value is given in
Figure 10.2. The present value of an endowment of money in two periods is
the amount of money in period 1 that would generate the same budget set
as the endowment. This is just the horizontal intercept of the budget line,
which gives the maximum amount of first-period consumption possible.

1 “Neither a borrower, nor a lender be; For loan oft loses both itself and friend, And
borrowing dulls the edge of husbandry.” Hamlet, Act I, scene iii; Polonius giving
advice to his son.
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Examining the budget constraint, this amount is c1 = m1 + m2/(1 + r),
which is the present value of the endowment.
Similarly, the vertical intercept is the maximum amount of second-period

consumption, which occurs when c1 = 0. Again, from the budget con-
straint, we can solve for this amount c2 = (1+ r)m1 +m2, the future value
of the endowment.
The present-value form is the more important way to express the in-

tertemporal budget constraint since it measures the future relative to the
present, which is the way we naturally look at it.
It is easy from any of these equations to see the form of this budget

constraint. The budget line passes through (m1, m2), since that is always
an affordable consumption pattern, and the budget line has a slope of
−(1 + r).

10.2 Preferences for Consumption

Let us now consider the consumer’s preferences, as represented by his in-
difference curves. The shape of the indifference curves indicates the con-
sumer’s tastes for consumption at different times. If we drew indifference
curves with a constant slope of −1, for example, they would represent tastes
of a consumer who didn’t care whether he consumed today or tomorrow.
His marginal rate of substitution between today and tomorrow is −1.
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If we drew indifference curves for perfect complements, this would in-
dicate that the consumer wanted to consume equal amounts today and
tomorrow. Such a consumer would be unwilling to substitute consumption
from one time period to the other, no matter what it might be worth to
him to do so.
As usual, the intermediate case of well-behaved preferences is the more

reasonable situation. The consumer is willing to substitute some amount of
consumption today for consumption tomorrow, and how much he is willing
to substitute depends on the particular pattern of consumption that he
has.
Convexity of preferences is very natural in this context, since it says that

the consumer would rather have an “average” amount of consumption each
period rather than have a lot today and nothing tomorrow or vice versa.

10.3 Comparative Statics

Given a consumer’s budget constraint and his preferences for consumption
in each of the two periods, we can examine the optimal choice of consump-
tion (c1, c2). If the consumer chooses a point where c1 < m1, we will say
that she is a lender, and if c1 > m1, we say that she is a borrower. In
Figure 10.3A we have depicted a case where the consumer is a borrower,
and in Figure 10.3B we have depicted a lender.

m c1 1 1

A  Borrower B  Lender

Indifference
curve

Choice

Endowment

m

C

c

2

2

2

mc C11 1

Endowment

Indifference
curve

Choice
2c

2m

2C

C

Figure
10.3

Borrower and lender. Panel A depicts a borrower, since
c1 > m1, and panel B depicts a lender, since c1 < m1.

Let us now consider how the consumer would react to a change in the

creo
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interest rate. From equation (10.1) we see that increasing the rate of inter-
est must tilt the budget line to a steeper position: for a given reduction in
c1 you will get more consumption in the second period if the interest rate
is higher. Of course the endowment always remains affordable, so the tilt
is really a pivot around the endowment.

We can also say something about how the choice of being a borrower
or a lender changes as the interest rate changes. There are two cases,
depending on whether the consumer is initially a borrower or initially a
lender. Suppose first that he is a lender. Then it turns out that if the
interest rate increases, the consumer must remain a lender.

This argument is illustrated in Figure 10.4. If the consumer is initially a
lender, then his consumption bundle is to the left of the endowment point.
Now let the interest rate increase. Is it possible that the consumer shifts
to a new consumption point to the right of the endowment?

No, because that would violate the principle of revealed preference:
choices to the right of the endowment point were available to the con-
sumer when he faced the original budget set and were rejected in favor of
the chosen point. Since the original optimal bundle is still available at the
new budget line, the new optimal bundle must be a point outside the old
budget set—which means it must be to the left of the endowment. The
consumer must remain a lender when the interest rate increases.

There is a similar effect for borrowers: if the consumer is initially a
borrower, and the interest rate declines, he or she will remain a borrower.
(You might sketch a diagram similar to Figure 10.4 and see if you can spell
out the argument.)

Thus if a person is a lender and the interest rate increases, he will remain
a lender. If a person is a borrower and the interest rate decreases, he will
remain a borrower. On the other hand, if a person is a lender and the
interest rate decreases, he may well decide to switch to being a borrower;
similarly, an increase in the interest rate may induce a borrower to become
a lender. Revealed preference tells us nothing about these last two cases.

Revealed preference can also be used to make judgments about how the
consumer’s welfare changes as the interest rate changes. If the consumer
is initially a borrower, and the interest rate rises, but he decides to remain
a borrower, then he must be worse off at the new interest rate. This argu-
ment is illustrated in Figure 10.5; if the consumer remains a borrower, he
must be operating at a point that was affordable under the old budget set
but was rejected, which implies that he must be worse off.

10.4 The Slutsky Equation and Intertemporal Choice

The Slutsky equation can be used to decompose the change in demand due
to an interest rate change into income effects and substitution effects, just
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If a person is a lender and the interest rate rises, he or
she will remain a lender. Increasing the interest rate pivots
the budget line around the endowment to a steeper position;
revealed preference implies that the new consumption bundle
must lie to the left of the endowment.

as in Chapter 9. Suppose that the interest rate rises. What will be the
effect on consumption in each period?
This is a case that is easier to analyze by using the future-value budget

constraint, rather than the present-value constraint. In terms of the future-
value budget constraint, raising the interest rate is just like raising the price
of consumption today as compared to consumption tomorrow. Writing out
the Slutsky equation we have

Δct
1

Δp1
(?)

=
Δcs

1
Δp1
(−)

+ (m1 − c1)

(?)

Δcm
1

Δm .
(+)

The substitution effect, as always, works opposite the direction of price.
In this case the price of period-1 consumption goes up, so the substitution
effect says the consumer should consume less first period. This is the
meaning of the minus sign under the substitution effect. Let’s assume that
consumption this period is a normal good, so that the very last term—how
consumption changes as income changes—will be positive. So we put a
plus sign under the last term. Now the sign of the whole expression will
depend on the sign of (m1 − c1). If the person is a borrower, this term
will be negative and the whole expression will therefore unambiguously be
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negative—for a borrower, an increase in the interest rate must lower today’s
consumption.
Why does this happen? When the interest rate rises, there is always

a substitution effect towards consuming less today. For a borrower, an
increase in the interest rate means that he will have to pay more interest
tomorrow. This effect induces him to borrow less, and thus consume less,
in the first period.
For a lender the effect is ambiguous. The total effect is the sum of a neg-

ative substitution effect and a positive income effect. From the viewpoint
of a lender an increase in the interest rate may give him so much extra
income that he will want to consume even more first period.
The effects of changing interest rates are not terribly mysterious. There

is an income effect and a substitution effect as in any other price change.
But without a tool like the Slutsky equation to separate out the various
effects, the changes may be hard to disentangle. With such a tool, the
sorting out of the effects is quite straightforward.

10.5 Inflation

The above analysis has all been conducted in terms of a general “consump-
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tion” good. Giving up Δc units of consumption today buys you (1 + r)Δc
units of consumption tomorrow. Implicit in this analysis is the assumption
that the “price” of consumption doesn’t change—there is no inflation or
deflation.
However, the analysis is not hard to modify to deal with the case of infla-

tion. Let us suppose that the consumption good now has a different price
in each period. It is convenient to choose today’s price of consumption as
1 and to let p2 be the price of consumption tomorrow. It is also convenient
to think of the endowment as being measured in units of the consumption
goods as well, so that the monetary value of the endowment in period 2 is
p2m2. Then the amount of money the consumer can spend in the second
period is given by

p2c2 = p2m2 + (1 + r)(m1 − c1),

and the amount of consumption available second period is

c2 = m2 +
1 + r

p2
(m1 − c1).

Note that this equation is very similar to the equation given earlier—we
just use (1 + r)/p2 rather than 1 + r.
Let us express this budget constraint in terms of the rate of inflation.

The inflation rate, π, is just the rate at which prices grow. Recalling that
p1 = 1, we have

p2 = 1 + π,

which gives us

c2 = m2 +
1 + r
1 + π

(m1 − c1).

Let’s create a new variable ρ, the real interest rate, and define it by2

1 + ρ =
1 + r
1 + π

so that the budget constraint becomes

c2 = m2 + (1 + ρ)(m1 − c1).

One plus the real interest rate measures how much extra consumption you
can get in period 2 if you give up some consumption in period 1. That
is why it is called the real rate of interest: it tells you how much extra
consumption you can get, not how many extra dollars you can get.

2 The Greek letter ρ, rho, is pronounced “row.”
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The interest rate on dollars is called the nominal rate of interest. As
we’ve seen above, the relationship between the two is given by

1 + ρ =
1 + r
1 + π

.

In order to get an explicit expression for ρ, we write this equation as

ρ =
1 + r
1 + π

− 1 =
1 + r
1 + π

− 1 + π
1 + π

=
r − π
1 + π

.

This is an exact expression for the real interest rate, but it is common to
use an approximation. If the inflation rate isn’t too large, the denominator
of the fraction will be only slightly larger than 1. Thus the real rate of
interest will be approximately given by

ρ ≈ r − π,

which says that the real rate of interest is just the nominal rate minus the
rate of inflation. (The symbol ≈ means “approximately equal to.”) This
makes perfectly good sense: if the interest rate is 18 percent, but prices
are rising at 10 percent, then the real interest rate—the extra consumption
you can buy next period if you give up some consumption now—will be
roughly 8 percent.
Of course, we are always looking into the future when making consump-

tion plans. Typically, we know the nominal rate of interest for the next
period, but the rate of inflation for next period is unknown. The real inter-
est rate is usually taken to be the current interest rate minus the expected
rate of inflation. To the extent that people have different estimates about
what the next year’s rate of inflation will be, they will have different esti-
mates of the real interest rate. If inflation can be reasonably well forecast,
these differences may not be too large.

10.6 Present Value: A Closer Look

Let us return now to the two forms of the budget constraint described
earlier in section 10.1 in equations (10.2) and (10.3):

(1 + r)c1 + c2 = (1 + r)m1 + m2

and
c1 +

c2

1 + r
= m1 +

m2

1 + r
.
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Consider just the right-hand sides of these two equations. We said that
the first one expresses the value of the endowment in terms of future value
and that the second one expresses it in terms of present value.

Let us examine the concept of future value first. If we can borrow and
lend at an interest rate of r, what is the future equivalent of $1 today?
The answer is (1 + r) dollars. That is, $1 today can be turned into (1 + r)
dollars next period simply by lending it to the bank at an interest rate r.
In other words, (1 + r) dollars next period is equivalent to $1 today since
that is how much you would have to pay next period to purchase—that is,
borrow—$1 today. The value (1 + r) is just the price of $1 today, relative
to $1 next period. This can be easily seen from the first budget constraint:
it is expressed in terms of future dollars—the second-period dollars have a
price of 1, and first-period dollars are measured relative to them.

What about present value? This is just the reverse: everything is mea-
sured in terms of today’s dollars. How much is a dollar next period worth
in terms of a dollar today? The answer is 1/(1+r) dollars. This is because
1/(1 + r) dollars can be turned into a dollar next period simply by saving
it at the rate of interest r. The present value of a dollar to be delivered
next period is 1/(1 + r).
The concept of present value gives us another way to express the budget

for a two-period consumption problem: a consumption plan is affordable if
the present value of consumption equals the present value of income.

The idea of present value has an important implication that is closely
related to a point made in Chapter 9: if the consumer can freely buy and sell
goods at constant prices, then the consumer would always prefer a higher-
valued endowment to a lower-valued one. In the case of intertemporal
decisions, this principle implies that if a consumer can freely borrow and
lend at a constant interest rate, then the consumer would always prefer a
pattern of income with a higher present value to a pattern with a lower
present value.

This is true for the same reason that the statement in Chapter 9 was
true: an endowment with a higher value gives rise to a budget line that is
farther out. The new budget set contains the old budget set, which means
that the consumer would have all the consumption opportunities she had
with the old budget set plus some more. Economists sometimes say that
an endowment with a higher present value dominates one with a lower
present value in the sense that the consumer can have larger consumption
in every period by selling the endowment with the higher present value
that she could get by selling the endowment with the lower present value.

Of course, if the present value of one endowment is higher than another,
then the future value will be higher as well. However, it turns out that the
present value is a more convenient way to measure the purchasing power
of an endowment of money over time, and it is the measure to which we
will devote the most attention.
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10.7 Analyzing Present Value for Several Periods

Let us consider a three-period model. We suppose that we can borrow or
lend money at an interest rate r each period and that this interest rate will
remain constant over the three periods. Thus the price of consumption in
period 2 in terms of period-1 consumption will be 1/(1+ r), just as before.

What will the price of period-3 consumption be? Well, if I invest $1
today, it will grow into (1+r) dollars next period; and if I leave this money
invested, it will grow into (1 + r)2 dollars by the third period. Thus if I
start with 1/(1+ r)2 dollars today, I can turn this into $1 in period 3. The
price of period-3 consumption relative to period-1 consumption is therefore
1/(1 + r)2. Each extra dollar’s worth of consumption in period 3 costs me
1/(1 + r)2 dollars today. This implies that the budget constraint will have
the form

c1 +
c2

1 + r
+

c3

(1 + r)2 = m1 +
m2

1 + r
+

m3

(1 + r)2 .

This is just like the budget constraints we’ve seen before, where the price
of period-t consumption in terms of today’s consumption is given by

pt =
1

(1 + r)t−1 .

As before, moving to an endowment that has a higher present value at
these prices will be preferred by any consumer, since such a change will
necessarily shift the budget set farther out.
We have derived this budget constraint under the assumption of constant

interest rates, but it is easy to generalize to the case of changing interest
rates. Suppose, for example, that the interest earned on savings from period
1 to 2 is r1, while savings from period 2 to 3 earn r2. Then $1 in period 1
will grow to (1+ r1)(1+ r2) dollars in period 3. The present value of $1 in
period 3 is therefore 1/(1 + r1)(1 + r2). This implies that the correct form
of the budget constraint is

c1 +
c2

1 + r1
+

c3

(1 + r1)(1 + r2)
= m1 +

m2

1 + r1
+

m3

(1 + r1)(1 + r2)
.

This expression is not so hard to deal with, but we will typically be content
to examine the case of constant interest rates.
Table 10.1 contains some examples of the present value of $1 T years in

the future at different interest rates. The notable fact about this table is
how quickly the present value goes down for “reasonable” interest rates.
For example, at an interest rate of 10 percent, the value of $1 20 years from
now is only 15 cents.
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Table
10.1

The present value of $1 t years in the future.

Rate 1 2 5 10 15 20 25 30
.05 .95 .91 .78 .61 .48 .37 .30 .23
.10 .91 .83 .62 .39 .24 .15 .09 .06
.15 .87 .76 .50 .25 .12 .06 .03 .02
.20 .83 .69 .40 .16 .06 .03 .01 .00

10.8 Use of Present Value

Let us start by stating an important general principle: present value is the
only correct way to convert a stream of payments into today’s dollars. This
principle follows directly from the definition of present value: the present
value measures the value of a consumer’s endowment of money. As long as
the consumer can borrow and lend freely at a constant interest rate, an en-
dowment with higher present value can always generate more consumption
in every period than an endowment with lower present value. Regardless
of your own tastes for consumption in different periods, you should always
prefer a stream of money that has a higher present value to one with lower
present value—since that always gives you more consumption possibilities
in every period.
This argument is illustrated in Figure 10.6. In this figure, (m�

1, m�
2)

is a worse consumption bundle than the consumer’s original endowment,
(m1, m2), since it lies beneath the indifference curve through her endow-
ment. Nevertheless, the consumer would prefer (m�

1, m�
2) to (m1, m2) if

she is able to borrow and lend at the interest rate r. This is true because
with the endowment (m�

1, m�
2) she can afford to consume a bundle such

as (c1, c2), which is unambiguously better than her current consumption
bundle.
One very useful application of present value is in valuing the income

streams offered by different kinds of investments. If you want to compare
two different investments that yield different streams of payments to see
which is better, you simply compute the two present values and choose the
larger one. The investment with the larger present value always gives you
more consumption possibilities.
Sometimes it is necessary to purchase an income stream by making a

stream of payments over time. For example, one could purchase an apart-
ment building by borrowing money from a bank and making mortgage pay-
ments over a number of years. Suppose that the income stream (M1, M2)
can be purchased by making a stream of payments (P1, P2).
In this case we can evaluate the investment by comparing the present
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value of the income stream to the present value of the payment stream. If

M1 +
M2

1 + r
> P1 +

P2

1 + r
, (10.4)

the present value of the income stream exceeds the present value of its
cost, so this is a good investment—it will increase the present value of our
endowment.
An equivalent way to value the investment is to use the idea of net

present value. In order to calculate this number we calculate at the net
cash flow in each period and then discount this stream back to the present.
In this example, the net cash flow is (M1−P1, M2−P2), and the net present
value is

NP V = M1 − P1 +
M2 − P2

1 + r
.

Comparing this to equation (10.4) we see that the investment should be
purchased if and only if the net present value is positive.
The net present value calculation is very convenient since it allows us to

add all of the positive and negative cash flows together in each period and
then discount the resulting stream of cash flows.

EXAMPLE: Valuing a Stream of Payments

Suppose that we are considering two investments, A and B. Investment A
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pays $100 now and will also pay $200 next year. Investment B pays $0
now, and will generate $310 next year. Which is the better investment?
The answer depends on the interest rate. If the interest rate is zero, the

answer is clear—just add up the payments. For if the interest rate is zero,
then the present-value calculation boils down to summing up the payments.
If the interest rate is zero, the present value of investment A is

P VA = 100 + 200 = 300,

and the present value of investment B is

P VB = 0 + 310 = 310,

so B is the preferred investment.
But we get the opposite answer if the interest rate is high enough. Sup-

pose, for example, that the interest rate is 20 percent. Then the present-
value calculation becomes

P VA = 100 +
200

1.20
= 266.67

P VB = 0 +
310

1.20
= 258.33.

Now A is the better investment. The fact that A pays back more money
earlier means that it will have a higher present value when the interest rate
is large enough.

EXAMPLE: The True Cost of a Credit Card

Borrowing money on a credit card is expensive: many companies quote
yearly interest charges of 15 to 21 percent. However, because of the way
these finance charges are computed, the true interest rate on credit card
debt is much higher than this.
Suppose that a credit card owner charges a $2000 purchase on the first

day of the month and that the finance charge is 1.5 percent a month. If
the consumer pays the entire balance by the end of the month, he does not
have to pay the finance charge. If the consumer pays none of the $2,000,
he has to pay a finance charge of $2000 × .015 = $30 at the beginning of
the next month.
What happens if the consumer pays $1,800 towards the $2000 balance

on the last day of the month? In this case, the consumer has borrowed
only $200, so the finance charge should be $3. However, many credit card
companies charge the consumers much more than this. The reason is that
many companies base their charges on the “average monthly balance,” even
if part of that balance is paid by the end of the month. In this example,
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the average monthly balance would be about $2000 (30 days of the $2000
balance and 1 day of the $200 balance). The finance charge would therefore
be slightly less than $30, even though the consumer has only borrowed $200.
Based on the actual amount of money borrowed, this is an interest rate of
15 percent a month!

EXAMPLE: Extending Copyright

Article I, Section 8 of the U.S. Constitution enables Congress to grant
patents and copyrights using this language: “To promote the Progress
of Science and useful Arts, by securing for limited Times to Authors and
Inventors the exclusive Right to their respective Writings and Discoveries.”

But what does “limited Times” mean? The lifetime of a patent in the
United States is fixed at 20 years; the lifetime for copyright is quite differ-
ent.

The first copyright act, passed by Congress in 1790, offered a 14-year
term along with a 14-year renewal. Subsequently, the copyright term was
lengthened to 28 years in 1831, with a 28-year renewal option added in
1909. In 1962 the term became 47 years, and 67 years in 1978. In 1967
the term was defined as the life of the author plus 50 years, or 75 years
for “works for hire.” The 1998 Sonny Bono Copyright Term Extension Act
lengthened this term to the life of the author plus 70 years for individuals
and 75–95 years for works for hire.

It is questionable whether “the life of the author plus 70 years” should
be considered a limited time. One might ask what additional incentive the
1998 extension creates for authors to create works?

Let us look at a simple example. Suppose that the interest rate is 7%.
Then the increase in present value of extending the copyright term from
80 to 100 years is about 0.33% of the present value of the first 80 years.
Those extra 20 years have almost no impact on the present value of the
copyright at time of creation since they come so far in the future. Hence
they likely provide miniscule incremental incentive to create the works in
the first place.

Given this tiny increase in value from extending the copyright term why
would it pay anybody to lobby for such a change? The answer is that the
1998 act extended the copyright term retroactively so that works that were
near expiration were given a new lease on life.

For example, it has been widely claimed that Disney lobbied heavily
for the copyright term extension, since the original Mickey Mouse film,
Steamboat Willie, was about to go out of copyright.

Retroactive copyright extensions of this sort make no economic sense,
since what matters for the authors are the incentives present at the time
the work is created. If there were no such retroactive extension, it is unlikely
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that anyone would have bothered to ask for copyright extensions given the
low economic value of the additional years of protection.

10.9 Bonds

Securities are financial instruments that promise certain patterns of pay-
ment schedules. There are many kinds of financial instruments because
there are many kinds of payment schedules that people want. Financial
markets give people the opportunity to trade different patterns of cash
flows over time. These cash flows are typically used to finance consump-
tion at some time or other.
The particular kind of security that we will examine here is a bond.

Bonds are issued by governments and corporations. They are basically a
way to borrow money. The borrower—the agent who issues the bond—
promises to pay a fixed number of dollars x (the coupon) each period
until a certain date T (the maturity date), at which point the borrower
will pay an amount F (the face value) to the holder of the bond.
Thus the payment stream of a bond looks like (x, x, x, . . . , F ). If the

interest rate is constant, the present discounted value of such a bond is
easy to compute. It is given by

P V =
x

(1 + r)
+

x
(1 + r)2 + · · ·+ F

(1 + r)T .

Note that the present value of a bond will decline if the interest rate
increases. Why is this? When the interest rate goes up the price now for
$1 delivered in the future goes down. So the future payments of the bond
will be worth less now.
There is a large and developed market for bonds. The market value

of outstanding bonds will fluctuate as the interest rate fluctuates since
the present value of the stream of payments represented by the bond will
change.
An interesting special kind of a bond is a bond that makes payments

forever. These are called consols or perpetuities. Suppose that we con-
sider a consol that promises to pay x a year forever. To compute the value
of this consol we have to compute the infinite sum:

P V =
x

1 + r
+

x
(1 + r)2 + · · · .

The trick to computing this is to factor out 1/(1 + r) to get

P V =
1

1 + r

[
x +

x
(1 + r)

+
x

(1 + r)2 + · · ·
]

.
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But the term in the brackets is just x plus the present value! Substituting
and solving for P V :

P V =
1

(1 + r)
[x + P V ]

=
x
r

.

This wasn’t hard to do, but there is an easy way to get the answer right
off. How much money, V , would you need at an interest rate r to get x
dollars forever? Just write down the equation

V r = x,
which says that the interest on V must equal x. But then the value of such
an investment is given by

V =
x
r

.

Thus it must be that the present value of a consol that promises to pay x
dollars forever must be given by x/r.
For a consol it is easy to see directly how increasing the interest rate

reduces the value of a bond. Suppose, for example, that a consol is issued
when the interest rate is 10 percent. Then if it promises to pay $10 a year
forever, it will be worth $100 now—since $100 would generate $10 a year
in interest income.
Now suppose that the interest rate goes up to 20 percent. The value of

the consol must fall to $50, since it only takes $50 to earn $10 a year at a
20 percent interest rate.
The formula for the consol can be used to calculate an approximate value

of a long-term bond. If the interest rate is 10 percent, for example, the
value of $1 30 years from now is only 6 cents. For the size of interest rates
we usually encounter, 30 years might as well be infinity.

EXAMPLE: Installment Loans

Suppose that you borrow $1000 that you promise to pay back in 12 monthly
installments of $100 each. What rate of interest are you paying?
At first glance it seems that your interest rate is 20 percent: you have

borrowed $1000, and you are paying back $1200. But this analysis is incor-
rect. For you haven’t really borrowed $1000 for an entire year. You have
borrowed $1000 for a month, and then you pay back $100. Then you only
have borrowed $900, and you owe only a month’s interest on the $900. You
borrow that for a month and then pay back another $100. And so on.
The stream of payments that we want to value is

(1000,−100,−100, . . . ,−100).
We can find the interest rate that makes the present value of this stream
equal to zero by using a calculator or a computer. The actual interest rate
that you are paying on the installment loan is about 35 percent!
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10.10 Taxes

In the United States, interest payments are taxed as ordinary income. This
means that you pay the same tax on interest income as on labor income.
Suppose that your marginal tax bracket is t, so that each extra dollar of
income, Δm, increases your tax liability by tΔm. Then if you invest X
dollars in an asset, you’ll receive an interest payment of rX. But you’ll
also have to pay taxes of trX on this income, which will leave you with
only (1 − t)rX dollars of after-tax income. We call the rate (1 − t)r the
after-tax interest rate.

What if you decide to borrow X dollars, rather than lend them? Then
you’ll have to make an interest payment of rX. In the United States, some
interest payments are tax deductible and some are not. For example, the
interest payments for a mortgage are tax deductable, but interest payments
on ordinary consumer loans are not. On the other hand, businesses can
deduct most kinds of the interest payments that they make.

If a particular interest payment is tax deductible, you can subtract your
interest payment from your other income and only pay taxes on what’s left.
Thus the rX dollars you pay in interest will reduce your tax payments by
trX. The total cost of the X dollars you borrowed will be rX − trX =
(1− t)rX.

Thus the after-tax interest rate is the same whether you are borrowing
or lending, for people in the same tax bracket. The tax on saving will
reduce the amount of money that people want to save, but the subsidy on
borrowing will increase the amount of money that people want to borrow.

EXAMPLE: Scholarships and Savings

Many students in the United States receive some form of financial aid to
help defray college costs. The amount of financial aid a student receives
depends on many factors, but one important factor is the family’s ability to
pay for college expenses. Most U.S. colleges and universities use a standard
measure of ability to pay calculated by the College Entrance Examination
Board (CEEB).

If a student wishes to apply for financial aid, his or her family must fill
out a questionnaire describing their financial circumstances. The CEEB
uses the information on the income and assets of the parents to construct
a measure of “adjusted available income.” The fraction of their adjusted
available income that parents are expected to contribute varies between
22 and 47 percent, depending on income. In 1985, parents with a total
before-tax income of around $35,000 dollars were expected to contribute
about $7000 toward college expenses.



CHOICE OF THE INTEREST RATE 201

Each additional dollar of assets that the parents accumulate increases
their expected contribution and decreases the amount of financial aid that
their child can hope to receive. The formula used by the CEEB effectively
imposes a tax on parents who save for their children’s college education.
Martin Feldstein, President of the National Bureau of Economic Research
(NBER) and Professor of Economics at Harvard University, calculated the
magnitude of this tax.3

Consider the situation of some parents contemplating saving an addi-
tional dollar just as their daughter enters college. At a 6 percent rate of
interest, the future value of a dollar 4 years from now is $1.26. Since federal
and state taxes must be paid on interest income, the dollar yields $1.19 in
after-tax income in 4 years. However, since this additional dollar of savings
increases the total assets of the parents, the amount of aid received by the
daughter goes down during each of her four college years. The effect of this
“education tax” is to reduce the future value of the dollar to only 87 cents
after 4 years. This is equivalent to an income tax of 150 percent!
Feldstein also examined the savings behavior of a sample of middle-class

households with pre-college children. He estimates that a household with
income of $40,000 a year and two college-age children saves about 50 per-
cent less than they would otherwise due to the combination of federal, state,
and “education” taxes that they face.

10.11 Choice of the Interest Rate

In the above discussion, we’ve talked about “the interest rate.” In real life
there are many interest rates: there are nominal rates, real rates, before-tax
rates, after-tax rates, short-term rates, long-term rates, and so on. Which
is the “right” rate to use in doing present-value analysis?
The way to answer this question is to think about the fundamentals.

The idea of present discounted value arose because we wanted to be able
to convert money at one point in time to an equivalent amount at another
point in time. “The interest rate” is the return on an investment that
allows us to transfer funds in this way.
If we want to apply this analysis when there are a variety of interest

rates available, we need to ask which one has the properties most like the
stream of payments we are trying to value. If the stream of payments
is not taxed, we should use an after-tax interest rate. If the stream of
payments will continue for 30 years, we should use a long-term interest
rate. If the stream of payments is risky, we should use the interest rate
on an investment with similar risk characteristics. (We’ll have more to say
later about what this last statement actually means.)

3 Martin Feldstein, “College Scholarship Rules and Private Savings,” American Eco-
nomic Review, 85, 3 (June 1995).
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The interest rate measures the opportunity cost of funds—the value
of alternative uses of your money. So every stream of payments should be
compared to your best alternative that has similar characteristics in terms
of tax treatment, risk, and liquidity.

Summary

1. The budget constraint for intertemporal consumption can be expressed
in terms of present value or future value.

2. The comparative statics results derived earlier for general choice prob-
lems can be applied to intertemporal consumption as well.

3. The real rate of interest measures the extra consumption that you can
get in the future by giving up some consumption today.

4. A consumer who can borrow and lend at a constant interest rate should
always prefer an endowment with a higher present value to one with a lower
present value.

REVIEW QUESTIONS

1. How much is $1 million to be delivered 20 years in the future worth
today if the interest rate is 20 percent?

2. As the interest rate rises, does the intertemporal budget constraint be-
come steeper or flatter?

3. Would the assumption that goods are perfect substitutes be valid in a
study of intertemporal food purchases?

4. A consumer, who is initially a lender, remains a lender even after a
decline in interest rates. Is this consumer better off or worse off after the
change in interest rates? If the consumer becomes a borrower after the
change is he better off or worse off?

5. What is the present value of $100 one year from now if the interest rate
is 10%? What is the present value if the interest rate is 5%?



CHAPTER 11

ASSET
MARKETS

Assets are goods that provide a flow of services over time. Assets can
provide a flow of consumption services, like housing services, or can provide
a flow of money that can be used to purchase consumption. Assets that
provide a monetary flow are called financial assets.

The bonds that we discussed in the last chapter are examples of financial
assets. The flow of services they provide is the flow of interest payments.
Other sorts of financial assets such as corporate stock provide different
patterns of cash flows. In this chapter we will examine the functioning of
asset markets under conditions of complete certainty about the future flow
of services provided by the asset.

11.1 Rates of Return

Under this admittedly extreme hypothesis, we have a simple principle re-
lating asset rates of return: if there is no uncertainty about the cash flow
provided by assets, then all assets have to have the same rate of return.
The reason is obvious: if one asset had a higher rate of return than another,
and both assets were otherwise identical, then no one would want to buy
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the asset with the lower rate of return. So in equilibrium, all assets that
are actually held must pay the same rate of return.
Let us consider the process by which these rates of return adjust. Con-

sider an asset A that has current price p0 and is expected to have a price of
p1 tomorrow. Everyone is certain about what today’s price of the asset is,
and everyone is certain about what tomorrow’s price will be. We suppose
for simplicity that there are no dividends or other cash payments between
periods 0 and 1. Suppose furthermore that there is another investment, B,
that one can hold between periods 0 and 1 that will pay an interest rate of
r. Now consider two possible investment plans: either invest one dollar in
asset A and cash it in next period, or invest one dollar in asset B and earn
interest of r dollars over the period.
What are the values of these two investment plans at the end of the first

period? We first ask how many units of the asset we must purchase to
make a one dollar investment in it. Letting x be this amount we have the
equation

p0x = 1

or

x =
1

p0
.

It follows that the future value of one dollar’s worth of this asset next
period will be

F V = p1x =
p1

p0
.

On the other hand, if we invest one dollar in asset B, we will have 1 + r
dollars next period. If assets A and B are both held in equilibrium, then
a dollar invested in either one of them must be worth the same amount
second period. Thus we have an equilibrium condition:

1 + r =
p1

p0
.

What happens if this equality is not satisfied? Then there is a sure way
to make money. For example, if

1 + r >
p1

p0
,

people who own asset A can sell one unit for p0 dollars in the first period
and invest the money in asset B. Next period their investment in asset B
will be worth p0(1 + r), which is greater than p1 by the above equation.
This will guarantee that second period they will have enough money to
repurchase asset A, and be back where they started from, but now with
extra money.
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This kind of operation—buying some of one asset and selling some of
another to realize a sure return—is known as riskless arbitrage, or ar-
bitrage for short. As long as there are people around looking for “sure
things” we would expect that well-functioning markets should quickly elim-
inate any opportunities for arbitrage. Therefore, another way to state our
equilibrium condition is to say that in equilibrium there should be no oppor-
tunities for arbitrage. We’ll refer to this as the no arbitrage condition.
But how does arbitrage actually work to eliminate the inequality? In the

example given above, we argued that if 1 + r > p1/p0, then anyone who
held asset A would want to sell it first period, since they were guaranteed
enough money to repurchase it second period. But who would they sell it
to? Who would want to buy it? There would be plenty of people willing
to supply asset A at p0, but there wouldn’t be anyone foolish enough to
demand it at that price.
This means that supply would exceed demand and therefore the price

will fall. How far will it fall? Just enough to satisfy the arbitrage condition:
until 1 + r = p1/p0.

11.2 Arbitrage and Present Value

We can rewrite the arbitrage condition in a useful way by cross multiplying
to get

p0 =
p1

1 + r
.

This says that the current price of an asset must be its present value.
Essentially we have converted the future-value comparison in the arbitrage
condition to a present-value comparison. So if the no arbitrage condition is
satisfied, then we are assured that assets must sell for their present values.
Any deviation from present-value pricing leaves a sure way to make money.

11.3 Adjustments for Differences among Assets

The no arbitrage rule assumes that the asset services provided by the two
assets are identical, except for the purely monetary difference. If the ser-
vices provided by the assets have different characteristics, then we would
want to adjust for those differences before we blandly assert that the two
assets must have the same equilibrium rate of return.
For example, one asset might be easier to sell than the other. We some-

times express this by saying that one asset is more liquid than another.
In this case, we might want to adjust the rate of return to take account of
the difficulty involved in finding a buyer for the asset. Thus a house that
is worth $100,000 is probably a less liquid asset than $100,000 in Treasury
bills.
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Similarly, one asset might be riskier than another. The rate of return
on one asset may be guaranteed, while the rate of return on another asset
may be highly risky. We’ll examine ways to adjust for risk differences in
Chapter 13.
Here we want to consider two other types of adjustment we might make.

One is adjustment for assets that have some return in consumption value,
and the other is for assets that have different tax characteristics.

11.4 Assets with Consumption Returns

Many assets pay off only in money. But there are other assets that pay
off in terms of consumption as well. The prime example of this is housing.
If you own a house that you live in, then you don’t have to rent living
quarters; thus part of the “return” to owning the house is the fact that you
get to live in the house without paying rent. Or, put another way, you get
to pay the rent for your house to yourself. This latter way of putting it
sounds peculiar, but it contains an important insight.
It is true that you don’t make an explicit rental payment to yourself for

the privilege of living in your house, but it turns out to be fruitful to think
of a homeowner as implicitly making such a payment. The implicit rental
rate on your house is the rate at which you could rent a similar house. Or,
equivalently, it is the rate at which you could rent your house to someone
else on the open market. By choosing to “rent your house to yourself” you
are forgoing the opportunity of earning rental payments from someone else,
and thus incurring an opportunity cost.
Suppose that the implicit rental payment on your house would work

out to T dollars per year. Then part of the return to owning your house
is the fact that it generates for you an implicit income of T dollars per
year—the money that you would otherwise have to pay to live in the same
circumstances as you do now.
But that is not the entire return on your house. As real estate agents

never tire of telling us, a house is also an investment. When you buy a house
you pay a significant amount of money for it, and you might reasonably
expect to earn a monetary return on this investment as well, through an
increase in the value of your house. This increase in the value of an asset
is known as appreciation.
Let us use A to represent the expected appreciation in the dollar value

of your house over a year. The total return to owning your house is the
sum of the rental return, T , and the investment return, A. If your house
initially cost P , then the total rate of return on your initial investment in
housing is

h =
T + A

P
.

This total rate of return is composed of the consumption rate of return,
T/P , and the investment rate of return, A/P .
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Let us use r to represent the rate of return on other financial assets.
Then the total rate of return on housing should, in equilibrium, be equal
to r:

r =
T + A

P
.

Think about it this way. At the beginning of the year, you can invest P
in a bank and earn rP dollars, or you can invest P dollars in a house and
save T dollars of rent and earn A dollars by the end of the year. The total
return from these two investments has to be the same. If T + A < rP you
would be better off investing your money in the bank and paying T dollars
in rent. You would then have rP − T > A dollars at the end of the year.
If T + A > rP , then housing would be the better choice. (Of course, this
is ignoring the real estate agent’s commission and other transactions costs
associated with the purchase and sale.)
Since the total return should rise at the rate of interest, the financial

rate of return A/P will generally be less than the rate of interest. Thus
in general, assets that pay off in consumption will in equilibrium have a
lower financial rate of return than purely financial assets. This means that
buying consumption goods such as houses, or paintings, or jewelry solely
as a financial investment is probably not a good idea since the rate of
return on these assets will probably be lower than the rate of return on
purely financial assets, because part of the price of the asset reflects the
consumption return that people receive from owning such assets. On the
other hand, if you place a sufficiently high value on the consumption return
on such assets, or you can generate rental income from the assets, it may
well make sense to buy them. The total return on such assets may well
make this a sensible choice.

11.5 Taxation of Asset Returns

The Internal Revenue Service distinguishes two kinds of asset returns for
purposes of taxation. The first kind is the dividend or interest return.
These are returns that are paid periodically—each year or each month—
over the life of the asset. You pay taxes on interest and dividend income at
your ordinary tax rate, the same rate that you pay on your labor income.
The second kind of returns are called capital gains. Capital gains occur

when you sell an asset at a price higher than the price at which you bought
it. Capital gains are taxed only when you actually sell the asset. Under
the current tax law, capital gains are taxed at the same rate as ordinary
income, but there are some proposals to tax them at a more favorable rate.
It is sometimes argued that taxing capital gains at the same rate as

ordinary income is a “neutral” policy. However, this claim can be disputed
for at least two reasons. The first reason is that the capital gains taxes are
only paid when the asset is sold, while taxes on dividends or interest are
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paid every year. The fact that the capital gains taxes are deferred until
time of sale makes the effective tax rate on capital gains lower than the
tax rate on ordinary income.
A second reason that equal taxation of capital gains and ordinary income

is not neutral is that the capital gains tax is based on the increase in the
dollar value of an asset. If asset values are increasing just because of
inflation, then a consumer may owe taxes on an asset whose real value
hasn’t changed. For example, suppose that a person buys an asset for $100
and 10 years later it is worth $200. Suppose that the general price level
also doubles in this same ten-year period. Then the person would owe
taxes on a $100 capital gain even though the purchasing power of his asset
hadn’t changed at all. This tends to make the tax on capital gains higher
than that on ordinary income. Which of the two effects dominates is a
controversial question.
In addition to the differential taxation of dividends and capital gains

there are many other aspects of the tax law that treat asset returns differ-
ently. For example, in the United States, municipal bonds, bonds issued
by cities or states, are not taxed by the Federal government. As we indi-
cated earlier, the consumption return from owner-occupied housing is not
taxed. Furthermore, in the United States even part of the capital gains
from owner-occupied housing is not taxed.
The fact that different assets are taxed differently means that the arbi-

trage rule must adjust for the tax differences in comparing rates of return.
Suppose that one asset pays a before-tax interest rate, rb, and another as-
set pays a return that is tax exempt, re. Then if both assets are held by
individuals who pay taxes on income at rate t, we must have

(1− t)rb = re.

That is, the after-tax return on each asset must be the same. Otherwise,
individuals would not want to hold both assets—it would always pay them
to switch exclusively to holding the asset that gave them the higher after-
tax return. Of course, this discussion ignores other differences in the assets
such as liquidity, risk, and so on.

11.6 Market Bubbles

Suppose you are contemplating buying a house that is absolutely certain
to be worth $220,000 a year from now and that the current interest rate
(reflecting your alternative investment opportunities) is 10%. A fair price
for the house would be the present value, $200,000.
Now suppose that things aren’t quite so certain: many people believe

that the house will be worth $220,000 in a year, but there are no guarantees.
We would expect that the house would sell for somewhat less than $200,000
due to the additional risk associated with purchase.
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Suppose the year goes by and the house is worth $240,000, far more than
anticipated. The house value went up by 20%, even though the prevailing
interest rate was 10%. It may be that this experience will lead people to
revise their view about how much the house will be worth in the future—
who knows, maybe it will go up by 20% or even more next year.

If many people hold such beliefs, they can bid up the price of housing
now—which may encourage others to make even more optimistic forecasts
about the housing market. As in our discussion of price adjustment, assets
that people expect to have a higher return than the rate of interest get
pushed up in price. The higher price will tend to reduce current demand
but it also may encourage people to expect an even higher return in the
future.

The first effect—high prices reducing demand—tends to stablize prices.
The second effect—high prices leading to an expectation of even higher
prices in the future—tends to destabilize prices.

This is an example of an asset bubble. In a bubble, the price of an
asset increases, for one reason or another, and this leads people to expect
the price to go up even more in the future. But if they expect the asset
price to rise significantly in the future, they will try to buy more today,
pushing prices up even more rapidly.

Financial markets may be subject to such bubbles, particularly when the
participants are inexperienced. For example, in 2000–01 we saw a dramatic
run-up in the prices of technology stocks and in 2005–06 we saw a bubble
in house prices in much of the United States and many other countries.

All bubbles eventually burst. Prices fall and some people are left holding
assets that are worth much less than they paid for them.

The key to avoiding bubbles is to look at economic fundamentals. In the
midst of the housing bubble in the United States, the ratio between the
price of a house and the yearly rental rate on an identical house became
far larger than historical norms. This gap presumably reflected buyers’
expectations of future price increases.

Similarly, the ratio of median house prices to median income reached
historical highs. Both of these were warning signs that the high prices
were unsustainable.

“This time it’s different” can be a very hazardous belief to hold, partic-
ularly when it comes to financial markets.

11.7 Applications

The fact that all riskless assets must earn the same return is obvious, but
very important. It has surprisingly powerful implications for the function-
ing of asset markets.
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Depletable Resources

Let us study the market equilibrium for a depletable resource like oil. Con-
sider a competitive oil market, with many suppliers, and suppose for sim-
plicity that there are zero costs to extract oil from the ground. Then how
will the price of oil change over time?
It turns out that the price of oil must rise at the rate of interest. To see

this, simply note that oil in the ground is an asset like any other asset. If
it is worthwhile for a producer to hold it from one period to the next, it
must provide a return to him equivalent to the financial return he could
get elsewhere. If we let pt+1 and pt be the prices at times t+1 and t, then
we have

pt+1 = (1 + r)pt

as our no arbitrage condition in the oil market.
The argument boils down to this simple idea: oil in the ground is like

money in the bank. If money in the bank earns a rate of return of r, then
oil in the ground must earn the same rate of return. If oil in the ground
earned a higher return than money in the bank, then no one would take oil
out of the ground, preferring to wait till later to extract it, thus pushing
the current price of oil up. If oil in the ground earned a lower return than
money in the bank, then the owners of oil wells would try to pump their oil
out immediately in order to put the money in the bank, thereby depressing
the current price of oil.
This argument tells us how the price of oil changes. But what determines

the price level itself? The price level turns out to be determined by the
demand for oil. Let us consider a very simple model of the demand side of
the market.
Suppose that the demand for oil is constant at D barrels a year and

that there is a total world supply of S barrels. Thus we have a total of
T = S/D years of oil left. When the oil has been depleted we will have to
use an alternative technology, say liquefied coal, which can be produced at
a constant cost of C dollars per barrel. We suppose that liquefied coal is a
perfect substitute for oil in all applications.
Now, T years from now, when the oil is just being exhausted, how much

must it sell for? Clearly it must sell for C dollars a barrel, the price of
its perfect substitute, liquefied coal. This means that the price today of a
barrel of oil, p0, must grow at the rate of interest r over the next T years
to be equal to C. This gives us the equation

p0(1 + r)T = C

or

p0 =
C

(1 + r)T .
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This expression gives us the current price of oil as a function of the
other variables in the problem. We can now ask interesting comparative
statics questions. For example, what happens if there is an unforeseen new
discovery of oil? This means that T , the number of years remaining of oil,
will increase, and thus (1 + r)T will increase, thereby decreasing p0. So
an increase in the supply of oil will, not surprisingly, decrease its current
price.
What if there is a technological breakthrough that decreases the value

of C? Then the above equation shows that p0 must decrease. The price
of oil has to be equal to the price of its perfect substitute, liquefied coal,
when liquefied coal is the only alternative.

When to Cut a Forest

Suppose that the size of a forest—measured in terms of the lumber that
you can get from it—is some function of time, F (t). Suppose further that
the price of lumber is constant and that the rate of growth of the tree starts
high and gradually declines. If there is a competitive market for lumber,
when should the forest be cut for timber?
Answer: when the rate of growth of the forest equals the interest rate.

Before that, the forest is earning a higher rate of return than money in the
bank, and after that point it is earning less than money in the bank. The
optimal time to cut a forest is when its growth rate just equals the interest
rate.
We can express this more formally by looking at the present value of

cutting the forest at time T . This will be

P V =
F (T )

(1 + r)T .

We want to find the choice of T that maximizes the present value—that
is, that makes the value of the forest as large as possible. If we choose
a very small value of T , the rate of growth of the forest will exceed the
interest rate, which means that the P V would be increasing so it would
pay to wait a little longer. On the other hand, if we consider a very large
value of T , the forest would be growing more slowly than the interest rate,
so the P V would be decreasing. The choice of T that maximizes present
value occurs when the rate of growth of the forest just equals the interest
rate.
This argument is illustrated in Figure 11.1. In Figure 11.1A we have

plotted the rate of growth of the forest and the rate of growth of a dollar
invested in a bank. If we want to have the largest amount of money at
some unspecified point in the future, we should always invest our money
in the asset with the highest return available at each point in time. When
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11.1

Harvesting a forest. The optimal time to cut a forest is when
the rate of growth of the forest equals the interest rate.

the forest is young, it is the asset with the highest return. As it ma-
tures, its rate of growth declines, and eventually the bank offers a higher
return.
The effect on total wealth is illustrated in Figure 11.1B. Before T wealth

grows most rapidly when invested in the forest. After T it grows most
rapidly when invested in the bank. Therefore, the optimal strategy is to
invest in the forest up until time T , then harvest the forest, and invest the
proceeds in the bank.

EXAMPLE: Gasoline Prices during the Gulf War

In the Summer of 1990 Iraq invaded Kuwait. As a response to this, the
United Nations imposed a blockade on oil imports from Iraq. Immediately
after the blockade was announced the price of oil jumped up on world mar-
kets. At the same time price of gasoline at U.S. pumps increased signifi-
cantly. This in turn led to cries of “war profiteering” and several segments
about the oil industry on the evening news broadcasts.
Those who felt the price increase was unjustified argued that it would

take at least 6 weeks for the new, higher-priced oil to wend its way across
to the Atlantic and to be refined into gasoline. The oil companies, they
argued, were making “excessive” profits by raising the price of gasoline that
had already been produced using cheap oil.
Let’s think about this argument as economists. Suppose that you own an

asset—say gasoline in a storage tank—that is currently worth $1 a gallon.
Six weeks from now, you know that it will be worth $1.50 a gallon. What

creo
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price will you sell it for now? Certainly you would be foolish to sell it
for much less than $1.50 a gallon—at any price much lower than that you
would be better off letting the gasoline sit in the storage tank for 6 weeks.
The same intertemporal arbitrage reasoning about extracting oil from the
ground applies to gasoline in a storage tank. The (appropriate discounted)
price of gasoline tomorrow has to equal the price of gasoline today if you
want firms to supply gasoline today.
This makes perfect sense from a welfare point of view as well: if gasoline

is going to be more expensive in the near future, doesn’t it make sense
to consume less of it today? The increased price of gasoline encourages
immediate conservation measures and reflects the true scarcity price of
gasoline.
Ironically, the same phenomenon occured two years later in Russia. Dur-

ing the transition to a market economy, Russian oil sold for about $3 a
barrel at a time when the world price was about $19 a barrel. The oil pro-
ducers anticipated that the price of oil would soon be allowed to rise—so
they tried to hold back as much oil as possible from current production. As
one Russian producer put it, “Have you seen anyone in New York selling
one dollar for 10 cents?” The result was long lines in front of the gasoline
pumps for Russian consumers.1

11.8 Financial Institutions

Asset markets allow people to change their pattern of consumption over
time. Consider, for example, two people A and B who have different en-
dowments of wealth. A might have $100 today and nothing tomorrow,
while B might have $100 tomorrow and nothing today. It might well hap-
pen that each would rather have $50 today and $50 tomorrow. But they
can reach this pattern of consumption simply by trading: A gives B $50
today, and B gives A $50 tomorrow.
In this particular case, the interest rate is zero: A lends B $50 and

only gets $50 in return the next day. If people have convex preferences
over consumption today and tomorrow, they would like to smooth their
consumption over time, rather than consume everything in one period,
even if the interest rate were zero.
We can repeat the same kind of story for other patterns of asset endow-

ments. One individual might have an endowment that provides a steady
stream of payments and prefer to have a lump sum, while another might
have a lump sum and prefer a steady stream. For example, a twenty-year-
old individual might want to have a lump sum of money now to buy a
house, while a sixty-year-old might want to have a steady stream of money

1 See Louis Uchitelle, “Russians Line Up for Gas as Refineries Sit on Cheap Oil,” New
York Times, July 12, 1992, page 4.
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to finance his retirement. It is clear that both of these individuals could
gain by trading their endowments with each other.
In a modern economy financial institutions exist to facilitate these trades.

In the case described above, the sixty-year-old can put his lump sum of
money in the bank, and the bank can then lend it to the twenty-year-old.
The twenty-year-old then makes mortgage payments to the bank, which
are, in turn, transferred to the sixty-year-old as interest payments. Of
course, the bank takes its cut for arranging the trade, but if the banking
industry is sufficiently competitive, this cut should end up pretty close to
the actual costs of doing business.
Banks aren’t the only kind of financial institution that allow one to

reallocate consumption over time. Another important example is the stock
market. Suppose that an entrepreneur starts a company that becomes
successful. In order to start the company, the entrepreneur probably had
some financial backers who put up money to help him get started—to pay
the bills until the revenues started rolling in. Once the company has been
established, the owners of the company have a claim to the profits that
the company will generate in the future: they have a claim to a stream of
payments.
But it may well be that they prefer a lump-sum reward for their efforts

now. In this case, the owners can decide to sell the firm to other people
via the stock market. They issue shares in the company that entitle the
shareholders to a cut of the future profits of the firm in exchange for a
lump-sum payment now. People who want to purchase part of the stream
of profits of the firm pay the original owners for these shares. In this way,
both sides of the market can reallocate their wealth over time.
There are a variety of other institutions and markets that help facili-

tate intertemporal trade. But what happens when the buyers and sellers
aren’t evenly matched? What happens if more people want to sell con-
sumption tomorrow than want to buy it? Just as in any market, if the
supply of something exceeds the demand, the price will fall. In this case,
the price of consumption tomorrow will fall. We saw earlier that the price
of consumption tomorrow was given by

p =
1

1 + r
,

so this means that the interest rate must rise. The increase in the interest
rate induces people to save more and to demand less consumption now,
and thus tends to equate demand and supply.

Summary

1. In equilibrium, all assets with certain payoffs must earn the same rate
of return. Otherwise there would be a riskless arbitrage opportunity.
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2. The fact that all assets must earn the same return implies that all assets
will sell for their present value.

3. If assets are taxed differently, or have different risk characteristics, then
we must compare their after-tax rates of return or their risk-adjusted rates
of return.

REVIEW QUESTIONS

1. Suppose asset A can be sold for $11 next period. If assets similar to A
are paying a rate of return of 10%, what must be asset A’s current price?

2. A house, which you could rent for $10,000 a year and sell for $110,000 a
year from now, can be purchased for $100,000. What is the rate of return
on this house?

3. The payments of certain types of bonds (e.g., municipal bonds) are not
taxable. If similar taxable bonds are paying 10% and everyone faces a
marginal tax rate of 40%, what rate of return must the nontaxable bonds
pay?

4. Suppose that a scarce resource, facing a constant demand, will be ex-
hausted in 10 years. If an alternative resource will be available at a price
of $40 and if the interest rate is 10%, what must the price of the scarce
resource be today?

APPENDIX

Suppose that you invest $1 in an asset yielding an interest rate r where the
interest is paid once a year. Then after T years you will have (1 + r)T dollars.
Suppose now that the interest is paid monthly. This means that the monthly
interest rate will be r/12, and there will be 12T payments, so that after T years
you will have (1+r/12)12T dollars. If the interest rate is paid daily, you will have
(1 + r/365)365T and so on.

In general, if the interest is paid n times a year, you will have (1 + r/n)nT

dollars after T years. It is natural to ask how much money you will have if the
interest is paid continuously. That is, we ask what is the limit of this expression
as n goes to infinity. It turns out that this is given by the following expression:

erT = lim
n→∞

(1 + r/n)nT ,

where e is 2.7183 . . ., the base of natural logarithms.
This expression for continuous compounding is very convenient for calculations.

For example, let us verify the claim in the text that the optimal time to harvest
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the forest is when the rate of growth of the forest equals the interest rate. Since
the forest will be worth F (T ) at time T , the present value of the forest harvested
at time T is

V (T ) =
F (T )

erT
= e−rTF (T ).

In order to maximize the present value, we differentiate this with respect to T
and set the resulting expression equal to zero. This yields

V ′(T ) = e−rTF ′(T )− re−rTF (T ) = 0

or
F ′(T )− rF (T ) = 0.

This can be rearranged to establish the result:

r =
F ′(T )

F (T )
.

This equation says that the optimal value of T satisfies the condition that the
rate of interest equals the rate of growth of the value of the forest.



CHAPTER 12

UNCERTAINTY

Uncertainty is a fact of life. People face risks every time they take a shower,
walk across the street, or make an investment. But there are financial insti-
tutions such as insurance markets and the stock market that can mitigate
at least some of these risks. We will study the functioning of these mar-
kets in the next chapter, but first we must study individual behavior with
respect to choices involving uncertainty.

12.1 Contingent Consumption

Since we now know all about the standard theory of consumer choice, let’s
try to use what we know to understand choice under uncertainty. The first
question to ask is what is the basic “thing” that is being chosen?
The consumer is presumably concerned with the probability distri-

bution of getting different consumption bundles of goods. A probability
distribution consists of a list of different outcomes—in this case, consump-
tion bundles—and the probability associated with each outcome. When a
consumer decides how much automobile insurance to buy or how much to
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invest in the stock market, he is in effect deciding on a pattern of probability
distribution across different amounts of consumption.

For example, suppose that you have $100 now and that you are con-
templating buying lottery ticket number 13. If number 13 is drawn in the
lottery, the holder will be paid $200. This ticket costs, say, $5. The two
outcomes that are of interest are the event that the ticket is drawn and the
event that it isn’t.

Your original endowment of wealth—the amount that you would have if
you did not purchase the lottery ticket—is $100 if 13 is drawn, and $100
if it isn’t drawn. But if you buy the lottery ticket for $5, you will have
a wealth distribution consisting of $295 if the ticket is a winner, and $95
if it is not a winner. The original endowment of probabilities of wealth
in different circumstances has been changed by the purchase of the lottery
ticket. Let us examine this point in more detail.

In this discussion we’ll restrict ourselves to examining monetary gambles
for convenience of exposition. Of course, it is not money alone that mat-
ters; it is the consumption that money can buy that is the ultimate “good”
being chosen. The same principles apply to gambles over goods, but re-
stricting ourselves to monetary outcomes makes things simpler. Second,
we will restrict ourselves to very simple situations where there are only a
few possible outcomes. Again, this is only for reasons of simplicity.

Above we described the case of gambling in a lottery; here we’ll consider
the case of insurance. Suppose that an individual initially has $35,000
worth of assets, but there is a possibility that he may lose $10,000. For
example, his car may be stolen, or a storm may damage his house. Suppose
that the probability of this event happening is p = .01. Then the probability
distribution the person is facing is a 1 percent probability of having $25,000
of assets, and a 99 percent probability of having $35,000.

Insurance offers a way to change this probability distribution. Suppose
that there is an insurance contract that will pay the person $100 if the loss
occurs in exchange for a $1 premium. Of course the premium must be paid
whether or not the loss occurs. If the person decides to purchase $10,000
dollars of insurance, it will cost him $100. In this case he will have a 1
percent chance of having $34,900 ($35,000 of other assets − $10,000 loss +
$10,000 payment from the insurance payment – $100 insurance premium)
and a 99 percent chance of having $34,900 ($35,000 of assets − $100 in-
surance premium). Thus the consumer ends up with the same wealth no
matter what happens. He is now fully insured against loss.

In general, if this person purchases K dollars of insurance and has to pay
a premium γK, then he will face the gamble:1

probability .01 of getting $25, 000 + K − γK

1 The Greek letter γ, gamma, is pronounced “gam-ma.”
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and

probability .99 of getting $35, 000− γK.

What kind of insurance will this person choose? Well, that depends on
his preferences. He might be very conservative and choose to purchase a lot
of insurance, or he might like to take risks and not purchase any insurance
at all. People have different preferences over probability distributions in
the same way that they have different preferences over the consumption of
ordinary goods.

In fact, one very fruitful way to look at decision making under uncertainty
is just to think of the money available under different circumstances as
different goods. A thousand dollars after a large loss has occurred may
mean a very different thing from a thousand dollars when it hasn’t. Of
course, we don’t have to apply this idea just to money: an ice cream cone
if it happens to be hot and sunny tomorrow is a very different good from
an ice cream cone if it is rainy and cold. In general, consumption goods will
be of different value to a person depending upon the circumstances under
which they become available.

Let us think of the different outcomes of some random event as being
different states of nature. In the insurance example given above there
were two states of nature: the loss occurs or it doesn’t. But in general
there could be many different states of nature. We can then think of
a contingent consumption plan as being a specification of what will
be consumed in each different state of nature—each different outcome of
the random process. Contingent means depending on something not yet
certain, so a contingent consumption plan means a plan that depends on the
outcome of some event. In the case of insurance purchases, the contingent
consumption was described by the terms of the insurance contract: how
much money you would have if a loss occurred and how much you would
have if it didn’t. In the case of the rainy and sunny days, the contingent
consumption would just be the plan of what would be consumed given the
various outcomes of the weather.

People have preferences over different plans of consumption, just like
they have preferences over actual consumption. It certainly might make
you feel better now to know that you are fully insured. People make choices
that reflect their preferences over consumption in different circumstances,
and we can use the theory of choice that we have developed to analyze
those choices.

If we think about a contingent consumption plan as being just an ordi-
nary consumption bundle, we are right back in the framework described in
the previous chapters. We can think of preferences as being defined over
different consumption plans, with the “terms of trade” being given by the
budget constraint. We can then model the consumer as choosing the best
consumption plan he or she can afford, just as we have done all along.
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Let’s describe the insurance purchase in terms of the indifference-curve
analysis we’ve been using. The two states of nature are the event that the
loss occurs and the event that it doesn’t. The contingent consumptions are
the values of how much money you would have in each circumstance. We
can plot this on a graph as in Figure 12.1.

Cb$25,000 + K – γK

$35,000 – γK

Endowment

Choice

Slope = –
γ

1 – γ

Cg

$25,000

$35,000

Figure
12.1

Insurance. The budget line associated with the purchase of
insurance. The insurance premium γ allows us to give up some
consumption in the good outcome (Cg) in order to have more
consumption in the bad outcome (Cb).

Your endowment of contingent consumption is $25,000 in the “bad”
state—if the loss occurs—and $35,000 in the “good” state—if it doesn’t
occur. Insurance offers you a way to move away from this endowment
point. If you purchase K dollars’ worth of insurance, you give up γK dol-
lars of consumption possibilities in the good state in exchange for K − γK
dollars of consumption possibilities in the bad state. Thus the consumption
you lose in the good state, divided by the extra consumption you gain in
the bad state, is

ΔCg

ΔCb
= − γK

K − γK
= − γ

1− γ
.

This is the slope of the budget line through your endowment. It is just
as if the price of consumption in the good state is 1 − γ and the price in
the bad state is γ.
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We can draw in the indifference curves that a person might have for con-
tingent consumption. Here again it is very natural for indifference curves
to have a convex shape: this means that the person would rather have a
constant amount of consumption in each state than a large amount in one
state and a low amount in the other.

Given the indifference curves for consumption in each state of nature,
we can look at the choice of how much insurance to purchase. As usual,
this will be characterized by a tangency condition: the marginal rate of
substitution between consumption in each state of nature should be equal
to the price at which you can trade off consumption in those states.

Of course, once we have a model of optimal choice, we can apply all of
the machinery developed in early chapters to its analysis. We can examine
how the demand for insurance changes as the price of insurance changes,
as the wealth of the consumer changes, and so on. The theory of consumer
behavior is perfectly adequate to model behavior under uncertainty as well
as certainty.

EXAMPLE: Catastrophe Bonds

We have seen that insurance is a way to transfer wealth from good states
of nature to bad states of nature. Of course there are two sides to these
transactions: those who buy insurance and those who sell it. Here we focus
on the sell side of insurance.

The sell side of the insurance market is divided into a retail component,
which deals directly with end buyers, and a wholesale component, in which
insurers sell risks to other parties. The wholesale part of the market is
known as the reinsurance market.

Typically, the reinsurance market has relied on large investors such as
pension funds to provide financial backing for risks. However, some rein-
surers rely on large individual investors. Lloyd’s of London, one of the most
famous reinsurance consortia, generally uses private investors.

Recently, the reinsurance industry has been experimenting with catas-
trophe bonds, which, according to some, are a more flexible way to pro-
vide reinsurance. These bonds, generally sold to large institutions, have
typically been tied to natural disasters, like earthquakes or hurricanes.

A financial intermediary, such as a reinsurance company or an invest-
ment bank, issues a bond tied to a particular insurable event, such as an
earthquake involving, say, at least $500 million in insurance claims. If
there is no earthquake, investors are paid a generous interest rate. But if
the earthquake occurs and the claims exceed the amount specified in the
bond, investors sacrifice their principal and interest.

Catastrophe bonds have some attractive features. They can spread risks
widely and can be subdivided indefinitely, allowing each investor to bear
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only a small part of the risk. The money backing up the insurance is paid
in advance, so there is no default risk to the insured.
From the economist’s point of view, “cat bonds” are a form of state

contingent security, that is, a security that pays off if and only if some
particular event occurs. This concept was first introduced by Nobel laure-
ate Kenneth J. Arrow in a paper published in 1952 and was long thought
to be of only theoretical interest. But it turned out that all sorts of options
and other derivatives could be best understood using contingent securi-
ties. Now Wall Street rocket scientists draw on this 60-year-old work when
creating exotic new derivatives such as catastrophe bonds.

12.2 Utility Functions and Probabilities

If the consumer has reasonable preferences about consumption in different
circumstances, then we will be able to use a utility function to describe these
preferences, just as we have done in other contexts. However, the fact that
we are considering choice under uncertainty does add a special structure
to the choice problem. In general, how a person values consumption in one
state as compared to another will depend on the probability that the state
in question will actually occur. In other words, the rate at which I am
willing to substitute consumption if it rains for consumption if it doesn’t
should have something to do with how likely I think it is to rain. The
preferences for consumption in different states of nature will depend on the
beliefs of the individual about how likely those states are.
For this reason, we will write the utility function as depending on the

probabilities as well as on the consumption levels. Suppose that we are
considering two mutually exclusive states such as rain and shine, loss or
no loss, or whatever. Let c1 and c2 represent consumption in states 1 and
2, and let π1 and π2 be the probabilities that state 1 or state 2 actually
occurs.
If the two states are mutually exclusive, so that only one of them can

happen, then π2 = 1− π1. But we’ll generally write out both probabilities
just to keep things looking symmetric.
Given this notation, we can write the utility function for consumption in

states 1 and 2 as u(c1, c2, π1, π2). This is the function that represents the
individual’s preference over consumption in each state.

EXAMPLE: Some Examples of Utility Functions

We can use nearly any of the examples of utility functions that we’ve seen
up until now in the context of choice under uncertainty. One nice exam-
ple is the case of perfect substitutes. Here it is natural to weight each
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consumption by the probability that it will occur. This gives us a utility
function of the form

u(c1, c2, π1, π2) = π1c1 + π2c2.

In the context of uncertainty, this kind of expression is known as the ex-
pected value. It is just the average level of consumption that you would
get.
Another example of a utility function that might be used to examine

choice under uncertainty is the Cobb–Douglas utility function:

u(c1, c2, π, 1− π) = cπ
1 c1−π

2 .

Here the utility attached to any combination of consumption bundles de-
pends on the pattern of consumption in a nonlinear way.
As usual, we can take a monotonic transformation of utility and still

represent the same preferences. It turns out that the logarithm of the
Cobb-Douglas utility will be very convenient in what follows. This will
give us a utility function of the form

lnu(c1, c2, π1, π2) = π1 ln c1 + π2 ln c2.

12.3 Expected Utility

One particularly convenient form that the utility function might take is the
following:

u(c1, c2, π1, π2) = π1v(c1) + π2v(c2).

This says that utility can be written as a weighted sum of some function
of consumption in each state, v(c1) and v(c2), where the weights are given
by the probabilities π1 and π2.

Two examples of this were given above. The perfect substitutes, or
expected value utility function, had this form where v(c) = c. The Cobb-
Douglas didn’t have this form originally, but when we expressed it in terms
of logs, it had the linear form with v(c) = ln c.

If one of the states is certain, so that π1 = 1, say, then v(c1) is the utility
of certain consumption in state 1. Similarly, if π2 = 1, v(c2) is the utility
of consumption in state 2. Thus the expression

π1v(c1) + π2v(c2)

represents the average utility, or the expected utility, of the pattern of
consumption (c1, c2).



224 UNCERTAINTY (Ch. 12)

For this reason, we refer to a utility function with the particular form
described here as an expected utility function, or, sometimes, a von
Neumann-Morgenstern utility function.2

When we say that a consumer’s preferences can be represented by an
expected utility function, or that the consumer’s preferences have the ex-
pected utility property, we mean that we can choose a utility function that
has the additive form described above. Of course we could also choose a dif-
ferent form; any monotonic transformation of an expected utility function
is a utility function that describes the same preferences. But the additive
form representation turns out to be especially convenient. If the consumer’s
preferences are described by π1 ln c1 + π2 ln c2 they will also be described
by cπ1

1 cπ2
2 . But the latter representation does not have the expected utility

property, while the former does.
On the other hand, the expected utility function can be subjected to

some kinds of monotonic transformation and still have the expected utility
property. We say that a function v(u) is a positive affine transfor-
mation if it can be written in the form: v(u) = au + b where a > 0. A
positive affine transformation simply means multiplying by a positive num-
ber and adding a constant. It turns out that if you subject an expected
utility function to a positive affine transformation, it not only represents
the same preferences (this is obvious since an affine transformation is just a
special kind of monotonic transformation) but it also still has the expected
utility property.
Economists say that an expected utility function is “unique up to an

affine transformation.” This just means that you can apply an affine trans-
formation to it and get another expected utility function that represents
the same preferences. But any other kind of transformation will destroy
the expected utility property.

12.4 Why Expected Utility Is Reasonable

The expected utility representation is a convenient one, but is it a rea-
sonable one? Why would we think that preferences over uncertain choices
would have the particular structure implied by the expected utility func-
tion? As it turns out there are compelling reasons why expected utility is
a reasonable objective for choice problems in the face of uncertainty.
The fact that outcomes of the random choice are consumption goods

that will be consumed in different circumstances means that ultimately
only one of those outcomes is actually going to occur. Either your house

2 John von Neumann was one of the major figures in mathematics in the twentieth
century. He also contributed several important insights to physics, computer science,
and economic theory. Oscar Morgenstern was an economist at Princeton who, along
with von Neumann, helped to develop mathematical game theory.
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REVIEW QUESTIONS

1. Consider the tit-for-tat strategy in the repeated prisoner’s dilemma.
Suppose that one player makes a mistake and defects when he meant to
cooperate. If both players continue to play tit for tat after that, what
happens?

2. Are dominant strategy equilibria always Nash equilibria? Are Nash
equilibria always dominant strategy equilibria?

3. Suppose your opponent is not playing her Nash equilibrium strategy.
Should you play your Nash equilibrium strategy?

4. We know that the single-shot prisoner’s dilemma game results in a domi-
nant Nash equilibrium strategy that is Pareto inefficient. Suppose we allow
the two prisoners to retaliate after their respective prison terms. Formally,
what aspect of the game would this affect? Could a Pareto efficient outcome
result?

5. What is the dominant Nash equilibrium strategy for the repeated pris-
oner’s dilemma game when both players know that the game will end after
one million repetitions? If you were going to run an experiment with hu-
man players for such a scenario, would you predict that players would use
this strategy?

6. Suppose that player B rather than player A gets to move first in the
sequential game described in this chapter. Draw the extensive form of the
new game. What is the equilibrium for this game? Does player B prefer to
move first or second?



CHAPTER 30

GAME
APPLICATIONS

In the last chapter we described a number of important concepts in game
theory and illustrated them using a few examples. In this chapter we
examine four important issues in game theory—cooperation, competition,
coexistence, and commitment—and see how they work in various strategic
interactions.
In order to do this, we first develop an important analytic tool, best

response curves, which can be used to solve for equilibria in games.

30.1 Best Response Curves

Consider a two-person game, and put yourself in the position of one of the
players. For any choice the other player can make, your best response
is the choice that maximizes your payoff. If there are several choices that
maximize your payoff, then your best response will be the set of all such
choices.
For example, consider the game depicted in Table 30.1, which we used to

illustrate the concept of a Nash equilibrium. If the column player chooses
left, row’s best response is to choose top; if column chooses right, then
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Column

Row
Top

Bottom

2, 1

0, 0

0, 0

1, 2

Left Right

A simple game Table
30.1

row’s best response is to choose bottom. Similarly, the best responses for
column are to play left in response to top and to play right in response to
bottom.
We can write this out in a little table:

Column’s choice: Left Right
Row’s best response: Top Bottom

Row’s choice: Top Bottom
Column’s best response: Left Right

Notice that if column thinks that row will play top, then column will
want to play left, and if row thinks that column will play left, row will
want to play top. So the pair of choices (top, left) are mutually consistent
in the sense that each player is making an optimal response to the other
player’s choice.
Consider a general two-person game in which row has choices r1, . . . , rR

and column has choices c1, . . . , cC . For each choice r that row makes, let
bc(r) be a best response for column, and for each choice c that column
makes, let br(c) be a best response for row. Then a Nash equilibrium is
a pair of strategies (r∗, c∗) such that

c∗ = bc(r∗)

r∗ = br(c∗).

The concept of Nash equilibrium formalizes the idea of “mutual consis-
tency.” If row expects column to play left, then row will choose to play top,
and if column expects row to play top, column will want to play left. So it
is the beliefs and the actions of the players that are mutually consistent in
a Nash equilibrium.
Note that in some cases one of the players may be indifferent among

several best responses. This is why we only require that c∗ be one of
column’s best responses, and r∗ be one of row’s best responses. If there is
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a unique best response for each choice then the best response curves can
be represented as best response functions.

This way of looking at the concept of a Nash equilibrium makes it clear
that it is simply a generalization of the Cournot equilibrium described in
Chapter 28. In the Cournot case, the choice variable is the amount of
output produced, which is a continuous variable. The Cournot equilibrium
has the property that each firm is choosing its profit-maximizing output,
given the choice of the other firm.

The Bertrand equilibrium, also described in Chapter 28, is a Nash equi-
librium in pricing strategies. Each firm chooses the price that maximizes
its profit, given the choice that it thinks the other firm will make.

These examples show how the best response curve generalizes the earlier
models, and allows for a relatively simple way to solve for Nash equilibrium.
These properties make best response curves a very helpful tool to solve for
an equilibrium of a game.

30.2 Mixed Strategies

Let us use best response functions to analyze the game shown in Table
30.2.

Ms. Column

Mr. Row
Top

Bottom

2, 1

0, 0

0, 0

1, 2

Left Right

Table
30.2

Solving for Nash equilibrium.

We are interested in looking for mixed strategy equilibria as well as
pure strategy equilibria, so we let r be the probability that row plays top,
and (1 − r) the probability that he plays bottom. Similarly, let c be the
probability that column plays left, and (1−c) the probability that she plays
right. The pure strategies occur when r and c equal 0 or 1.

Let us calculate row’s expected payoff if he chooses probability r of play-
ing top and column chooses probability c of playing left. Look at the
following array
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Combination Probability Payoff to Row
Top, Left rc 2
Bottom, Left (1− r)c 0
Top, Right r(1− c) 0
Bottom, Right (1− r)(1− c) 1

To calculate the expected payoff to row, we weight row’s payoffs in the
third column by the probability that they occur, given in the second col-
umn, and add these up. The answer is

Row’s payoff = 2rc + (1− r)(1− c),

which we can multiply out to be

Row’s payoff = 2rc + 1− r − c + rc.

Now suppose that row contemplates increasing r by Δr. How will his
payoff change?

Δpayoff to row = 2cΔr −Δr + cΔr
= (3c − 1)Δr.

This expression will be positive when 3c > 1 and negative when 3c < 1.
Hence, row will want to increase r whenever c > 1/3, decrease r when
c < 1/3, and be happy with any value of 0 ≤ r ≤ 1 when c = 1/3.

Similarly, the payoff to column is given by

Column’s payoff = cr + 2(1− c)(1− r).

Column’s payoff will change when c changes by Δc according to

Δpayoff to column = rΔc + 2r Δc − 2Δc
= (3r − 2)Δc.

Hence column will want to increase c whenever r > 2/3, decrease c when
r < 2/3, and be happy with any value of 0 ≤ c ≤ 1 when r = 2/3.

We can use this information to plot the best response curves. Start with
row. If column choses c = 0, row will want to make r as small as possible,
so r = 0 is the best response to c = 0. This choice will continue to be the
best response up until c = 1/3, at which point any value of r between 0
and 1 is a best response. For all c > 1/3, the best response row can make
is r = 1.
These curves are depicted in Figure 30.1. It is easy to see that they cross

in three places: (0, 0), (2/3, 1/3), and (1, 1), which correspond to the three
Nash equilibria of this game. Two of these strategies are pure strategies,
and one is a mixed strategy.
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0 2/3 1

1c

1/3

Row’s best
response

Column’s best
response

r

Figure
30.1

Best response curves. The two curves depict the best re-
sponse of row and column to each other’s choices. The inter-
sections of the curves are Nash equilibria. In this case there are
three equilibria, two with pure strategies and one with mixed
strategies.

30.3 Games of Coordination

Armed with the tools of the last section we can examine our first class of
games, coordination games. These are games where the payoffs to the
players are highest when they can coordinate their strategies. The problem,
in practice, is to develop mechanisms that enable this coordination.

Battle of the Sexes

The classic example of a coordination game is the so-called battle of the
sexes. In this game, a boy and a girl want to meet at a movie but haven’t
had a chance to arrange which one. Alas, they forgot their cell phones,
so they have no way to coordinate their meeting and have to guess which
movie the other will want to attend.
The boy wants to see the latest action flick, while the girl would rather

go to an art film, but they would both rather go to the same movie than
not meet up at all. Payoffs consistent with these preferences are shown in

creo
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Girl

Boy
Action

Art

2, 1

0, 0

0, 0

1, 2

Action Art

The battle of the sexes. Table
30.3

Table 30.3. Note the defining feature of coordination games: the payoffs
are higher when the players coordinate their actions than when they don’t.
What are the Nash equilibria of this game? Luckily, this is just the game

we used in the last section to illustrate best response curves. We saw there
that there are three equilibria: both choose action, both choose art, or each
chooses his or her preferred choice with probability 2/3.
Since all of these are possible equilibria, it is hard to say what will happen

from this description alone. Generally, we would look to considerations
outside the formal description of the game to resolve the problem. For
example, suppose that the art film was a closer destination for one of the
two players. Then both players might reasonably suppose that would be
the equilibrium choice.
When players have good reasons to believe that one of the equilibria is

more “natural” than the others, it is called a focal point of the game.

Prisoner’s Dilemma

The prisoner’s dilemma, which we discussed extensively in the last chapter,
is also a coordination game. Recall the story: two prisoners can either
confess, thereby implicating the other, or deny committing a crime. The
payoffs are shown in Table 30.4.
The striking feature of the prisoner’s dilemma is that confessing is a

dominant strategy, even though coordination (both choose deny) is far su-
perior in terms of the total payoff. Coordination would allow the prisoners
to choose the best payoff, but the problem is that there is no easy way to
make it happen in a single-shot game.
One way out of the prisoner’s dilemma is to enlarge the game by adding

new choices. We saw in the last chapter that an indefinitely repeated pris-
oner’s dilemma game could achieve the cooperative outcome via strategies
like tit for tat, in which players rewarded cooperation and punished lack of
cooperation through their future actions. The extra strategic consideration
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Player B

Player A
Confess

Deny

–3, –3

–6, 0

0, –6

–1, –1

Confess Deny

Table
30.4

The prisoner’s dilemma.

here is that refusing to cooperate today may result in extended punishment
later on.
Another way to “solve” the prisoner’s dilemma is to add the possibility

of contracting. For example, both players could sign a contract saying that
they will stick with the cooperative strategy. If either of them reneges on
the contract, he or she will have to pay a fine or be punished in some way.
Contracts are very helpful in achieving all sorts of outcomes, but they rely
on the existence of a legal system that will enforce such contracts. This
makes sense for business negotiations but is not an appropriate assumption
in other contexts, such as military games or international negotiations.

Assurance Games

Consider the U.S.-U.S.S.R. arms race of the 1950s in which each country
could build nuclear missiles or refrain from building them. The payoffs
to these strategies might look like those shown in Table 30.5. The best
outcome for both parties is to refrain from building the missiles, giving a
payoff of (4, 4). But if one refrains while the other builds, the payoff will
be 3 to the builder and 1 to the refrainer. The payoff if they both build
missile sites is (2, 2).
It is not hard to see that there are two pure strategy Nash equilibria,

(refrain, refrain) and (build, build). However, (refrain, refrain) is better for
both parties. The trouble is, neither party knows which choice the other
will make. Before committing to refrain, each party wants some assurance
that the other will refrain.
One way to achieve this assurance is for one of the players to move first,

by opening itself to inspection, say. Note that this can be unilateral, at least
as long as one believes the payoffs in the game. If one player announces
that it is refraining from deploying nuclear missiles and gives the other
player sufficient evidence of its choice, it can rest assured that the other
player will also refrain.
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U.S.S.R.

U.S.
Refrain

Build

4, 4

3, 1

1, 3

2, 2

Refrain Build

An arms race. Table
30.5

Chicken

Our last coordination game is based on an automobile game popularized in
the movies. Two teenagers start at opposite ends of the street and drive in
a straight line toward each other. The first to swerve loses face; if neither
swerves, they both crash into each other. Some possible payoffs are shown
in Table 30.6.
There are two pure strategy Nash equilibria, (row swerves, column doesn’t)

and (column swerves, row doesn’t). Column prefers the first equilibrium
and row the second, but each equilibrium is better than a crash. Note the
difference between this and the assurance game; there, both players were
better off doing the same thing (building or refraining) than doing differ-
ent things. Here, both players are worse off doing the same thing (driving
straight or swerving) than if they did different things.
Each player knows that if he can commit himself to driving straight, the

other will chicken out. But of course, each player also knows that it would
be crazy to crash into each other. So how can one of the players enforce
his preferred equilibrium?
One important strategy is commitment. Suppose that row ostentatiously

fastened a steering wheel lock on his car before starting out. Column,
recognizing that row now has no choice but to go straight, would choose
to swerve. Of course if both players put on a lock, the outcome would be
disastrous!

How to Coordinate

If you are a player in a coordination game, you may want to get the
other player to cooperate at an equilibrium that you both like (the as-
surance game), cooperate at an equilibrium one of you likes (battle of the
sexes), play something other than the equilibrium strategy (the prisoner’s
dilemma), or make a choice leading to your preferred outcome (chicken).
In the assurance game, the battle of the sexes, and chicken, this can

be accomplished by one player’s moving first, and committing herself to a
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particular choice. The other player can then observe the choice and respond
accordingly. In the prisoner’s dilemma, this strategy doesn’t work: if one
player chooses not to confess, it is in the other’s interest to do so. Instead
of sequential moves, repetition and contracting are major ways to “solve”
the prisoner’s dilemma.

Column

Row
Swerve

Straight

0, 0

1, –1

–1, 1

–2, –2

Swerve Straight

Table
30.6

Chicken.

30.4 Games of Competition

The opposite pole from cooperation is competition. This is the famous case
of zero-sum games, so called because the payoff to one player is equal to
the losses of the other.

Most sports are effectively zero-sum games: a point awarded to one team
is equivalent to a point subtracted from the other team. Competition is
fierce in such games because the players’ interests are diametrically op-
posed.

Let us illustrate a zero-sum game by looking at soccer, known as football
in most of the world. Row is kicking a penalty shot and column is defending.
Row can kick to the left or kick to the right; column can favor one side and
defend to the left or defend to the right in order to deflect the kick.

We will express the payoffs to these strategies in terms of expected points.
Obviously row will be more successful if column jumps the wrong way. On
the other hand, the game may not be perfectly symmetric since row may be
better at kicking in one direction than another and column may be better
at defending one direction or the other.

Let us assume that row will score 80 percent of the time if he kicks to
the left and column jumps to the right but only 50 percent of the time if
column jumps to the left. If row kicks to the right, we will assume that he
succeeds 90 percent of the time if column jumps to the left but 20 percent
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Column

Row
Kick left

Kick right

50, –50

90, –90

80, –80

20, –20

Defend left Defend right

Penalty point in soccer. Table
30.7

of the time if column jumps to the right. These payoffs are illustrated in
Table 30.7.

Note that the payoffs in each entry sum to zero, indicating that the play-
ers have diametrically opposed goals. Row wants to maximize his expected
payoff, and column wants to maximize her expected payoff—which means
she wants to minimize row’s payoff.

Obviously, if column knows which way row will kick she will have a
tremendous advantage. Row, recognizing this, will therefore try to keep
column guessing. In particular, he will kick sometimes to his strong side
and sometimes to his weak side. That is, he will pursue a mixed strategy.

If row kicks left with probability p, he will get an expected payoff of
50p + 90(1− p) when column jumps left and 80p + 20(1− p) when column
jumps right. Row wants to make this expected payoff as big as possible,
and column wants to make it as small as possible.

For example, suppose that row chooses to kick left half the time. If
column jumps left, row will have an expected payoff of 50 × 1/2 + 90 ×
1/2 = 70, and if column jumps right, row will have an expected payoff of
80× 1/2 + 20× 1/2 = 50.

Column, of course, can carry through this same reasoning. If column
believes that row will kick to the left half the time, then column will want
to jump to the right, since this is the choice that minimizes row’s expected
payoff (thereby maximizing column’s expected payoff).

Figure 30.2 shows row’s expected payoffs for different choices of p. This
simply involves graphing the two functions 50p+90(1−p) and 80p+20(1−p).
Since these two expressions are linear functions of p, the graphs are straight
lines.

Row recognizes that column will always try to minimize his expected
payoff. Thus, for any p, the best payoff he can hope for is the minimum
of the payoffs given by the two strategies. We’ve illustrated this by the
colored line in Figure 30.2.

Where does the maximum of these minimum payoffs occur? Obviously,
it occurs at the peak of the colored line, or, equivalently, where the two
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0 .7 1
ROW’S PROBABILITY    p 
OF KICKING LEFT

100

90

ROW’S
PERCENT
SUCCESS

20

80

62

50

Figure
30.2

Row’s strategy. The two curves show row’s expected payoff
as a function of p, the probability that he kicks to the left.
Whatever p he chooses, column will try to minimize row’s payoff.

lines intersect. We can calculate this value algebraically by solving

50p + 90(1− p) = 80p + 20(1− p)

for p. You should verify that the solution is p = .7.
Hence, if row kicks to the left 70 percent of the time and column responds

optimally, row will have an expected payoff of 50× .7 + 90× .3 = 62.
What about column? We can perform a similar analysis for her choices.

Suppose column decides to jump to the left with probability q and jump
to the right with probability (1 − q). Then row’s expected payoff will be
50q + 80(1 − q) if column jumps to the left and 90q + 20(1 − q) if column
jumps to the right. For each q, column will want to minimize row’s payoff.
But column recognizes that row wants to maximize this same payoff.
Hence, if column chooses to jump to the left with probability 1/2, she

recognizes that row will get an expected payoff of 50× 1/2+80× 1/2 = 65
if row kicks left and 90 × 1/2 + 20 × 1/2 = 55 if row kicks right. In this
case row will, of course, choose to kick left.
We can plot the two payoffs in Figure 30.3, which is analogous to the

previous diagram. From column’s viewpoint, it is the maximum of the two
lines that is relevant, since this reflects row’s optimal choice for each choice
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of q. Hence, the diagram depicts these lines in color. Just as before we
can find the best q for column—the point where row’s maximum payoff is
minimized. This occurs where

50q + 80(1− q) = 90q + 20(1− q),

which implies q = .6.

0 .6 1

ROW’S
PERCENT
SUCCESS

20

62

50

100

80

90

COLUMN’S PROBABILITY    q 
OF JUMPING LEFT

Column’s strategy. The two lines show row’s expected payoff
as a function of q, the probability that column jumps to the left.
Whatever q column chooses, row will try to maximize his own
payoff.

Figure
30.3

We have now calculated the equilibrium strategies for each of the two
players. Row should kick to the left with probability .7, and column should
jump to the left with probability .6. These values were chosen so that
row’s payoffs and column’s payoffs will be the same, whatever the other
player does, since we found the values by equating the payoffs from the two
strategies the opposing player could choose.
So when row chooses .7, column is indifferent between jumping left and

jumping right, or, for that matter jumping left with any probability q. In
particular, column is perfectly happy jumping left with probability .6.
Similarly, if column jumps left with probability .6, then row is indiffer-

ent between kicking left and kicking right, or any mixture of the two. In
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particular, he is happy to kick left with probability .7. Hence these choices
are a Nash equilibrium: each player is optimizing, given the choices of the
other.
In equilibrium row scores 62 percent of the time and fails to score 38

percent of the time. This is the best he can do, if the other player responds
optimally.
What if column responds nonoptimally? Can row do better? To answer

this question, we can use the best response curves introduced at the be-
ginning of this chapter. We have already seen that when p is less than .7,
column will want to jump left, and when p is greater than .7, column will
want to jump right. Similarly when q is less than .6, row will want to kick
left, and when q is greater than .6, row will want to kick right.

Figure 30.4 depicts these best response curves. Note that they intersect
at the point where p = .7 and q = .6. The nice thing about the best
response curves is that they tell each player what to do for every choice
the other player makes, optimal or not. The only choice that is an optimal
response to an optimal choice is where the two curves cross—the Nash
equilibrium.

Column’s best
response

Row’s best
response

0 .7 1
p

.6

1q

Figure
30.4

Best response curves. These are the best response curves
for row and column, as a function of p, the probability that row
kicks to the left, and q, the probability that column jumps to
the left.

creo
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30.5 Games of Coexistence

We have interpreted mixed strategies as randomization by the players. In
the penalty kick game, if row’s strategy is to play left with probability .7
and right with probability .3, then we think that row will “mix it up” and
play left 70 percent of the time and right 30 percent of the time.
But there is another interpretation. Suppose that kickers and goalies are

matched up at random and that 70 percent of the kickers always kick left
and 30 percent always kick right. Then, from the goalie’s point of view, it
is just like facing a single player who randomizes with those probabilities.
This isn’t all that compelling as a story for soccer games, but it is a

reasonable story for animal behavior. The idea is that various kinds of be-
havior are genetically programmed and that evolution selects the mixtures
of the population that are stable with respect to evolutionary forces. In re-
cent years, biologists have come to regard game theory as an indispensible
tool to study animal behavior.
The most famous game of animal interaction is the hawk-dove game.

This doesn’t refer to a game between hawks and doves (which would have a
pretty predictable outcome) but rather to a game involving a single species
that exhibits two kinds of behavior.
Think of a wild dog. When two wild dogs come across a piece of food,

they have to decide whether to fight or to share. Fighting is the hawkish
strategy: one will win and one will lose. Sharing is a dovish strategy: it
works well when the other player is also dovish, but if the other player
is hawkish, the offer to share is rejected and the dovish player will get
nothing.
A possible set of payoffs is given in Table 30.8.

Column

Row
Hawk

Dove

–2, –2

0, 4 

4, 0 

2, 2 

Hawk Dove

Hawk-dove game. Table
30.8

If both wild dogs play dove, they end up with (2, 2). If one plays hawk
and the other plays dove, the hawkish player wins everything. But if both
play hawk, each dog will be seriously injured.
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It obviously can’t be an equilibrium if everyone plays hawk, since if some
dog played dove, it would end up with 0 rather than −2. And if all dogs
played dove, it would pay someone to deviate and play hawk. So there
will have to be some mixture of hawk types and dove types in equilibrium.
What sort of mixture should we expect?
Suppose that the fraction playing hawk is p. Then a hawk will meet

another hawk with probability p and meet a dove with probability 1 − p.
The expected payoff to the hawk type will be

H = −2p + 4(1− p).

The expected payoff to the dove type will be

D = 2(1− p).

Suppose that the type that has the higher payoff reproduces more rapidly,
passing its tendency to play hawk or dove on to its offspring. So if H > D,
we would see the fraction of hawk types in the population increase, and if
H < D, we would expect to see the number of dove types increase.
The only way the population can be in equilibrium is if the payoffs to

each type are the same. This requires

H = −2p + 4(1− p) = 2(1− p) = D,

which solves for p = 1/2.
We have found that a 50-50 mixture of doves and hawks is an equilibrium.

Is it stable, in some sense? We plot the payoffs to hawk and dove as a
function of p, the fraction of the population playing hawk in Figure 30.5.
Note that when p > 1/2, the payoff to playing hawk is less than that of
playing dove, so we would expect to see the doves reproduce more rapidly,
moving us back to the equilibrium 50-50 ratio. Similarly, when p < 1/2,
the payoff to hawk is greater than the payoff to dove, leading the hawks to
reproduce more rapidly.
This argument shows that not only is p = 1/2 an equilibrium but it

is also stable under evolutionary forces. Considerations of this sort lead
to a concept known as an evolutionarily stable strategy or an ESS.1

Remarkably, an ESS turns out to be a Nash equilibrium, even though it
was derived from quite different considerations.
The Nash equilibrium concept was designed to deal with calculating,

rational individuals, each of whom is trying to devise a strategy appropriate
for the best strategy the other player might choose. The ESS was designed
to model animal behavior under evolutionary forces, where strategies that
had greater fitness payoffs would reproduce more rapidly. But the ESS
equilibria are also Nash equilibria, giving another argument for why this
particular concept in game theory is so compelling.

1 See John Maynard Smith, Evolution and the Theory of Games, (Cambridge Univer-
sity Press, 1982).
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PAYOFF

FRACTION PLAYING HAWK

4

3

0.20.1 0.4 0.6 0.80.3 0.5 0.7 0.9 1

2

1

Payoffs in the hawk-dove game. The payoff to hawk is
depicted in color; the payoff to dove is in black. When p > 1/2,
the payoff to hawk is less than dove and vice versa, showing that
the equilibrium is stable.

Figure
30.5

30.6 Games of Commitment

The previous examples involving games of cooperation and competition
have been concerned with games with simultaneous moves. Each player
had to make his or her choice without knowing what the other player was
choosing (or had chosen). Indeed, games of coordination or competition
can be quite trivial if one player knows the other’s choices.
In this section we turn our attention to games with sequential moves.

An important strategic issue that arises in such games is commitment.
To see how this works, look back at the game of chicken described earlier
in this chapter. We saw there that if one player could force himself to
choose straight, the other player would optimally choose to swerve. In the
assurance game, the outcome would be better for both players if one of
them moved first.
Note that this committed choice must be both irreversible and observable

by the other player. Irreversibility is part of what it means to be committed,
while observability is crucial if the other player is going to be persuaded to
change his or her behavior.

The Frog and the Scorpion

We begin with the fable of the frog and the scorpion. They were standing
on the bank of the river, trying to figure out a way across. “I know,” said
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the scorpion “I will climb on your back and you can swim across the river.”
The frog said, “But what if you sting me with your stinger?” The scorpion
said, “Why would I do that? Then we would both die.”
The frog found this convincing, so the scorpion climbed on his back and

they started across the river. Halfway across, at the deepest point, the
scorpion stung the frog. Writhing in pain, the frog cried out, “Why did
you do that? Now we are both doomed!” “Alas,” said the scorpion, as he
sank into the river, “it is my nature.”
Let’s look at the frog and the scorpion from the viewpoint of game theory.

Figure 30.6 depicts a sequential game with payoffs consistent with the story.
Start at the bottom of the game tree. If the frog refuses the scorpion,
both get nothing. Looking up one line, we see that if the frog carries the
scorpion, he receives utility 5, for doing a good deed, and the scorpion
receives a payoff of 3, for getting across the river. In line where the frog
is stung, he receives a payoff of −10, and the scorpion gets a payoff of 5,
representing the satisfaction from fulfilling his natural instincts.

FROG, SCORPION

–10, 5

5, 3

SCORPION
CHOOSES

Carry

FROG
CHOOSES

Refrain

Sting

0, 0

Refuse

Figure
30.6

The frog and the scorpion. If the frog chooses to carry the
scorpion, the scorpion will choose to sting him and both will
die.

It is best to start with the final move of the game: the scorpion’s choice
of sting or refrain. Stinging has a higher payoff to the scorpion because
“it is his nature” to sting. Hence the frog should rationally choose to
refuse to carry the scorpion. Unfortunately, the frog didn’t understand
the scorpion’s payoffs; apparently, he thought that the scorpion’s payoffs
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looked something like those in Figure 30.7. Alas, this mistake was fatal for
the frog.
A smart frog would figure out some way to make the scorpion commit to

not stinging. He could, for example, tie his tail. Or he could hire a hit frog,
who would retaliate against the scorpion’s family. Whatever the strategy,
the critical thing for the frog to do is to change the payoffs to the scorpion
by making stinging more costly or refraining more rewarding.

FROG, SCORPION

–10, 2

5, 3

SCORPION
CHOOSES

Refuse

Carry

FROG
CHOOSES

Refrain

Sting

0, 0

The frog and the scorpion. With these payoffs, if the frog
chooses to carry the scorpion, the scorpion will not choose to
sting him, and both will make it across the river safely.

Figure
30.7

The Kindly Kidnapper

Kidnapping for ransom is a big business in some parts of the world. In
Columbia, it is estimated that there are over 2,000 kidnappings for ransom
per year. In the former Soviet Union, kidnappings rose from 5 in 1992 to
105 in 1999. Many of the victims are Western businesspeople.
Some countries, such as Italy, have laws against paying ransom. The

reasoning is that if the victim’s family or employers can commit themselves
not to pay ransom, then the kidnappers will have no motive to abduct the
victim in the first place.
The problem is, of course, once a kidnapping has taken place, a victim’s

family will prefer to pay the kidnappers, even if it is illegal to do so. Hence
penalties for paying ransom may not be effective as a commitment device.
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Suppose some kidnappers abduct a hostage and then discover that they
can’t get paid. Should they release the hostage? The hostage, of course,
promises not to reveal the identity of the kidnappers. But will he keep
this promise? Once he is released, he has no incentive to do so—and every
incentive to try to punish the kidnappers. Even if the kidnappers want to
let the hostage go, they can’t do so for fear of being identified.
Figure 30.8 depicts some possible payoffs. The kidnapper would feel bad

about killing the hostage, receiving a payoff of −3. Of course, the hostage
would feel even worse, receiving a payoff of −10. If the hostage is released,
and refrains from identifying the kidnapper, the hostage gets a payoff of 3
and the kidnapper gets a payoff of 5. But if the hostage does identify the
kidnapper, he gets a payoff of 5, leaving the kidnapper with a payoff of −5.

KIDNAPPER, HOSTAGE

–5, 5

5, 3

HOSTAGE
CHOOSES

Kill

Release

KIDNAPPER
CHOOSES

Refrain

Identify

–3, –10

Figure
30.8

Kidnap game. The kidnapper would like to release the hostage,
but if he does, the hostage will identify him.

Now it is the hostage who has the commitment problem: how can he
convince the kidnappers that he won’t renege on his promise and reveal
their identity?
The hostage needs to figure out a way to change the payoffs of the game.

In particular, he needs to find a way to impose a cost on himself if he
identifies the kidnappers.
Thomas Schelling, an economist at the University of Maryland who has

worked extensively on strategic analysis in dynamic games, suggests that
the hostage might have the kidnappers photograph him in some embarrass-
ing act and leave them with the photos. This effectively changes the payoffs
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from his subsequently revealing the identity of the kidnappers, since they
then have the option of revealing the embarrassing photograph.

This sort of strategy is known as an “exchange of hostages.” In the
Middle Ages, when two kings wanted to ensure a contract wouldn’t be
broken, they would exchange hostages such as family members. If either
king broke the agreement, the hostages would be sacrificed. Neither wanted
to sacrifice their family members, so each king would have an incentive to
respect the terms of their contract.

In the case of the kidnapping, the embarrassing photo would impose
costs on the hostage if it were released, thereby ensuring that he will stick
to his agreement not to reveal the identity of the kidnappers.

When Strength Is Weakness

Our next example comes from the world of animal psychology. It turns out
that pigs quickly establish dominance-subordinateness relations, in which
the dominant pig tends to boss the subordinate pig around.

Some psychologists put two pigs, one dominant, one subordinate, in a
long pen.2 At one end of the pen was a lever that would release a portion
of food to a trough located at the other end of the pen. The question of
interest was this: which pig would push the lever and which would eat the
food?

Somewhat surprisingly the outcome of the experiment was that the dom-
inant pig pressed the lever, while the subordinate pig waited for the food.
The subordinate pig then ate most of the food, while the dominant pig
rushed as fast as it could to the trough end of the pen, ending up with only
a few scraps. Table 30.9 depicts a game that illustrates the problem.

Dominant Pig

Subordinate
Pig

Don’t 
press lever

Press lever

0, 0

0, 5

4, 1

2, 3

Don’t 
press lever Press lever

Pigs pressing levers. Table
30.9

2 The original reference is Baldwin and Meese, “Social Behavior in Pigs Studied by
Means of Operant Conditioning,” (Animal Behavior, (1979)). I draw on the de-
scription of John Maynard Smith, Evolution and the Theory of Games (Cambridge
University Press, 1982).
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The subordinate pig compares a payoff of (0, 4) to (0, 2) and concludes,
sensibly enough, that pressing the lever is dominated by not pressing it.
Given that the subordinate pig doesn’t press the lever, the dominant pig
has no choice but to do so.
If the dominant pig could refrain from eating all the food and reward the

subordinate pig for pressing the lever, it could achieve a better outcome.
The problem is that pigs have no contracts, and the dominant pig can’t
help being a hog!
As in the case of the kindly kidnapper, the dominant pig has a commit-

ment problem. If he could only commit to not eating all the food, he would
end up much better off.

Savings and Social Security

Commitment problems aren’t limited to the animal world. They also show
up in economic policy.
Saving for retirement is an interesting and timely example. Everyone

gives lip service to the fact that saving is a good idea. Unfortunately, few
people actually do it. Part of the reason for the reluctance to save is that
individuals recognize that society won’t let them starve, so there is a good
chance they will be bailed out later on.
To formulate this in a game between the generations, let’s consider two

strategies for the older generation: save or squander. The younger genera-
tion likewise has two strategies: support their elders or save for their own
retirement. A possible game matrix is shown in Table 30.10.

Younger Generation

Older
Generation

Save

Squander

2, –1 

–2, –2 

1, 0
 

3, –1 

Support Refrain

Table
30.10

Intergenerational conflict over savings.

If the older generation saves and the younger generation also supports
them, the old folks end up with a utility level of 2 and the young folks end
up with −1. If the older generation squanders and the younger generation
supports them, the elders end up with a utility of 3 and the young folks
end up with −1.
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If the younger generation refrains from providing support to their elders
and the older generation saves, the old folks get 1 and the young folks get 0.
Finally, if the old folks squander and the young folks neglect them, each
ends up with utility of −2, the old folks from starving and the young folks
from having to watch.
It is not hard to see that there are two Nash equilibria in this game. If

the old folks choose to save, then the young folks will choose optimally to
neglect them. But if the old folks choose to squander, then it is optimal
for the younger generation to support them. And of course, given that the
younger generation will support their elders, it is optimal for their elders
to squander!
However, this analysis ignores the time structure of the game: one of the

(few) advantages of being old is that you get to move first. If we draw out
the game tree, the payoffs become those in Figure 30.9.

3, –1

–2, –2

Save

Squander

Refrain

Support

YOUNG
CHOOSE

YOUNG
CHOOSE

OLD
CHOOSE

2, –1

1, 0

Refrain

Support

OLD, YOUNG

The savings game in extended form. Knowing that the
younger generation will support them, the older generation chooses
to squander. The subgame perfect equilibrium is (support,
squander).

Figure
30.9

If the oldsters save, the youngsters will choose to neglect them, so the
oldsters end up with a payoff of 1. If the oldsters squander, they know that
the youngsters won’t be able to bear watching them starve, so the oldsters
end up with a payoff of 3. Hence the sensible thing for the oldsters to do
is to squander, knowing they will be bailed out later on.
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Of course, most developed countries now have a program like the U.S.
Social Security program that forces each generation to save for retirement.

EXAMPLE: Dynamic inefficiency of price discrimination

Recall the definition of first-degree price discrimination: the seller prices
the good so that it extracts the entire consumer surplus from the buyer.
We argued in Chapter 14 that this was efficient since all valuable trades
were carried out.
Despite this, there are cases where first-degree price discrimination can

lead to inefficiency. Suppose a salesman is such a good bargainer that he can
extract the entire consumer surplus from each customer—he is an expert
at first-degree price discrimination. But here’s the problem: if everyone
knows that he can extract all the consumer surplus, why would they ever
want to buy something from him? At best, they would just break even.
This is a bit like the example of the dominant pig in the previous section.

The dominant pig ended up in a worse position because it could not commit
to sharing. Well, people are (usually) more intelligent than pigs, so they
realize that if they want some repeat business they should make sure their
customers get some surplus out of the transaction.
To do this it is necessary to find a way to commit to offering a good deal

to the customers, perhaps by offering a coupon that can be used after the
negotiation has taken place or by having a posted price that is available to
everyone.

Hold Up

Consider the following strategic interaction. You hire a contractor to build
a warehouse. After the plans are approved and the construction is almost
done, you realize that the color is bad, so you ask the contractor to change
the paint, which involves a trivial expense. The contractor comes back and
says: “That change order will be $1500, please.”
You recognize that it will cost you at least that much to delay completion

until you can find a painter, and you really do want the new color, so,
muttering under your breath, you pay the cost. Congratulations, you have
been held up!
Of course, contractors are not the only party at fault in this sort of game.

The clients can “hold up” their payment as well, causing lots of grief for
the contractor.
The game tree for the hold-up problem is depicted in Figure 30.10. We

suppose that the value the owner places on having the new paint is $1500
and that the actual cost of painting is $200. Starting at the top of leaves



GAMES OF COMMITMENT 579

of the tree, if the contractor charges $1500, it will realize a profit of $1300,
and the client gets a net utility of zero.

If the client looks for another painter, it will cost him $200 to pay the
painter and, say, $1400 in lost time. He gets the color he wants which is
worth $1500, buy has to pay $1600 in direct costs and delay costs, leaving
him with a net loss of $100.

If the contractor charges the client the actual cost of $200, he breaks
even and the client gets a $1500 value for $200, leaving him with a net
payoff of $1300.

As can be seen, the optimal choice for the contractor is to extort the pay-
ment, and the optimal choice for the customer is to give in. But a sensible
client will recognize that change orders will occur in any project. Because
of this, the client will be reluctant to hire contractors with a reputation for
extortion which is, of course, bad for the contractor.

1300, 0

0, –100 

0, 1300 

Extort

Charge
actual
cost

Find a
painter

Give
in

CONTRACTOR
CHOOSES

CLIENT
CHOOSES

CONTRACTOR, CLIENT

The hold-up problem. The contractor charges a high price
for the change since the client has no alternative.

Figure
30.10

How do firms solve the hold-up problem? The basic answer is contracts.
Normally, contractors negotiate a contract specifying what kinds of change
orders are appropriate and how their costs will be determined. Sometimes
there are even arbitration or other dispute resolution procedures built into
the contracts. A lot of time, energy, and money goes into writing contracts
just to make certain that hold up won’t occur.

But contracts aren’t the only solution. Another way to solve the problem
is through commitment. For example, the contractor might post a bond
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guaranteeing timely completion of the project. Again, there will generally
be some objectively specified terms about what constitutes completion.
Another important factor is reputation. Obviously, a contractor who

persistently tries to extort his customers will get a bad reputation. He
won’t be hired again by this customer, and he certainly won’t get good
recommendations. This reputation effect can be examined in a repeated
game context in which hold up today will cost the contractor in the future.

30.7 Bargaining

The classical bargaining problem is divide the dollar. Two players have a
dollar that they want to divide between them. How do they do it?
The problem, as stated, has no answer since there is too little information

to construct a reasonable model. The challenge in modeling bargaining is
to find some other dimensions on which the players can negotiate.
One solution, the Nash bargaining model, takes an axiomatic ap-

proach by specifying certain properties that a reasonable bargaining so-
lution should have and then proving that there is only one outcome that
satisfies these axioms.
The outcome ends up depending on how risk averse the players are and

what will happen if no bargain is made. Unfortunately, a full treatment of
this model is beyond the scope of this book.
An alternative approach, the Rubinstein bargaining model, looks at

a sequence of choices and then solves for the subgame perfect equilibrium.
Luckily the basic insight of this model is easy to illustrate in simple cases.
Two players, Alice and Bob, have $1 to divide between them. They

agree to spend at most three days negotiating over the division. The first
day, Alice will make an offer, Bob either accepts or comes back with a
counteroffer the next day, and on the third day Alice gets to make one final
offer. If they cannot reach an agreement in three days, both players get
zero.
We assume Alice and Bob differ in their degree of impatience: Alice

discounts payoffs in the future at a rate of α per day, and Bob discounts
payoffs at a rate of β per day. Finally, we assume that if a player is
indifferent between two offers, he will accept the one that is most preferred
by his opponent. This idea is that the opponent could offer some arbitrarily
small amount that would make the player strictly prefer one choice and
that this assumption allows us to approximate such an “arbitrarily small
amount” by zero. It turns out that there is a unique subgame perfect
equilibrium of this bargaining game.
We start our analysis at the end of the game, right before the last day.

At this point Alice can make a take-it-or-leave-it offer to Bob. Clearly,
the optimal thing for Alice to do at this point is to offer Bob the smallest
possible amount that he would accept, which, by assumption, is zero. So if
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the game actually lasts three days, Alice would get $1 and Bob would get
zero (i.e., an arbitrarily small amount).
Now go back to the previous move, when Bob gets to propose a division.

At this point Bob should realize that Alice can guarantee herself $1 on the
next move by simply rejecting his offer. A dollar next period is worth α
to Alice this period, so any offer less than α would be sure to be rejected.
Bob certainly prefers 1−α now to zero next period, so he should rationally
offer α to Alice, which Alice will then accept. So if the game ends on the
second move, Alice gets α and Bob gets 1− α.
Now move to the first day. At this point Alice gets to make the offer and

she realizes that Bob can get 1−α if he simply waits until the second day.
Hence Alice must offer a payoff that has at least this present value to Bob
in order to avoid delay. Thus she offers β(1 − α) to Bob. Bob finds this
(just) acceptable and the game ends. The final outcome is that the game
ends on the first move with Alice receiving 1− β(1−α) and Bob receiving
β(1− α).
The first panel in Figure 30.11 illustrates this process for the case where

α = β < 1. The outermost diagonal line shows the possible payoff patterns
on the first day, namely, all payoffs of the form xA + xB = 1. The next
diagonal line moving toward the origin shows the present value of the pay-
offs if the game ends in the second period: xA + xB = α. The diagonal
line closest to the origin shows the present value of the payoffs if the game
ends in the third period; the equation for this line is xA + xB = α2. The
right-angled path depicts the minimum acceptable divisions each period,
leading up to the final subgame perfect equilibrium. The second panel in
Figure 30.11 shows how the same process might look with more stages in
the negotiation.
It is natural to let the horizon go to infinity and ask what happens in the

infinite game. It turns out that the subgame perfect equilibrium division
is

Payoff to Alice =
1− β
1− αβ

Payoff to Bob =
β(1− α)
1− αβ

.

Note that if α = 1 and β < 1, then Alice receives the entire payoff.

The Ultimatum Game

The Rubinstein bargaining model is so elegant that economists rushed to
test it in the laboratory. They found, alas, that elegance does not imply
accuracy. Naive subjects (i.e., noneconomics majors) aren’t very good at
looking ahead more than one or two steps, if that.
In addition, there are other factors that cause problems. To see this,

let us examine a one-step version of the bargaining model described above.
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BOB’S
PAYOFF

BOB’S
PAYOFF

ALICE’S PAYOFF

ALICE’S PAYOFF

Subgame perfect
equilibrium Subgame perfect

equilibrium

Day 3

a

a2

1

Day 2 Day 1

Figure
30.11

A bargaining game. The heavy line connects together the
equilibrium outcomes in the subgames. The point on the line
that is furthest out is the subgame perfect equilibrium.

Alice and Bob still have $1 to divide between them. Alice proposes a
division, and, if Bob agrees, the game ends. The question is, what should
Alice say?

According to the theory, she should propose something like 99 cents for
Alice, 1 cent for Bob. Bob, figuring that 1 cent is better than nothing,
accepts, and Alice goes home happy that she studied economics.

Unfortunately, it doesn’t work out like that. A more likely outcome is
that Bob, disgusted by the paltry 1 cent, says “No way,” and Alice ends
up with nothing. Alice, recognizing this possibility, will tend to sweeten
the offer. In actual experiments, the average offer for U.S. undergraduates
is about 45 cents, and this offer tends to be accepted most of the time.

The offering players are behaving rationally, in the sense that the 45 cent
offer is pretty close to maximizing the expected payoff, given the observed
frequency of rejection. It is the receiving players who behave differently
than the theory predicts, since they reject small offers, even though this
makes them worse off.

There are many proposed explanations for this. One view is that too
small an offer violates social norms of behavior. Indeed, economists have
found quite significant cross-cultural differences in behavior in ultimatum
games. Another, not inconsistent view, is that receivers get some utility
payoff from hurting the offerers, in retaliation for the small offer. After all,
if all you are losing is a penny, the satisfaction of striking back at the other
player is pretty attractive by comparison. We will the ultimatum game in
more detail in the next chapter.
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Summary

1. A player’s best response function gives the optimal choice for him as a
function of the choices the other player(s) might make.

2. A Nash equilibrium in a two-person game is a pair of strategies, one for
each player, each of which is a best response to the other.

3. A mixed strategy Nash equilibrium involves randomizing among several
strategies.

4. Common games of coordination are the battle of the sexes, where both
players want to do the same thing rather than different things; the pris-
oner’s dilemma, where the dominant strategy ends up hurting both players;
the assurance game, where both players want to cooperate as long as they
think the other will cooperate; and chicken, where players want to avoid
doing the same thing.

5. A two-person zero-sum game is one where the payoffs to one player are
the negative of the payoffs to the other.

6. Evolutionary games are concerned with outcomes that are stable under
population reproduction.

7. In sequential games, players move in turn. Each player therefore has to
reason about what the other will do in response to his or her choices.

8. In many sequential games, commitment is an important issue. Finding
ways to force commitment to play particular strategies can be important.

REVIEW QUESTIONS

1. In a two-person Nash equilibrium, each player is making a best response
to what? In a dominant strategy equilibrium, each player is making a best
response to what?

2. Look at the best responses for row and column in the section on mixed
strategies. Do these give rise to best response functions?

3. If both players make the same choice in a coordination game, all will be
well.

4. The text claims that row scores 62 percent of the time in equilibrium.
Where does this number come from?
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5. A contractor says that he intends to “low-ball the bid and make up for
it on change orders.” What does he mean?



CHAPTER 31

BEHAVIORAL
ECONOMICS

The economic model of consumer choice that we have studied is simple
and elegant, and is a reasonable starting place for many sorts of analy-
sis. However, it is most definitely not the whole story, and in many cases
a deeper model of consumer behavior is necessary to accurately describe
choice behavior.
The field of behavioral economics is devoted to studying how con-

sumers actually make choices. It uses some of the insights from psychology
to develop predictions about choices people will make and many of these
predictions are at odds with the conventional economic model of “rational”
consumers.
In this chapter we will look at some of the most important phenomena

that have been identified by behavioral economists, and contrast the pre-
dictions of these behavioral theories with those presented earlier in this
book.1

1 In writing this chapter, I have found Colin F. Camerer, George Loewenstein, and
Matthew Rabin’s book Advances in Behavioral Economics, Princeton University
Press, 2003, to be very useful, particularly the introductory survey by Camerer and
Loewenstein. Other works will be noted as the relevant topics are discussed.
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31.1 Framing Effects in Consumer Choice

In the basic model of consumer behavior, the choices were described in the
abstract: red pencils or blue pencils, hamburgers and french fries, and so
on. However, in real life, people are strongly affected by how choices are
presented to them or framed.
A faded pair of jeans in a thrift shop may be perceived very differently

than the same jeans sold in an exclusive store. The decision to buy a
stock may feel quite different than the decision to sell a stock, even if both
transactions end up with the same portfolio. A store might sell dozens of
copies of a book priced at $29.95, whereas the same book priced at $29.00
would have substantially fewer sales.
These are all examples of framing effects, and they are clearly a pow-

erful force in choice behavior. Indeed, much of marketing practice is based
on understanding and utilizing such biases in consumer choice.

The Disease Dilemma

Framing effects are particularly common in choices involving uncertainty.
For example, consider the following decision problem:2

A serious disease threatens 600 people. You are offered a choice between
two treatments, A and B, which will yield the following outcomes.

Treatment A. Saving 200 lives for certain.

Treatment B. A 1/3 chance of saving 600 lives and a 2/3 chance of saving
no one.

Which would you choose? Now consider the choices between these treat-
ments.

Treatment C. Having 400 people die for certain.

Treatment D. A 2/3 chance of 600 people dying and a 1/3 chance of no
one dying.

Now which treatment would you choose?

2 A. Tversky and D. Kahneman, 1981, “The framing of decisions and the psychology
of choice,” Science, 211, 453–458.
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In the positive framing comparison—which describes how many people
will live—most individuals choose A over B, but in the negative framing
comparison most people choose D over C even though the outcomes in A-C
and B-D are exactly the same. Apparently, framing the question positively
(in terms of lives saved) makes a treatment much more attractive than
framing the choice negatively (in terms of lives lost).
Even expert decisions makers can fall into this trap. When psychologists

tried this question on a group of physicians, 72 percent of them chose the
safe treatment A over the risky treatment B. But when the question was
framed negatively, only 22 percent chose the risky treatment C while 72
percent chose the safe treatment.
Though few of us are faced with life-or-death decisions, there are similar

examples for more mundane choices, such as buying or selling stocks. A
rational choice of an investment portfolio would, ideally, depend on an
assessment of the possible outcomes of the investments rather than how
one acquired those investments.
For example, suppose that you are given 100 shares of stock in Concrete-

Blocks.com (whose slogan is “We give away the blocks, you pay for packing
and shipping”). You might be reluctant to sell shares you received as a gift
despite the fact that you would never consider buying them yourself.
People are often reluctant to sell losing stocks, thinking that they will

“come back.” Maybe they will, maybe they won’t. But ultimately you
shouldn’t let history determine your investment portfolio—the right ques-
tion to ask is whether you have the portfolio choices today that you want.

Anchoring Effects

The hypothetical ConcreteBlocks.com example described above is related
to the so-called anchoring effect. The idea here is that people’s choices
can be influenced by completely spurious information. In a classic study
the experimenter spun a wheel of fortune and pointed out the number that
came up to a subject.3 The subject was then asked whether the number
of African countries in the United Nations was greater or less than the
number on the wheel of fortune.
After they responded, the subjects were asked for their best guess about

how many African countries were in the United Nations. Even though the
number shown on the wheel of fortune was obviously random, it exerted a
significant influence on the subjects’ reported guesses.
In a similar experimental design, MBA students were given an expensive

bottle of wine and then asked if they would pay an amount for that bottle
equal to the last two digits of their Social Security number. For example,

3 D. Kahneman and A. Tversky, 1974, “Judgment under uncertainty: Heuristics and
biases,” Science, 185: 1124–1131.
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if the last two digits were 29, the question was “Would you pay $29 for this
bottle of wine?”
After answering that question, the students were asked what the maxi-

mum amount is that they were willing to pay for the wine. Their answers
to this latter question were strongly influenced by the price determined by
the last two digits of their Social Security number. For example, those with
Social Security digits of 50 or under were willing to pay $11.62 on average,
while those with digits in the upper half of the distribution were willing to
pay $19.95 on average.
Again, these choices seem like mere laboratory games. However, there

are very serious economic decisions that can also be influenced by minor
variations in the way the choice is framed.
Consider, for example, choices of pension plans.4

Some economists looked at data from three employers that offered au-
tomatic enrollment in 401(k) plans. Employees could opt out, but they
had to make an explicit choice to do so. The economists found that the
participation rate in these programs with automatic enrollment was spec-
tacularly high, with over 85 percent of workers accepting the default choice
of enrolling in the 401(k) plans.
That’s the good news. The bad news is that almost all of these workers

also chose the default investment, typically a money market fund with very
low returns and a low monthly contribution. Presumably, the employers
made the default investment highly conservative to eliminate downside risk
and possible employee lawsuits.
In subsequent work, these economists examined the experience at a com-

pany where there was no default choice of pension plan: within a month
of starting work, employees were required to choose either to enroll in the
401(k) plan or to postpone enrollment.
By eliminating the standard default choices of non-enrollment, and of

enrollment in a fund that had low rates of return, this “active decision”
approach raised participation rates from 35 percent to 70 percent for newly
hired employees. Moreover, employees who enrolled in the 401(k) plan
overwhelmingly chose high savings rates.
As this example illustrates, careful design of human resources benefits

programs can make a striking difference in which programs are chosen,
potentially having a large effect on consumer savings behavior.

Bracketing

People often have trouble understanding their own behavior, finding it too
difficult to predict what they will actually choose in different circumstances.

4 James Choi, David Laibson, Brigitte Madrian, and Andrew Metrick, “For Better
or for Worse: Default Effects and 401(k) Savings Behavior,” NBER working paper,
W8651, 2001.
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For example, a marketing professor gave students a choice of six different
snacks that they could consume in each of three successive weeks during
class.5 (You should be so lucky!) In one treatment, the students had to
choose the snacks in advance; in the other treatment, they chose the snacks
on each day then immediately consumed them.
When the students had to choose in advance, they chose a much more

diverse set of snacks. In fact, 64 percent chose a different snack each week in
this treatment compared to only 9 percent in the other group. When faced
with making the choices all at once, people apparently preferred variety
to exclusivity. But when it came down to actually choosing, they made
the choice with which they were most comfortable. We are all creatures of
habit, even in our choice of snacks.

Too Much Choice

Conventional theory argues that more choice is better. However, this claim
ignores the costs of making choices. In affluent countries, consumers can
easily become overwhelmed with choices, making it difficult for them to
arrive at a decision.
In one experiment, two marketing researchers set up sampling booths

for jam in a supermarket.6 One booth offered 24 flavors and one offered
only 6. More people stopped at the larger display, but substantially more
people actually bought jam at the smaller display. More choice seemed to
be attractive to shoppers, but the profusion of choices in the larger display
appeared to make it more difficult for the shoppers to reach a decision.
Two experts in behavioral finance wondered whether the same problem

with “excessive choice” showed up in investor decisions. They found that
people who designed their own retirement portfolios tended to be just as
happy with the average portfolio chosen by their co-workers as they were
with their own choice. Having the flexibility to construct their own retire-
ment portfolios didn’t seem to make investors feel better off.7

Constructed Preferences

How are we to interpret these examples? Psychologists and behavioral
economists argue that preferences are not a guide to choice; rather, prefer-
ences are “discovered” in part through the experiences of choice.

5 I. Simonson, 1990, “The effect of purchase quantity and timing on variety-seeking
behavior,” Journal of Marketing Research, 17: 150–164.

6 Sheena S. Iyengar and Mark R. Lepper, “When choice is demotivating: can one desire
too much of a good thing?” Journal of Personality and Social Psychology, 2000.

7 Shlomo Benartzi and Richard Thaler, “How Much Is Investor Autonomy Worth?”
UCLA working paper, 2001.
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Imagine watching someone in the supermarket picking up a tomato,
putting it down, then picking it up again. Do they want it or not? Is
the price-quality combination offered acceptable? When you watch such
behavior, you are seeing someone who is “on the margin” in terms of mak-
ing the choice. They are, in the psychologists’ interpretation, discovering
their preferences.
Conventional theory treats preferences as preexisting. In this view, pref-

erences explain behavior. Psychologists instead think of preferences as
being constructed—people develop or create preferences through the act of
choosing and consuming.
It seems likely that the psychological model is a better description of what

actually happens. However, the two viewpoints are not entirely incompat-
ible. As we have seen, once preferences have been discovered, albeit by
some mysterious process, they tend to become built-in to choices. Choices,
once made, tend to anchor decisions. If you tried to buy that tomato from
that consumer once they have finally decided to choose it, you would likely
have to pay more than it cost them.

31.2 Uncertainty

Ordinary choice is complicated enough, but choice under uncertainty tends
to be particularly tricky. We’ve already seen that people’s decisions may
depend on how choice alternatives are phrased. But there are many other
biases in behavior in this domain.

Law of Small Numbers

If you have taken a course in statistics, you might be familiar with the Law
of Large Numbers. This is a mathematical principle that says (roughly)
that the average of a large sample from a population tends to be close to
the mean of that population.
The Law of Small Numbers is a psychological statement that says that

people tend to be overly influenced by small samples, particularly if they
experience them themselves.8

Consider the following question:9

8 The term originated with A. Tversky and D. Kahneman, 1971, “Belief in the law of
small numbers,” Psychological Bulletin,76, 2: 105–110. Much of the following discus-
sion is based on a working paper by Matthew Rabin of the University of California
at Berkeley entitled “Inference by Believers in the Law of Small Numbers.”

9 A. Tversky and D. Kahneman, 1982, “Judgments of and by Representativeness,” in
Judgment under Uncertainty: Heuristics and Biases, D. Kahneman, P. Slovic, and
A. Tversky, Cambridge University Press, 84–98.
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“A certain town is served by two hospitals. In the larger hospital about
45 babies are born each day, and in the smaller hospital about 15 babies
are born each day. As you know, about 50 percent of all babies are boys.
However, the exact percentage varies from day to day. Sometimes it may
be higher than 50 percent, sometimes lower. For a period of 1 year, each
hospital recorded the days on which more than 60 percent of the babies
born were boys. Which hospital do you think recorded more such days?”

In a survey of college students, 22 percent of the subjects said that they
thought that it was more likely that the larger hospital recorded more such
days, while 56 percent said that they thought the number of days would be
about the same. Only 22 percent correctly said that the smaller hospital
would report more days.
If the correct account seems peculiar to you, suppose the smaller hospi-

tal recorded 2 births per day and the larger hospital 100 births per day.
Roughly 25 percent of the time the smaller hospital would have 100 percent
male births, while this would be very rare for the large hospital.
It appears that people expect samples to look like the distribution from

which they are drawn. Or, saying this another way, people underestimate
the actual magnitude of the fluctuations in a sample.
A related issue is that people find it difficult to recognize randomness. In

one experiment, subjects were asked to write down a series of 150 “random”
coin tosses. About 15 percent of the sequences they produced had heads
or tails three times in a row, but this pattern would occur randomly about
25 percent of the time. Only 3 percent of the subjects’ sequences had 4
heads or 4 tails in a row, while probability theory says that this should
occur about 12 percent of the time.
This has important implications for game theory, for example. We saw

that in many cases people should try to randomize their strategy choices
so as to keep their opponents guessing. But, as the psychological literature
shows, people aren’t very good at randomizing. On the other hand, people
aren’t very good at detecting non-random behavior either, at least without
some training in statistics. The point of mixed strategy equilibria is not
that choices are mathematically unpredictable, but rather that they should
be unpredictable by the players in the game.
Some economic researchers studied final and semi-final tennis matches at

Wimbledon.10 Ideally, tennis players should switch their serves from side
to side so that their opponent can’t guess which side the serve is coming
from. However, even very accomplished players can’t do this quite as well
as one might expect. According to the authors:

“Our tests indicate that the tennis players are not quite playing ran-

10 M. Walker and J. Wooders, 1999, “Minimax Play at Wimbledon,” University of Ari-
zona working paper.
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domly: they switch their serves from left to right and vice versa somewhat
too often to be consistent with random play. This is consistent with ex-
tensive experimental research in psychology and economics which indicates
that people who are attempting to behave truly randomly tend to “switch
too often.”

Asset Integration and Loss Aversion

In our study of expected utility we made an implicit assumption that what
individuals cared about was the total amount of wealth that they ended
up with in various outcomes. This is known as the asset integration
hypothesis.

Even though most people would accept this as a reasonable thing to do,
it is hard to put into practice (even for economists). In general, people
tend to avoid too many small risks and accept too many large risks.
Suppose that you make $100,000 a year and that you are offered a coin

flip. If heads comes up you get $14 and if tails comes up you lose $10. This
bet has an expected value of $12 and has a minuscule effect on your total
income in a given year. Unless you have moral scruples about gambling,
this would be a very attractive bet and you should almost certainly take
it. However, a surprisingly large number of people won’t take such a bet.
This excess risk aversion shows up in insurance markets where people

tend to over-insure themselves against various small events. For example,
people buy insurance against loosing their cell phone, even though they
can often replace it at quite a low cost. People also buy auto insurance
with deductibles that are much too low to make economic sense.
In general, when making insurance decisions you should look at the

“house odds.” If cell phone insurance costs you $3 a month, or $36 a
year, and a new cell phone costs $180, then the house odds are 36/180,
or 20 percent. The cell phone insurance would pay off in expected value
only if you have more than a 20 percent chance of losing your phone or if
it would be an extreme financial hardship to replace it.
It appears that people aren’t really risk averse as much as they are

loss averse. That is, people put seemingly excessive weight on the status
quo—where they start—as opposed to where they end up.
In an experiment that has been replicated many times, two researchers

gave half of the subjects in a group coffee mugs.11 They asked this group to
report the lowest price at which they would sell the mugs. Then they asked
the group that didn’t have mugs the highest price at which they would buy
a mug. Since the groups were chosen randomly, the buying and selling
prices should be about equal. However, in the experiment, the median

11 D. Kahneman, J. L. Kitsch, and R. Thaler, 1990, “Experimental tests of the endow-
ment effect and the Coase theorem,” Journal of Political Economy, 98, 1325–1348.
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selling price was $5.79 and the median buying price was $2.25, a substantial
difference. Apparently, the subjects with coffee mugs were more reluctant
to part with them than subjects without mugs. Their preferences seemed to
be influenced by their endowment, contrary to standard consumer theory.
A similar effect shows up in what is known as the sunk cost fallacy.

Once you have bought something, the amount you paid is “sunk,” or no
longer recoverable. So future behavior should not be influenced by sunk
costs.
But, alas, real people tend to care about how much they paid for some-

thing. Researchers have found that the price at which owners listed con-
dominiums in Boston was highly correlated with the buying price.12 As
pointed out earlier, owners of stock are very reluctant to realize losses, even
when it would be advantageous for tax reasons.
The fact that ordinary people are subject to the sunk cost fallacy is in-

teresting, but perhaps it is even more interesting that professionals are less
susceptible to this problem. For example, the authors of the condominium
example mentioned above found that individuals who bought condos for
investment purposes were less likely to be influenced by sunk costs than
individuals who lived in the condos.
Similarly, financial advisers are seldom reluctant to realize losses, partic-

ularly when there is a tax advantage to do so. It appears that one reason
to hire professional advisers is to draw on their dispassionate analysis of
decisions.

31.3 Time

Just as behavior involving uncertainty is subject to various forms of anoma-
lous behavior, behavior involving time has its own set of anomalies.

Discounting

Consider, for example, time discounting. A standard model in economics,
exponential discounting, posits that people discount the future at a
constant fraction. If u(c) is the utility of consumption today, then the
utility of consumption t years in the future looks like δtu(c), where δ < 1.

This is a mathematically convenient specification, but there are other
forms of discounting that seem to fit the data better.
One economist auctioned off bonds that paid off at various times in the

future and found that people valued payment at future times less than the

12 David Genesove and Christopher Mayer, 2001, “Loss aversion and seller behavior:
Evidence from the housing market,” Quarterly Journal of Economics, 116, 4, 1233–
1260.
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exponential discounting theory would predict. An alternative theory, called
hyperbolic discounting, suggests that the discount factor does not take
the form δt but rather takes the form 1/(1 + kt).

One particularly attractive feature of exponential discounting is that
behavior is “time consistent.” Think about a person with a three-period
planning horizon with utility function of the form

u(c1) + δu(c2) + δ2u(c3).

The marginal rate of substitution between periods 1 and 2 is

MRS12 =
δMU(c2)

MU(c1)
,

while the MRS between periods 2 and 3 is

MRS23 =
δ2MU(c3)

δMU(c2)
=

δMU(c3)

MU(c2)
.

This last expression shows that the rate at which the individual is will-
ing to substitute consumption in period 2 for consumption in period 3 is
the same whether viewed from the perspective of period 1 or of period 2.
This is not true for hyperbolic discounting. An individual with hyperbolic
discounting discounts the long-term future more heavily than he discounts
the short-term future.
Such a person will exhibit time inconsistency: he may make a plan

today about his future behavior, but when the future arrives he will want
to do something different. Think of a couple who decide to spend $5,000
on a trip to Europe rather than save their money. They rationalize their
decision on the grounds that they will start saving next summer. But when
next summer arrives, they decide to spend their money on a cruise.

Self-control

A closely related issue to the time consistency problem is the problem of
self-control. Almost everyone faces this issue to some degree. We might
vow to count our calories and eat less while standing on the bathroom
scale, but our resolve can easily vanish when we sit down to a nice meal.
Rational people are apparently slim and healthy, unlike the rest of us.
One important question is whether people are aware of their own diffi-

culties with self-control. If I know that I have a tendency to procrastinate,
perhaps I should realize that when an important task comes along I should
do it right away. Or if I have a tendency to overcommit myself, perhaps I
should learn to say no more often.
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But there is the other possibility. If I know that I am likely to yield
to the temptation to have another desert tomorrow, I may as well have
another desert today. The flesh is weak, but the spirit may be weak too.
One way to deal with self-control is to find ways to commit yourself to

future actions. That is, you can try to find a way to make it more costly
to deviate from the desired action in the future. For example, people
who make a public pronouncement about their future behavior might be
less likely to deviate from their intended behavior. There are pills for
alcoholics that make them violently sick if they drink alcohol. There are
also commitment devices for dieters: someone who has his stomach
stapled will be less likely to overeat.
Contracts between individuals are there to ensure that people carry out

their future intentions—even when it might not be attractive for them to
do so due to changed conditions. In a similar way, people can hire others
to impose costs on them if they deviate from intended actions, making, in
effect, a contract with themselves. Dieting spas, exercise instructors, and
tutors are forms of “purchased self-control.”

EXAMPLE: Overconfidence

An interesting variation on self-control is the phenomenon of overconfi-
dence. Two financial economists, Brad Barber and Terrance Odean, stud-
ied the performance of 66,465 households with discount brokerage accounts.
During the period they studied, households that traded infrequently re-
ceived an 18 percent return on their investments, while the return for the
households that traded most actively was 11.3 percent.
One of the most important factors that apparently influenced this exces-

sive trading was gender: the men traded a lot more than women. Psychol-
ogists commonly find that men tend to have excessive confidence in their
own abilities, while women, for the most part, tend to be more realistic.
Psychologists refer to men’s behavior as self-serving attribution bias. Basi-
cally, men (or at least some men) tend to think their successes are a result
of their own skill, rather than dumb luck, and so become overconfident.
This overconfidence can have financial repercussions. In the sample of

brokerage accounts, men traded 45 percent more than women. This exces-
sive trading resulted in the average return to men that was a full percentage
point lower than the return to women. As Barber and Odean put it, “trad-
ing can be hazardous to your wealth.”

31.4 Strategic Interaction and Social Norms

A particularly interesting set of psychological, or perhaps sociological, be-
haviors arise in strategic interaction. We have studied game theory, which
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attempts to predict how rational players should interact. But there is also
a subject known as behavioral game theory that examines how actual
people interact. Indeed, there are systematic and strong deviations from
the pure theory.

Ultimatum Game

Consider the ultimatum game, which was discussed briefly in the last
chapter. As you will recall, this is a game with two players, the proposer
and the responder. The proposer is given $10 and asked to propose a
division between himself and the responder. The responder is then shown
the division and asked whether or not he wishes to accept it. If he accepts,
the division is carried out; if he refuses the division, both people walk away
with nothing.
Let’s first think about how fully rational players might act. Once the

responder sees the division, he has a dominant strategy: accept the money
as long as he gets anything at all. After all, suppose I offer you the choice
between 10 cents and nothing. Wouldn’t you rather have 10 cents than
nothing at all?
Given that a rational responder will choose any amount, the divider

should choose the minimal amount to give him—say, a penny. So the
outcome predicted by game theory is an extreme split: the divider will end
up with almost everything.
This isn’t the way things turn out when the game is actually played. In

fact, responders tend to reject offers that they perceive as unfair. Offers
that give the responder less than 30 percent of the amount to be divided
are rejected more than 50 percent of the time.
Of course, if the divider recognizes that the responder will reject “unfair”

offers, the divider will rationally want to make a division that is closer to
equal. The average division tends to be about 45 percent to the responder
and 55 percent to the divider, with about 16 percent of the offers being
rejected.
There has been a considerable amount of literature examining how the

characteristics of the players affect the outcome of the game. One example
is gender differences: it appears that men tend to receive more favorable
divisions, particularly when the divisions are made by women.
Cultural differences can also be important. It appears that some cul-

tures value fairness more than others, inducing people to reject offers that
are perceived as unfair.13 Interestingly enough, the offered amounts don’t
vary much from region to region and culture to culture, while there are

13 See Swee-Hoon Chuah, Robert Hoffman, Martin Jones, and Geoffrey Williams, “Do
Cultures Clash? Evidence from Cross-National Ultimatum Game Experiments,” Not-
tingham University Business School working paper.
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systematic differences in the divisions that are acceptable. The size of the
pie is also important. If the size of the pie is $10, you might be reluctant
to accept $1. But if the size of the pie is $1,000, would you be willing to
reject $100? Apparently, responders do find it difficult to turn down larger
amounts of money.
Another variation is in the design of the game. In one variant, the so-

called strategy method, the responders are asked to name the minimal
division that they will accept before seeing the amount they are offered. The
proposers are aware that the decision will be made in advance but, of course,
don’t know what the minimum acceptable division is. This experimental
design tends to increase the amounts that the proposers offer; that is, it
tends to make the divisions more equal.

Fairness

One effect at work in the ultimatum game seems to be a concern for fairness.
Most people seem to have a natural bias towards equal (or at least not too
unequal) division. This is not simply an individual phenomenon, but a
social phenomenon. People will enforce fairness norms even when it is
not directly in their interest to do so.
Consider, for example, punishment games, which are a generalization

of ultimatum games with a third party who observes the choices made by
the proposer/divider. The third party can choose, at some cost to himself,
to deduct some of the proposer’s profits.14

Experimenters have found that around 60 percent of these third-party
observers will actually punish those who make unfair divisions. There seems
to be something in the human makeup—whether innate or learned—that
finds unfair behavior objectionable.
Indeed, there are differences across cultures with respect to social norms

for fairness; individuals in some societies seem to value it highly, while in
other societies fairness is less strongly valued. However, the urge to punish
those who are unfair is widely felt. It has been suggested that a predilec-
tion towards “fair” outcomes is part of human nature, perhaps because
individuals that behaved fairly towards each other had higher chances of
surviving and reproducing.

31.5 Assessment of Behavioral Economics

Psychologists, marketers, and behavioral economists have amassed a vari-
ety of examples showing how the basic theory of economic choice is wrong,
or, at least, incomplete.

14 See Ernst Fehr and Urs Fischbacher, 2004, “Third-party punishment and social
norms,” Evolution and Human Behavior, 25, 63–87.
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Some of these examples appear to be “optical illusions.” For example,
the fact that framing a choice problem differently can affect decisions is
similar to the fact that human judgment of sizes and distances can be
affected by how figures are drawn. If people took the time to consider the
choices carefully—applying a measuring stick of dispassionate reasoning—
they would reach the right conclusion.
Though it is undoubtedly true that people don’t behave completely in

accord with the simplest theories of economic behavior, one still might
respond that no theory is 100 percent correct. Psychologists have also doc-
umented that people don’t really understand simple principles of physics.
Example: If you tie a weight to the end of a rope, swing it around your
head in a circle and then let go, which way will the weight fly?
Many people say that the weight will fly radially outward rather than

the correct response that the weight will move tangentially to the circle.15

Of course, people have lived in the physical world their entire lives. If they
occasionally misunderstand how it works, we shouldn’t be too surprised
when people misunderstand the economic world.
Apparently our intuitive understanding of physics is good enough for

everyday life, and even the demands of amateur and professional sports: a
baseball player may not be able to describe how a ball will travel, despite
the fact that he can throw it well. Similarly, one might argue that people
tend to be pretty good at the sorts of day-to-day decisions they are forced
to make, even if they aren’t very good at abstract reasoning about them.
Another reaction to behavioral anomalies is that markets tend to reward

rational behavior, while punishing irrationality. Even if many participants
do not behave rationally, those who do behave sensibly will have the biggest
effect on prices and outcomes. There is likely some truth to this view
as well. Recall the example that real estate investors seemed to be less
influenced by sunk costs than ordinary individuals.
In addition, you can hire experts to help you make better decisions. Diet

consultants and financial advisers can offer objective advice about how to
eat and how to invest. If you are worried about being too fair, you can
always hire a tough negotiator.
Returning to the optical illusion example, the reason that we use rulers

and yardsticks is that we learn not to trust our own eyes. Similarly, in
making important decisions it is prudent to consult the views of objective
experts.

15 See M. McCloskey, 1983, “Intuitive Physics,” Scientific American, April, 114–123.
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Summary

1. Behavioral economics is concerned with how consumers make choices in
reality.

2. In many cases, actual consumer behavior is different from that predicted
by the simple model of the rational consumer.

3. Consumers make different choices depending on how a problem is framed
or presented.

4. The default matters a lot.

5. People find it difficult to predict their own choice behavior.

6. Too many choices may be overwhelming and make it difficult to make a
decision.

7. Choice behavior can be particularly problematic in choices involving
uncertainty.

8. Peole tend to exhibit excess risk aversion in experimental settings.

9. People may discount the future more heavily than conventional theory
assumes.

10. Time inconsistency means that actual choices may end up being dif-
ferent than planned choices.

11. The ultimatum game involves one player proposing a division of some
money and the other player either accepting that division or ending the
game. Conventional game theory predicts very unfairm divisions.

12. However, consumers seem to have a preference for “fair” divisions and
will punish those who behave unfairly, even if harms themselves.

REVIEW QUESTIONS

1. Subjects are allowed to buy tickets in a lottery. One group is told that
they have a 55 percent chance of winning, the other group is told that they
have a 45 percent chance of not winning. Which group is more likely to
buy lottery tickets? What is the name for this effect?























660 WELFARE (Ch. 34)

Person
A w  /21 GOOD

1

Person
B

w  /21
GOOD

2
Indifference
curves

Fair allocation

w  /22 2w  /2

Swapped
allocation

Figure
34.3

Fair allocations. A fair allocation in an Edgeworth box. Each
person prefers the fair allocation to the swapped allocation.

we had an equal division allocation and considered trading to a Pareto
efficient allocation. Instead of using just any old way to trade, let us use
the special mechanism of the competitive market. This will move us to a
new allocation where each agent is choosing the best bundle of goods he or
she can afford at the equilibrium prices (p1, p2), and we know from Chapter
32 that such an allocation must be Pareto efficient.
But is it still equitable? Well, suppose not. Suppose that one of the

consumers, say consumer A, envies consumer B. This means that A prefers
what B has to her own bundle. In symbols:

(x1
A, x2

A) ≺A (x1
B , x2

B).

But, if A prefers B’s bundle to her own, and if her own bundle is the
best bundle she can afford at the prices (p1, p2), this means that B’s bundle
must cost more than A can afford. In symbols:

p1ω1
A + p2ω2

A < p1x1
B + p2x2

B .

But this is a contradiction! For by hypothesis, A and B started with
exactly the same bundle, since they started from an equal division. If A
can’t afford B’s bundle, then B can’t afford it either.
Thus we can conclude that it is impossible for A to envy B in these

circumstances. A competitive equilibrium from equal division must be a

creo
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fair allocation. Thus the market mechanism will preserve certain kinds of
equity: if the original allocation is equally divided, the final allocation must
be fair.

Summary

1. Arrow’s Impossibility Theorem shows that there is no ideal way to ag-
gregate individual preferences into social preferences.

2. Nevertheless, economists often use welfare functions of one sort or an-
other to represent distributional judgments about allocations.

3. As long as the welfare function is increasing in each individual’s utility,
a welfare maximum will be Pareto efficient. Furthermore, every Pareto
efficient allocation can be thought of as maximizing some welfare function.

4. The idea of fair allocations provides an alternative way to make distribu-
tional judgments. This idea emphasizes the idea of symmetric treatment.

5. Even when the initial allocation is symmetric, arbitrary methods of trade
will not necessarily produce a fair allocation. However, it turns out that
the market mechanism will provide a fair allocation.

REVIEW QUESTIONS

1. Suppose that we say that an allocation x is socially preferred to an
allocation y only if everyone prefers x to y. (This is sometimes called the
Pareto ordering, since it is closely related to the idea of Pareto efficiency.)
What shortcoming does this have as a rule for making social decisions?

2. A Rawlsian welfare function counts only the welfare of the worst off
agent. The opposite of the Rawlsian welfare function might be called the
“Nietzschean” welfare function—a welfare function that says the value of
an allocation depends only on the welfare of the best off agent. What
mathematical form would the Nietzschean welfare function take?

3. Suppose that the utility possibilities set is a convex set and that con-
sumers care only about their own consumption. What kind of allocations
represent welfare maxima of the Nietzschean welfare function?

4. Suppose that an allocation is Pareto efficient, and that each individual
only cares about his own consumption. Prove that there must be some
individual that envies no one, in the sense described in the text. (This
puzzle requires some thought, but it is worth it.)
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5. The ability to set the voting agenda can often be a powerful asset.
Assuming that social preferences are decided by pair-wise majority voting
and that the preferences given in Table 34.1 hold, demonstrate this fact by
producing a voting agenda that results in allocation y winning. Find an
agenda that has z as the winner. What property of the social preferences
is responsible for this agenda-setting power?

APPENDIX

Here we consider the problem of welfare maximization, using an individualistic
welfare function. Using the transformation function described in Chapter 33 to
describe the production possibilities frontier, we write the welfare maximization
problem as

max
x1
A
,x2

A
,x1

B
,x2

B

W (uA(x
1
A, x

2
A), uB(x

1
B , x

2
B))

such that T (X1, X2) = 0,

where we use X1 and X2 to denote the total amount of good 1 and good 2
produced and consumed.

The Lagrangian for this problem is

L = W (uA(x
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A, x

2
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1
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2
B))− λ(T (X1, X2)− 0).

Differentiating with respect to each of the choice variables gives us the first-
order conditions
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Rearranging and dividing the first equation by the second, and the third by
the fourth, we have
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Note that these are exactly the same equations that we encountered in the Ap-
pendix to Chapter 33. Thus the welfare maximization problem gives us the same
first-order conditions as the Pareto efficiency problem.

This is obviously no accident. According to the discussion in the text, the allo-
cation resulting from the maximization of a Bergson-Samuelson welfare function
is Pareto efficient, and every Pareto efficient allocation maximizes some welfare
function. Thus welfare maxima and Pareto efficient allocations have to satisfy
the same first-order conditions.



CHAPTER 35

EXTERNALITIES

We say that an economic situation involves a consumption externality if
one consumer cares directly about another agent’s production or consump-
tion. For example, I have definite preferences about my neighbor playing
loud music at 3 in the morning, or the person next to me in a restaurant
smoking a cheap cigar, or the amount of pollution produced by local auto-
mobiles. These are all examples of negative consumption externalities. On
the other hand, I may get pleasure from observing my neighbor’s flower
garden—this is an example of a positive consumption externality.
Similarly, a production externality arises when the production pos-

sibilities of one firm are influenced by the choices of another firm or con-
sumer. A classic example is that of an apple orchard located next to a
beekeeper, where there are mutual positive production externalities—each
firm’s production positively affects the production possibilities of the other
firm. Similarly, a fishery cares about the amount of pollutants dumped
into its fishing area, since this will negatively influence its catch.
The crucial feature of externalities is that there are goods people care

about that are not sold on markets. There is no market for loud music at 3
in the morning, or drifting smoke from cheap cigars, or a neighbor who
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keeps a beautiful flower garden. It is this lack of markets for externalities
that causes problems.

Up until now we have implicitly assumed that each agent could make
consumption or production decisions without worrying about what other
agents were doing. All interactions between consumers and producers took
place via the market, so that all the economic agents needed to know were
the market prices and their own consumption or production possibilities.
In this chapter we will relax this assumption and examine the economic
consequences of externalities.

In earlier chapters we saw that the market mechanism was capable of
achieving Pareto efficient allocations when externalities were not present.
If externalities are present, the market will not necessarily result in a Pareto
efficient provision of resources. However, there are other social institutions
such as the legal system, or government intervention, that can “mimic” the
market mechanism to some degree and thereby achieve Pareto efficiency.
In this chapter we’ll see how these institutions work.

35.1 Smokers and Nonsmokers

It is convenient to start with an example to illustrate some of the main
considerations. We’ll imagine two roommates, A and B, who have prefer-
ences over “money” and “smoke.” We suppose that both consumers like
money, but that A likes to smoke and B likes clean air.

We can depict the consumption possibilities for the two consumers in
an Edgeworth box. The length of the horizontal axis will represent the
total amount of money the two agents have, and the height of the vertical
axis will represent the total amount of smoke that can be generated. The
preferences of agent A are increasing in both money and smoke, while
agent B’s preferences are increasing in money and clean air—the absence
of smoke. We’ll measure smoke on a scale from 0 to 1, where 0 is no smoke
at all, and 1 is the proverbial smoke-filled room.

This setup gives us a diagram like that depicted in Figure 35.1. Note
that the picture looks very much like the standard Edgeworth box, but the
interpretation is quite different. The amount of smoke is a good for A and
a bad for B, so that B is moved to a more preferred position as A consumes
less smoke. Be sure to note the difference in the way things are measured
on the horizontal and vertical axes. We measure A’s money horizontally
from the lower left-hand corner of the box, and B’s money horizontally from
the upper right-hand corner. But the total amount of smoke is measured
vertically from the lower left-hand corner. The difference occurs because
money can be divided between the two consumers, so there will always be
two amounts of money to measure, but there is only one amount of smoke
that they must both consume.
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In the ordinary Edgeworth box diagram B is made better off when A
reduces his consumption of good 2—but that is because B then gets to
consume more of good 2. In the Edgeworth box in Figure 35.1 B is also
better off when A reduces his consumption of good 2 (smoke), but for a
very different reason. In this example, B is better off when A reduces his
consumption of smoke since both agents must consume the same amount
of smoke and smoke is a bad for agent B.

We’ve now illustrated the consumption possibilities of the two roommates
and their preferences. What about their endowments? Let’s assume that
they both have the same amount of money, say $100 apiece, so that their
endowments will lie somewhere on the vertical line EE� in Figure 35.1. In
order to determine exactly where on this line the endowments lie, we must
determine the initial “endowment” of smoke/clean air.

Possible
endowment E

Possible
endowment E'

Possible 
equilibrium X

Possible 
equilibrium X'

A's
indifference
curves

MONEY
Person

A

SMOKE
Person

B

MONEY

Preferences for money and smoke. Smoke is a good for
person A but a bad for person B. Which equilibrium we end up
at depends on which endowment we start at.

Figure
35.1

The answer to this question depends on the legal rights of smokers and
nonsmokers. It may be that A has a right to smoke as much as he wants,
and B just has to put up with it. Or, it could be that B has a right to
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clean air. Or the legal right to smoke and clean air could be somewhere
between these two extremes.
The initial endowment of smoke depends on the legal system. This is

not so different from the initial endowment of ordinary sorts of goods. To
say that A has an initial endowment of $100 means that A can decide to
consume the $100 himself, or he can give it away or trade it to any other
individual. There is a legal definition of property involved in saying that a
person “owns” or “has a right to” $100. Similarly if a person has a property
right to clean air, it means that he can consume clean air if he wants to, or
he can give it away or sell that right to someone else. In this way, having
a property right to clean air is no different from having a property right to
$100.
Let’s start by considering a legal situation where person B has a legal

right to clean air. Then the initial endowment in Figure 35.1 is labeled E;
it is where A has (100, 0) and B has (100, 0). This means that both A and
B have $100, and that the initial endowment—what there would be in the
absence of trade—is clean air.
Just as before, in the case with no externalities, there is no reason why

the initial endowment is Pareto efficient. One of the aspects of having a
property right to clean air is having the right to trade some of it away for
other desirable goods—in this case, for money. It can easily happen that B
would prefer to trade some of his right to clean air for some more money.
The point labeled X in Figure 35.1 is an example of such a case.
As before, a Pareto efficient allocation is one where neither consumer

can be made better off without the other being made worse off. Such an
allocation will be characterized by the usual tangency condition that the
marginal rates of substitution between smoke and money should be the
same between the two agents, as illustrated in Figure 35.1. It is easy to
imagine A and B trading to such a Pareto efficient point. In effect, B has
the right to clean air, but he can allow himself to be “bribed” to consume
some of A’s smoke.
Of course, other assignments of property rights are possible. We could

imagine a legal system where A had a right to smoke as much as he wanted,
and B would have to bribe A to reduce his consumption of smoke. This
would correspond to the endowment labeled E� in Figure 35.1. Just as
before, this would typically not be Pareto efficient, so we could imagine the
agents trading to a mutually preferred point such as the one labeled X �.

Both X and X � are Pareto efficient allocations; they just come from
different initial endowments. Certainly the smoker, A, is better off at X �

than at X, and the nonsmoker, B, is better off at X than at X �. The
two points have different distributional consequences, but on grounds of
efficiency they are equally satisfactory.
In fact, there is no reason to limit ourselves to just these two efficient

points. As usual there will be a whole contract curve of Pareto efficient
allocations of smoke and money. If agents are free to trade both of these
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goods, we know that they will end up somewhere on this contract curve.
The exact position will depend on their property rights involving smoke
and money and on the precise mechanism that they use to trade.
One mechanism that they could use to trade is the price mechanism.

Just as before we could imagine an auctioneer calling out prices and asking
how much each agent would be willing to buy at those prices. If the initial
endowment point gave A the property rights to smoke, he could consider
selling some of his smoking rights to B in exchange for B’s money. Similarly,
if the property rights for clean air were given to B, he could sell some of
his clean air to A.
When the auctioneer manages to find a set of prices where supply equals

demand everything is fine: we have a nice Pareto efficient outcome. If
there is a market for smoke, a competitive equilibrium will be Pareto effi-
cient. Furthermore, the competitive prices will measure the marginal rate
of substitution between the two goods, just as in the standard case.
This is just like the usual Edgeworth box analysis, but described in

a slightly different framework. As long as we have well-defined property
rights in the good involving the externality—no matter who holds the prop-
erty rights—the agents can trade from their initial endowment to a Pareto
efficient allocation. If we want to set up a market in the externality to
encourage trade, that will work as well.
The only problem arises if the property rights are not well defined. If A

believes that he has the right to smoke and B believes that he has the right
to clean air, we have difficulties. The practical problems with externalities
generally arise because of poorly defined property rights.
My neighbor may believe that he has the right to play his trumpet at 3 in

the morning, and I may believe that I have the right to silence. A firm may
believe that it has the right to dump pollutants into the atmosphere that I
breathe, while I may believe that it doesn’t. Cases where property rights are
poorly defined can lead to an inefficient production of externalities—which
means that there would be ways to make both parties involved better off by
changing the production of externalities. If property rights are well defined,
and mechanisms are in place to allow for negotiation between people, then
people can trade their rights to produce externalities in the same way that
they trade rights to produce and consume ordinary goods.

35.2 Quasilinear Preferences and the Coase Theorem

We argued above that as long as property rights were well defined, trade
between agents would result in an efficient allocation of the externality. In
general, the amount of the externality that will be generated in the efficient
solution will depend on the assignment of property rights. In the case of the
two roommates, the amount of smoke generated will depend on whether
the smoker has the property rights or the nonsmoker has them.
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But there is a special case where the outcome of the externality is inde-
pendent of the assignment of property rights. If the agents’ preferences are
quasilinear, then every efficient solution must have the same amount of
the externality.

This case is illustrated in Figure 35.2 for the Edgeworth box case of
the smoker versus the nonsmoker. Since the indifference curves are all
horizontal translates of each other, the locus of mutual tangencies—the set
of Pareto efficient allocations—will be a horizontal line. This means that
the amount of smoke is the same in every Pareto efficient allocation; only
the dollar amounts held by the agents differ across the efficient allocations.

SMOKE

MONEY

A's indifference curves

Pareto
efficient
allocations

B's indifference curves

Person
B

Person
A

Figure
35.2

Quasilinear preferences and the Coase theorem. If each
consumer’s preferences are quasilinear, so that they are all hor-
izontal translates of each other, the set of Pareto efficient allo-
cations will be a horizontal line. Thus there will be a unique
amount of the externality, in this case smoke, at each Pareto
efficient allocation.

The result that under certain conditions the efficient amount of the good
involved in the externality is independent of the distribution of property
rights is sometimes known as the Coase Theorem. However, it should be
emphasized just how special these conditions are. The quasilinear prefer-
ence assumption implies that the demands for the good causing the exter-
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nality doesn’t depend on the distribution of income. Therefore a realloca-
tion of endowments doesn’t affect the efficient amount of the externalities.
This is sometimes expressed by saying that the Coase theorem is valid if
there are no “income effects.”1

In this case, the Pareto efficient allocations will involve a unique amount
of the externality being generated. The different Pareto efficient allocations
will involve different amounts of money being held by the consumers; but
the amount of the externality—the amount of smoke—will be independent
of the distribution of wealth.

35.3 Production Externalities

Let us now consider a situation involving production externalities. Firm
S produces some amount of steel, s, and also produces a certain amount
of pollution, x, which it dumps into a river. Firm F, a fishery, is located
downstream and is adversely affected by S’s pollution.
Suppose that firm S’s cost function is given by cs(s, x), where s is the

amount of steel produced and x is the amount of pollution produced. Firm
F’s cost function is given by cf (f, x), where f indicates the production of
fish and x is the amount of pollution. Note that F’s costs of producing a
given amount of fish depend on the amount of pollution produced by the
steel firm. We will suppose that pollution increases the cost of providing
fish Δcf /Δx > 0, and that pollution decreases the cost of steel production,
Δcs/Δx ≤ 0. This last assumption says that increasing the amount of
pollution will decrease the cost of producing steel—that reducing pollution
will increase the cost of steel production, at least over some range.
The steel firm’s profit-maximization problem is

max
s,x

pss − cs(s, x)

and the fishery’s profit-maximization problem is

max
f

pf f − cf (f, x).

Note that the steel mill gets to choose the amount of pollution that it
generates, but the fishery must take the level of pollution as outside of its
control.

1 Ronald Coase is an emeritus professor at the University of Chicago Law School. His
famous paper, “The Problem of Social Costs,” The Journal of Law & Economics, 3
(October 1960), has been given a variety of interpretations. Some authors suggest
that Coase only asserted that costless bargaining over externalities achieves a Pareto
efficient outcome, not that the outcome will be independent of the assignment of
property rights. Coase received the 1991 Nobel Prize in Economics for this work.
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The conditions characterizing profit maximization will be

ps =
Δcs(s∗, x∗)

Δs

0 =
Δcs(s∗, x∗)

Δx

for the steel firm and

pf =
Δcf (f∗, x∗)

Δf

for the fishery. These conditions say that at the profit-maximizing point,
the price of each good—steel and pollution—should equal its marginal cost.
In the case of the steel firm, one of its products is pollution, which, by
assumption, has a zero price. So the condition determining the profit-
maximizing supply of pollution says to produce pollution until the cost of
an extra unit is zero.

It is not hard to see the externality here: the fishery cares about the
production of pollution but has no control over it. The steel firm looks
only at the cost of producing steel when it makes its profit-maximizing
calculation; it doesn’t consider the cost it imposes on the fishery. The
increase in the cost of fishing associated with an increase in pollution is
part of the social cost of steel production, and it is being ignored by the
steel firm. In general, we expect that the steel firm will produce too much
pollution from a social point of view since it ignores the impact of that
pollution on the fishery.

What does a Pareto efficient production plan for steel and fish look like?
There is an easy way to see what it should be. Suppose that the fishery
and the steel firm merged and formed one firm that produced both fish
and steel (and possibly pollution). Then there is no externality! For a
production externality only arises when one firm’s actions affect another
firm’s production possibilities. If there is only one firm, then it will take the
interactions between its different “divisions” into account when it chooses
the profit-maximizing production plan. We say that the externality has
been internalized by this reassignment of property rights. Before the
merger, each firm had the right to produce whatever amount of steel or fish
or pollution that it wanted, regardless of what the other firm did. After
the merger, the combined firm has the right to control the production of
both the steel mill and the fishery.

The merged firm’s profit-maximization problem is

max
s,f,x

pss + pf f − cs(s, x)− cf (f, x),
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which yields optimality conditions of

ps =
Δcs(ŝ, x̂)

Δs

pf =
Δcf (f̂ , x̂)

Δf

0 =
Δcs(ŝ, x̂)

Δx
+

Δcf (f̂ , x̂)
Δx

.

The crucial term is the last one. This shows that the merged firm will
take into account the effect of pollution on the marginal costs of both
the steel firm and the fishery. When the steel division decides how much
pollution to produce, it considers the effect of this action on the profits of
the fish division; that is, it takes the social cost of its production plan into
account.
What does this imply about the amount of pollution produced? When

the steel firm acted independently, the amount of pollution was determined
by the condition

Δcs(s∗, x∗)

Δx
= 0. (35.1)

That is, the steel mill produced pollution until the marginal cost was zero:

MCS(s∗, x∗) = 0.

In the merged firm, the amount of pollution is determined by the condition

Δcs(ŝ, x̂)
Δx

+
Δcf (f̂ , x̂)

Δx
= 0. (35.2)

That is, the merged firm produces pollution until the sum of the marginal
cost to the steel mill and the marginal cost to the fishery is zero. This
condition can also be written as

−Δcs(ŝ, x̂)
Δx

=
Δcf (f̂ , x̂)

Δx
> 0 (35.3)

or
−MCS(ŝ, x̂) = MCF (f̂ , x̂).

In this latter expression MCF (f̂ , x̂) is positive, since more pollution in-
creases the cost of producing a given amount of fish. Hence the merged
firm will want to produce where −MCS(ŝ, x̂) is positive; that is, it will
want to produce less pollution than the independent steel firm. When the
true social cost of the externality involved in the steel production is taken
into account, the optimal production of pollution will be reduced.
When the steel firm considers minimizing its private costs of producing

steel, it produces where the marginal cost of extra pollution equals zero;
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but the Pareto efficient level of pollution requires minimizing the social
costs of the pollution. At the Pareto efficient level of pollution, the sum
of the two firm’s marginal costs of pollution must be equal to zero.
This argument is illustrated in Figure 35.3. In this diagram −MCS

measures the marginal cost to the steel firm from producing more pollution.
The curve labeled MCF measures the marginal cost to the fishery of more
pollution. The profit-maximizing steel firm produces pollution up to the
point where its marginal cost from generating more pollution equals zero.

PRICE

–MC MC

–MC   = MCS F

x x* QUANTITY OF
POLLUTION

Privately
optimal
amount

Socially
optimal
amount

S F

ˆ

Figure
35.3

Social cost and private cost. The steel firm produces pollu-
tion up to the point where the marginal cost of extra pollution
equals zero. But the Pareto efficient production of pollution
is at the point where price equals marginal social cost, which
includes the cost of pollution borne by the fishery.

But at the Pareto efficient level of pollution, the steel firm pollutes up to
the point where the effect of a marginal increase in pollution is equal to the
marginal social cost, which counts the impact of pollution on the costs of
both firms. At the efficient level of pollution production, the amount that
the steel firm is willing to pay for an extra unit of pollution should equal
the social costs generated by that extra pollution—which include the costs
it imposes on the fishery.
This is perfectly consistent with the efficiency arguments given in earlier
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chapters. There we assumed that there were no externalities, so that private
costs and social costs coincided. In this case the free market will determine
a Pareto efficient amount of output of each good. But if the private costs
and the social costs diverge, the market alone may not be sufficient to
achieve Pareto efficiency.

EXAMPLE: Pollution Vouchers

Everyone wants a clean environment . . . as long as someone else pays for
it. Even if we reach a consensus on how much we should reduce pollution,
there is still the problem of determining the most cost-effective way to
achieve the targeted reduction.
Take the case of nitrogen oxide emissions. One emitter may find it rela-

tively inexpensive to reduce its emissions of this pollutant, whereas another
may find it very expensive. Should they both be required to reduce their
emission of pollutants by the same physical amount, by the same propor-
tional amount, or by some other rule?
Let’s look at a simple economic model. Suppose that there are only

two firms. Firm 1’s emission quota is x1 and firm 2’s is x2. The cost of
achieving an emission quota x1 is c1(x1) and similarly for firm 2. The total
amount of emission is fixed at some target level X. If we want to minimize
the total costs of achieving the emissions target, subject to the aggregate
constraint, we need to solve the following problem:

min
x1,x2

c1(x1) + c2(x2)

such that x1 + x2 = X.

A by now standard economic argument shows that the marginal cost of
emission control must be equalized across the firms. If one firm had a
higher marginal cost of emission control than the other, then we could
lower total costs by reducing its quota and increasing the quota of the
other firm.
How can we achieve this outcome? If the government regulators had

information on the cost of emissions for all firms, they could calculate the
appropriate pattern of production and impose it on all the relevant parties.
But the cost of gathering all this information, and keeping it up-to-date, is
staggering. It is much easier to characterize the optimal solution than to
actually implement it!
Many economists have argued that the best way to implement the effi-

cient solution to the emission control problem is to use a market. It appears
that such a market based emissions control system will soon be put into
effect in Southern California. Here is how the California plan works.2

2 See Richard Stevenson, “Trying a Market Approach to Smog,” New York Times,
March 25, 1992, C1.
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Each of the 2700 largest polluters in Southern California is assigned a
quota for their emissions of nitrogen oxide. This quota is initially set to be
8 percent less than their previous year’s emission. If the firm exactly meets
its emissions quota it faces no fines or penalties. However, if it reduces its
emissions by more than its emissions quota, it can sell the extra “right to
emit” on the open market.
Suppose that a firm’s quota is 95 tons of nitrogen oxide emissions per

year. If it manages to produce only 90 tons in a given year, then it can sell
the right to emit 5 tons of nitrogen oxide to some other firm. Each firm can
compare the market price of an emission credit to the cost of reducing its
emissions and decide whether it was more cost-effective to reduce emissions
further or purchase emission credits from other firms.
Firms that find it easy to reduce emissions will sell credits to firms that

find it costly to reduce emissions. In equilibrium, the market price of the
right to emit one ton of pollution should just equal the marginal cost of
reducing emissions by one ton. But this is exactly the condition character-
izing the optimal pattern of emissions! The market for emission permits
produces the efficient pattern of emissions automatically.

35.4 Interpretation of the Conditions

There are several useful interpretations of the conditions for Pareto effi-
ciency derived above. Each of these interpretations suggests a scheme to
correct the efficiency loss created by the production externality.
The first interpretation is that the steel firm faces the wrong price for

pollution. As far as the steel firm is concerned, its production of pollution
costs it nothing. But that neglects the costs that the pollution imposes
on the fishery. According to this view, the situation can be rectified by
making sure that the polluter faces the correct social cost of its actions.
One way to do this is to place a tax on the pollution generated by the

steel firm. Suppose that we put a tax of t dollars per unit of pollution
generated by the steel firm. Then the profit-maximization problem of the
steel firm becomes

max
s,x

pss − cs(s, x)− tx.

The profit-maximization conditions for this problem will be

ps −
Δcs(s, x)

Δs
= 0

−Δcs(s, x)
Δx

− t = 0.

Comparing these conditions to equation (35.3), we see that setting

t =
Δcf (f̂ , x̂)

Δx
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will make these conditions the same as the conditions characterizing the
Pareto efficient level of pollution.
This kind of a tax is known as a Pigouvian tax.3 The problem with

Pigouvian taxes is that we need to know the optimal level of pollution in
order to impose the tax. But if we knew the optimal level of pollution we
could just tell the steel firm to produce exactly that much and not have to
mess with this taxation scheme at all.
Another interpretation of the problem is that there is a missing market—

the market for the pollutant. The externality problem arises because the
polluter faces a zero price for an output good that it produces, even though
people would be willing to pay money to have that output level reduced.
From a social point of view, the output of pollution should have a negative
price.
We could imagine a world where the fishery had the right to clean water,

but could sell the right to allow pollution. Let q be the price per unit of
pollution, and let x be the amount of pollution that the steel mill produces.
Then the steel mill’s profit-maximization problem is

max
s,x

pss − qx − cs(s, x),

and the fishery’s profit-maximization problem is

max
f,x

pf f + qx − cf (f, x).

The term qx enters with a negative sign in the profit expression for the
steel firm since it represents a cost—the steel firm must buy the right to
generate x units of pollution. But it enters with a positive sign in the
expression for the profits of the fishery, since the fishery gets revenue from
selling this right.
The profit-maximization conditions are

ps =
Δcs(s, x)

Δs
(35.4)

q = −Δcs(s, x)
Δx

(35.5)

pf =
Δcf (f, x)

Δf
(35.6)

q =
Δcf (f, x)

Δx
. (35.7)

3 Arthur Pigou (1877–1959), an economist at Cambridge University, suggested such
taxes in his influential book The Economics of Welfare.
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Thus each firm is facing the social marginal cost of each of its actions
when it chooses how much pollution to buy or sell. If the price of pollution
is adjusted until the demand for pollution equals the supply of pollution,
we will have an efficient equilibrium, just as with any other good.
Note that at the optimal solution, equations (35.5) and (35.7) imply that

−Δcs(s, x)
Δx

=
Δcf (f, x)

Δx
.

This says that the marginal cost to the steel firm of reducing pollution
should equal the marginal benefit to the fishery of that pollution reduction.
If this condition were not satisfied, we couldn’t have the optimal level of
pollution. This is, of course, the same condition we encountered in equation
(35.3).
In analyzing this problem we have stated that the fishery had a right to

clean water and that the steel mill had to purchase the right to pollute.
But we could have assigned the property rights in the opposite way: the
steel mill could have the right to pollute and the fishery would have to pay
to induce the steel mill to pollute less. Just as in the case of the smoker
and nonsmoker, this would also give an efficient outcome. In fact, it would
give precisely the same outcome, since exactly the same equations would
have to be satisfied.
To see this, we now suppose that the steel mill has the right to pollute

up to some amount x, say, but the fishery is willing to pay it to reduce its
pollution. The profit-maximization problem for the steel mill is then

max
s,x

pss + q(x − x)− cs(s, x).

Now the steel mill has two sources of income: it can sell steel, and it can
sell pollution relief. The price equals marginal cost conditions become

ps −
Δcs(s, x)

Δs
= 0 (35.8)

−q − Δcs(s, x)
Δx

= 0. (35.9)

The fishery’s maximization problem is now

max
f,x

pf f − q(x − x)− cf (f, x),

which has optimality conditions

pf − Δcf (f, x)
Δf

= 0 (35.10)

q − Δcf (f, x)
Δx

= 0. (35.11)



MARKET SIGNALS 677

Now observe: the four equations (35.8)–(35.11) are precisely the same as
the four equations (35.4)–(35.7). In the case of production externalities, the
optimal pattern of production is independent of the assignment of property
rights. Of course, the distribution of profits will generally depend on the
assignment of property rights. Even though the social outcome will be
independent of the distribution of property rights, the owners of the firms in
question may have strong views about what is an appropriate distribution.

35.5 Market Signals

Finally we turn to the third interpretation of externalities, which in some
respects is the most profound. In the case of the steel mill and the fishery
there is no problem if both firms merge—so why don’t they merge? In fact,
when you think about it, there is a definite incentive for the two firms to
merge: if the actions of one affect the other, then they can make higher
profits together by coordinating their behavior than by each going alone.
The objective of profit maximization itself should encourage the internal-
ization of production externalities.
Said another way: if the joint profits of the firms with coordination

exceed the sum of the profits without coordination, then the current owners
could each be bought out for an amount equal to the present value of the
stream of profits for their firm, the two firms could be coordinated, and the
buyer could retain the excess profits. The new buyer could be either of the
old firms, or anybody else for that matter.
The market itself provides a signal to internalize production externalities,

which is one reason this kind of production externality is rarely observed.
Most firms have already internalized the externalities between units that
affect each other’s production. The case of the apple orchard and the
beekeeper mentioned earlier is a case in point. Here there would be an
externality if the two firms ignored their interaction . . . but why would
they be so foolish as to do so? It is more likely that one or both of the
firms would realize that more profits could be made by coordinating their
activities, either by mutual agreement or by the sale of one of the firms to
the other. Indeed, it is very common for apple orchards to keep honey bees
for the purpose of fertilizing the trees. That particular externality is easily
internalized.

EXAMPLE: Bees and Almonds

Many varieties of fruit and nut trees need bees to pollinate their blossoms,
thereby allowing the trees to produce crops.
According to the Carl Hayden Bee Research Center in Tucson, Arizona,

honeybees pollinate about one-third of the human diet and more than 50
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different agricultural crops valued at more than $20 billion a year in the
United States.4

Some owners of orchards keep their own bees; some rely on their neigh-
bors’ bees or wild bees. However, as the theory of externalities suggests,
the most natural solution to the problem of inadequate bee supply is a
market for bee services.

Consider, for example, the California almond market. There are 530,000
acres of almond trees in California, and every year, more than 1 million
honeybee hives are needed to pollinate the trees. But California only has
440,000 resident bee hives. There aren’t enough California bees to pollinate
all those almond trees!

The solution is to import bees from other nearby states. There is, in
fact, a ready market for such services, with beekeepers bringing hives from
North Dakota, Washington, and Colorado to supplement the native Cali-
fornia bees. The almond growers pay well for these services: in 2004, bee
pollination services sold for $54 per hive.

35.6 The Tragedy of the Commons

We have argued above that if property rights are well defined, there will be
no problem with production externalities. But if property rights are not
well defined, the outcome of the economic interactions will undoubtedly
involve inefficiencies.

In this section we will examine a particularly well-known inefficiency
called “the tragedy of the commons.”5 We will pose this problem in the
original context of a common grazing land, although there are many other
possible illustrations.

Consider an agricultural village in which the villagers graze their cows
on a common field. We want to compare two allocation mechanisms: the
first is the private ownership solution where someone owns the field and
decides how many cows should graze there; the second is the solution where
the field is owned in common by the villagers and access to it is free and
unrestricted.

Suppose that it costs a dollars to buy a cow. How much milk the cow
produces will depend on how many other cows are grazed on the common
land. We’ll let f(c) be the value of the milk produced if there are c cows
grazed on the common. Thus the value of the milk per cow is just the
average product, f(c)/c.

4 Anna Oberthur, “Almond Growers Face Need for Bees,” Associated Press, February
29, 2004.

5 See G. Hardin, “The Tragedy of the Commons,” Science, 1968, 1243–47.



THE TRAGEDY OF THE COMMONS 679

How many cows would be grazed on the common if we wanted to maxi-
mize the total wealth of the village? In order to maximize the total amount
of wealth, we set up the following problem:

max
c

f(c)− ac.

It should be clear by now that the maximal production will occur when
the marginal product of a cow equals its cost, a:

MP (c∗) = a.

If the marginal product of a cow were greater than a, it would pay to put
another cow on the commons; and if it were less than a, it would pay to
take one off.
If the common grazing ground were owned by someone who could restrict

access to it, this is indeed the solution that would result. For in this case,
the owner of the grazing grounds would purchase just the right amount of
cows to maximize his profits.
Now what would happen if the individual villagers decided whether or

not to use the common field? Each villager has a choice of grazing a cow
or not grazing one, and it will be profitable to graze a cow as long as the
output generated by the cow is greater than the cost of a cow. Suppose that
there are c cows currently being grazed, so that the current output per cow
is f(c)/c. When a villager contemplates adding a cow, the total output will
be f(c + 1), and the total number of cows will be c + 1. Thus the revenue
that the cow generates for the villager will be f(c + 1)/(c + 1). He must
compare this revenue to the cost of the cow, a. If f(c + 1)/(c + 1) > a, it
is profitable to add the cow since the value of the output exceeds the cost.
Hence the villagers will choose to graze cows until the average product of
a cow is driven to a. It follows that the total number of cows grazed will
be ĉ, where

f(ĉ)
ĉ

= a.

Another way to derive this result is to appeal to free entry. If it is
profitable to graze a cow on the common field, villagers will purchase cows.
They will stop adding cows to the common only when the profits have been
driven to zero, that is, when

f(ĉ)− aĉ = 0,

which is just a rearrangement of the condition in the last paragraph.
When an individual decides whether or not to purchase a cow, he looks

at the extra value he will get f(c)/c and compares this to the cost of the
cow, a. This is fine for him, but what has been left out of this calculation is
the fact that his extra cow will reduce the output of milk from all the other
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cows. Since he is ignoring this social cost of his purchase, too many cows
will be grazed on the common ground. (We assume that each individual
has a number of cows that is negligible relative to the total number grazed
on the common.)
This argument is illustrated in Figure 35.4. Here we have depicted a

falling average product curve, since it is reasonable to suppose that the
output per cow declines as more and more cows are grazed on the common
land.

AP
MP

a = cost of cow

MP AP

Efficient
output

Equilibrium
output

NUMBER OF COWS

Figure
35.4

The tragedy of the commons. If the grazing area is pri-
vately owned, the number of cows will be chosen so that the
marginal product of a cow equals its cost. But if grazing area
is common property, cows will be grazed until the profits are
driven to zero; thus the area will be overgrazed.

Since the average product is falling, it must be that the marginal product
curve always lies below the average product curve. Thus the number of
cows where the marginal product equals a must be less than where the
average product equals a. The field will be overgrazed in the absence of a
mechanism to restrict use.
Private property provides such a mechanism. Indeed, we have seen that

if everything that people care about is owned by someone who can control
its use and, in particular, can exclude others from overusing it, then there
are by definition no externalities. The market solution leads to a Pareto

creo
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efficient outcome. Inefficiencies can only result from situations where there
is no way to exclude others from using something, a topic that we will
investigate in the next chapter.
Of course, private property is not the only social institution that can

encourage efficient use of resources. For example, rules could be formulated
about how many cows can be grazed on the village common. If there is a
legal system to enforce those rules, this may be a cost-effective solution to
providing an efficient use of the common resource. However, in situations
where the law is ambiguous or nonexistent, the tragedy of the commons
can easily arise. Overfishing in international waters and the extermination
of several species of animals due to overhunting are sobering examples of
this phenomenon.

EXAMPLE: Overfishing

According to a report in the New York Times, “. . . overfishing has deci-
mated the stocks of cod, haddock and flounder that have sustained New
Englanders for centuries.”6 According to one expert, fishermen in New
England are taking 50 to 70 percent of the available stock, over twice the
sustainable amount.
This overfishing is a prime example of the problem of the commons:

each fisherman has a negligible impact on the total stock of fish, but the
accumulated efforts of thousands of fishermen results in serious depletion.
The New England Fisheries Management Council is attempting to alleviate
the problem by banning new entry to the industry, requiring fishermen to
limit their days at sea, and increasing the mesh size of their nets.
It appears that the supplies of fish could be restocked in as little as 5

years if conservation measures were undertaken. The present value of prof-
its to the industry as a whole would be larger with regulation to prevent
overfishing. However, such measures would almost certainly imply a sub-
stantial reduction in the number of fishing boats in the industry, which is
highly unpopular with the small fishermen, who would likely be forced to
leave the industry.

EXAMPLE: New England Lobsters

Some fishing industries have already applied stringent rules to avoid over-
fishing. For example, lobster fishermen work under carefully designed rules
to ensure that they do not fish themselves out of a livelihood. For example,
they are required to toss back any female lobster bearing eggs, any lobster

6 “Plenty of Fish in the Sea? Not Anymore,” New York Times, March 25, 1992, A15.
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shorter than a minimum size, and any lobsters bigger than a maximum
size.
The “eggers” give birth to more lobsters and the small “tiddlers” grow

up to mate. But why throw back the big lobsters? According to marine
biologists, large lobsters produce more offspring and larger offspring. If
fishermen always took the largest lobsters, the remaining small lobsters
would pass their genes onto their progeny, resulting in smaller and smaller
lobsters in each generation.
With lobsters there is good news and bad news. First the good news.

The 2003 Maine lobster harvest was 5.4 million pounds, more than 2.5 times
the 1945–85 average. This suggests that the careful husbandry practiced
by the industry has yielded a significant growth in the lobster population.
However, it appears that conservation isn’t the only factor. There have

also been considerable changes in the population of other species of marine
life off the Maine coast, such as sea urchins, and some observers believe that
these changes are the primary driver of change in the lobster population.7

This leads to the bad news. Further south, in Massachusetts and New
York, the lobster catch has fallen dramatically. No one is quite sure why
one region is doing so well and the other so poorly. Ironically, Maine may
be doing well due to increased harvesting of finned fish and of sea urchins,
both of which eat young lobsters. Massachusetts’ problems may be due
to specific factors, such as a large oil spill and a disfiguring shell disease.
Another culprit is warming water: Narragansett Bay temperatures have
risen almost two degrees Celsius in the last 20 years.
Ecologies can be very complex and can change rapidly. The efforts to

avoid overfishing are to be applauded, but they are only part of the story.

35.7 Automobile Pollution

As suggested above, pollution is a prime example of an economic external-
ity. The activity of one consumer operating an automobile will typically
lower the quality of the air that other consumers breathe. It seems unlikely
that an unregulated free market would generate the optimal amount of pol-
lution; more likely, if the consumer bears no cost in generating pollution,
too much pollution would be produced.
One approach to controlling the amount of automobile pollution is to re-

quire that automobiles meet certain standards in the amount of pollution
that they generate. This has been the basic thrust of U.S. antipollution
policy since the Clean Air Act of 1963. That act, or, more properly, the
subsequent amendments, set automobile emission standards for the manu-
facturers of vehicles in the United States.

7 See The Economist, “Claws!” August 19, 2004, and Cornelia Dean, “Lobster Boom
and Bust,” New York Times, August 9, 2004.
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Lawrence White has examined the benefits and costs of this program;
most of the following discussion is drawn from this work.8

White estimates that the cost of emission control equipment is about
$600 per car, the extra maintenance costs are about $180 per car, and
the costs of the reduced gasoline mileage and the necessity for unleaded
gasoline come to about $670 per car. Thus the total cost per car of the
emission control standards is about $1450 over the lifetime of the car. (All
figures are in 1981 dollars.)
He argues that there are several problems with the current approach to

the regulation of automobile emissions. First, it requires that all automo-
biles meet the same standards. (California is the only state with different
standards for emission control.) This means that everyone who buys a car
must pay an extra $1450 whether they live in a high pollution area or not.
A 1974 National Academy of Sciences study concluded that 63 percent of
all U.S. cars did not require the stringent standards now in effect. Accord-
ing to White, “almost two-thirds of car buyers are spending . . . substantial
sums for unnecessary systems.”
Secondly, most of the responsibility for meeting the standards falls on

the manufacturer, and little falls on the user. Owners of cars have little
incentive to keep their pollution control equipment in working order unless
they live in a state with required inspections.
More significantly, motorists have no incentive to economize on their

driving. In cities such as Los Angeles, where pollution is a significant
hazard, it makes good economic sense to encourage people to drive less.
Under the current system, people who drive 2000 miles a year in North
Dakota pay exactly the same amount for pollution control as people who
drive 50,000 miles a year in Los Angeles.
An alternative solution to pollution would be effluent fees. As described

by White, effluent fees would require an annual inspection of all vehicles
along with an odometer reading and tests that would estimate the likely
emissions of the vehicle during the past year. Different communities could
then levy fees based on the estimated amount of pollution that had actu-
ally been generated by the operation of the vehicle. This method would
ensure that people would face the true cost of generating pollution and
would encourage them to choose to generate the socially optimal amount
of pollution.
Such a system of effluent fees would encourage the vehicle owners them-

selves to find low-cost ways of reducing their emissions—investing in pol-
lution control equipment, changing their driving habits, and changing the
kinds of vehicles that they operate. A system of effluent fees could im-
pose even higher standards than are now in effect in communities where
pollution is a serious problem. Any desired level of pollution control can

8 See Lawrence White, The Regulation of Air Pollutant Emissions from Motor Vehicles
(Washington, D.C.: American Enterprise Institute for Public Policy Research, 1982).
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be achieved by appropriate effluent fees . . . and it can be achieved at a
substantially lower cost than the current system of mandated standards.
Of course, there is no reason why there might not also be some federally

mandated standards for the two-thirds of the vehicles that are operated in
localities where pollution is not a serious problem. If it is cheaper to impose
standards than to require inspections, then by all means that should be the
proper choice. The appropriate method of pollution control for automobiles
should depend on a rational analysis of benefits and costs—as should all
social policies of this nature.

Summary

1. The First Theorem of Welfare Economics shows that a free, competitive
market will provide an efficient outcome in the absence of externalities.

2. However, if externalities are present, the outcome of a competitive mar-
ket is unlikely to be Pareto efficient.

3. However, in this case, the state can sometimes “mimic” the role of the
market by using prices to provide correct signals about the social cost of
individual actions.

4. More importantly, the legal system can ensure that property rights are
well defined, so that efficiency-enhancing trades can be made.

5. If preferences are quasilinear, the efficient amount of a consumption
externality will be independent of the assignment of property rights.

6. Cures for production externalities include the use of Pigouvian taxes,
setting up a market for the externality, simply allowing firms to merge, or
transferring property rights in other ways.

7. The tragedy of the commons refers to the tendency for common property
to be overused. This is a particularly prevalent form of externality.

REVIEW QUESTIONS

1. True or false? An explicit delineation of property rights usually elimi-
nates the problem of externalities.

2. True or false? The distributional consequences of the delineation of
property rights are eliminated when preferences are quasilinear.
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3. List some other examples of positive and negative consumption and
production externalities.

4. Suppose that the government wants to control the use of the commons,
what methods exist for achieving the efficient level of use?



CHAPTER 36

INFORMATION
TECHNOLOGY

One of the most radical changes in the economy in the last 15 years has
been the emergence of the information economy. The popular press is
filled with stories about advances in computer technology, the Internet, and
new software. Not surprisingly, many of these stories are on the business
pages of the newspaper, for this technological revolution is also an economic
revolution.
Some observers have gone so far as to put the Information Revolution

on a par with the Industrial Revolution. Just as the Industrial Revolution
transformed the way goods were produced, distributed, and consumed, the
Information Revolution is transforming the way information is produced,
distributed, and consumed.
It has been claimed that these dramatically new technologies will require

a fundamentally different form of economics. Bits, it is argued, are fun-
damentally different than atoms. Bits can be reproduced costlessly and
distributed around the world at the speed of light, and they never deterio-
rate. Material goods, made of atoms, have none of these properties: they
are costly to produce and transport, and they inevitably deteriorate.
It is true that the unusual properties of bits require new economic anal-

ysis, but I would argue that they do not require a new kind of economic
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analysis. After all, economics is primarily about people not goods. The
models we have analyzed in this book have had to do with how people
make choices and interact with each other. We have rarely had occasion
to refer to the specific goods that were involved in the transactions. The
fundamental concerns were the tastes of the individuals, the technology of
production, and the structure of the market, and these same factors will
determine how markets for information will work . . . or not work.
In this chapter we will investigate a few economic models relevant to the

information revolution. The first has to do with the economics of networks,
the second with switching costs, and the third with rights management for
information goods. These examples will illustrate how the fundamental
tools of economic analysis can help us to understand the world of bits as
well as the world of atoms.

36.1 Systems Competition

Information technology is generally used in systems. Such systems involve
several components, often provided by different firms, that only have value
if they work together. Hardware is useless without software, a DVD player
is useless without DVD disks, an operating system is worthless without
applications, and a web browser is useless without web servers. All of these
are examples of complements: goods where the value of one component
is significantly enhanced by the presence of another component.
In our discussion of consumer theory, we described left shoes and right

shoes as complements. The cases above are equally extreme: the best
computer hardware in the world can’t function unless there is software
written for it. But unlike shoes, the more software that is available for it,
the more valuable it becomes.
Competition among the providers of these components often have to

worry just as much about their “complementors” as their competitors.
A key part of Apple’s competitive strategy has to involve their relations
with software developers. This gives competitive strategy in information
technology (IT) industries a different flavor than strategy in traditional
industries.1

36.2 The Problem of Complements

To illustrate these points, let us consider the case of a Central Process-
ing Unit (CPU) and an Operating System (OS). A CPU is an integrated

1 See Shapiro, Carl and Hal R. Varian, Information Rules: A Strategic Guide to the
Network Economy, Harvard Business School Press, 1998, for a guide to competitive
strategy in IT industries.
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circuit that is the “brain” of a computer. Two familiar manufacturers of
CPUs are Intel and Motorola. An OS is the software that allows users
and applications to access the functions of the CPU. Apple and Microsoft
both make operating systems. Normally, a special version of an operating
system has to be created for each CPU.
From the viewpoint of the end user, the CPU can only be used if there

is a compatible operating system. The CPU and the OS are complements,
just as left shoes and right shoes are complements.
The most popular CPUs and OSs in the world today are made by Intel

and Microsoft, respectively. These are, of course, two separate companies
that set the prices of their products independently. The PowerPC, another
popular CPU, was designed by a consortium consisting of IBM, Motorola,
and Apple. Two commercial operating systems for the PowerPC are the
Apple OS and IBM’s AIX. In addition to these commercial operating sys-
tems, there are free systems like BSD and GNU-Linux that are provided
by groups of programmers working on a volunteer basis.
Let us consider the pricing problem facing sellers of complementary prod-

ucts. The critical feature is that the demand for either product depends
on the price of both products. If p1 is the price of the CPU and p2 is the
price of the OS, the cost to the end user depends on p1 + p2. Of course,
you need more than just a CPU and an OS to make a useful system, but
that just adds more prices to the sum; we’ll keep things simple by sticking
with two components.
The demand for CPUs depends on the price of the total system, so we

write D(p1+p2). If we let c1 be the marginal cost of a CPU and F the fixed
cost, the profit-maximization problem of the CPU maker can be written

max
p1

(p1 − c1)D(p1 + p2)− F1.

Similarly, the profit-maximization problem of the OS maker can be written

max
p2

(p2 − c2)D(p1 + p2)− F2.

In order to analyze this problem, let us assume that the demand function
has the linear form

D(p) = a − bp.

Let us also assume, for simplicity, that the marginal costs are so small that
they can be ignored. Then the CPU profit-maximization problem becomes

max
p1

p1[a − b(p1 + p2)]− F1,

or
max

p1

ap1 − bp2
1 − bp1p2 − F1.
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It turns out that the marginal revenue from a price increase Δp1 is

(a − 2bp1 − bp2)Δp1.

If profit is maximized, then the change in revenue from an increase in p1
must be zero:

a − 2bp1 − bp2 = 0.

Solving this equation we have

p1 =
a − bp2

2b
.

In exactly the same way, we can solve for the profit-maximizing choice of
the OS price:

p2 =
a − bp1

2b
.

Note that the optimal choice of each firm’s price depends on what it expects
the other firm to charge for its component. As usual, we are interested in
a Nash equilibrium, where each firm’s expectations about the other’s
behavior are satisfied.
Solving the system of two equations in two unknowns, we have

p1 = p2 =
a
3b

.

This gives us the profit-maximizing prices if each firm unilaterally and
independently sets the price of its component of the system. The price of
the total system is

p1 + p2 =
2a
3b

.

Now let us consider the following experiment. Suppose that the two
firms merge to form an integrated firm. Instead of setting the prices of the
components, the integrated firm sets the price of the final system, which
we denote by p. Its profit-maximization problem is therefore

max
p

p(a − bp).

The marginal revenue from increasing the system price by Δp is

(a − 2bp)Δp.

Setting this equal to zero and solving, we find that the price that the
integrated firm will set for the final system is

p =
a
2b

.
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Note the following interesting fact: the profit-maximizing price set by
the integrated firm is less than the profit-maximizing price set by the two
independent firms. Since the price of the system is lower, consumers will
buy more of them and be better off. Furthermore, the profits of the inte-
grated firm are larger than the sum of the equilibrium profits of the two
independent firms. Everyone has been made better off by coordinating the
pricing decision!
This turns out to be true in general: a merger of two monopolies that

produce complementary products results in lower prices and higher profits
than if the two firms set their prices independently.2

The intuition is not hard to see. When firm 1 contemplates a price
decrease for the CPU, it will increase demand for CPUs and OSs. But it
only takes into account the impact on its own profit from cutting price,
ignoring the profits that will accrue to the other firm. This leads it to cut
prices less than it would if it were interested in maximizing joint profit.
The same analysis applies to firm 2, leading to prices that are “too high”
from the viewpoint of both profit-maximization and consumer surplus.

Relationships among Complementors

The “merger of complementors” analysis is provocative, but we shouldn’t
immediately leap to the conclusion that mergers of OS and CPU manu-
facturers are a good idea. What the result says is that independent price
setting will lead to prices that are too high from the viewpoint of joint
profitability, but there are lots of intermediate cases between totally inde-
pendent and fully integrated.
For example, one of the firms can negotiate prices for components and

then sell an integrated bundle. This is, more or less, what Apple does. They
buy PowerPC CPUs in bulk fromMotorola, build them into computers, and
then bundle the operating system and computers together for sale to the
end customers.
Another model for dealing with the systems pricing problem is to use

revenue sharing. Boeing builds airplane bodies and GE builds airplane
engines. The end user generally wants both a body and an engine. If
GE and Boeing each set their prices independently, they could decide to
set their prices too high. So what they do instead is to negotiate a deal
in which GE will receive a fraction of the revenue from the sale of the
assembled aircraft. Then GE is happy to have Boeing negotiate to get as
high a price as possible for the package, confident that it will receive its
specified share.

2 This rather remarkable fact was discovered by Augustin Cournot, whom we previously
met in Chapter 28.
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There are other mechanisms that work in different industries. Consider,
for example, the DVD industry mentioned in the introduction. This has
been a very successful new product, but making it work was tricky. Con-
sumer electronics firms didn’t want to produce players unless they were as-
sured that there would be plenty of content available, and content providers
didn’t want to produce content unless they were sure that would be lots of
DVD players out there.
On top of this, both the consumer electronics firms and the content

producers would have to worry about the pricing of complements problem:
if there were only a few providers of players and only a few providers of
content, then they would each want to price their products “too high,”
reducing the total profit available in the industry and making consumers
worse off.
Sony and Philips, who held the basic patents on the DVD technology,

helped solve this problem by licensing the technology widely at attractive
prices. They also realized that there had to be a lot of competition to keep
the prices down and kick start the industry. They recognized that it was
much better to have a small share of a large, successful industry than to
have a large share of a nonexistent industry.
Yet another model for relationships among complementors might be

called “commoditize the complement.” Look back at firm 1’s profit maxi-
mization problem:

max
p1

p1D(p1 + p2)− F1.

At any given configuration of prices, reducing p1 may or may not increase
firm 1’s revenues, depending on the demand elasticity. But lowering p2 will
always increase firm 1’s revenue. The challenge facing firm 1 is then: how
can I get firm 2 to cut its price?
One way is to try to make competition for firm 2 more intense. Vari-

ous strategies are possible here, depending on the nature of the industry.
In technology-intensive industries, standardization becomes an important
tool. An OS producer, for example, would want to encourage standardized
hardware. This not only makes its job easier, but it also ensures that the
hardware industry will be highly competitive. This will ensure that com-
petitive forces push down the price of hardware and reduce the total system
price to end users, thereby increasing the demand for operating systems.3

EXAMPLE: Apple’s iPod and iTunes

Apple’s iPod music player is hugely popular. As of January 2009, Apple
had sold 6 billion songs, accounting for an estimated 70% of online music
sales and an 88% market share in the United States.

3 See Brandenburger, Adam and Barry Nalebuff, Co-opetition, Doubleday, 1997 for
further analysis of strategy for complementors.
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There is an obvious complementary relationship between the music player
and the music. The classic business model for complements comes from
Gillette: “Give away the razor and sell the blades.” But in this case the
model is reversed: most of Apple’s profit comes from selling the iPod, with
only a small fraction coming from selling the music.

This is primarily due to the fact that Apple does not own the music,
so the revenue from music sold on iTunes must be shared between the
producers of the music and Apple. Since Apple makes most of its money
from the player, it wants to have cheap music. Since the studios make most
of their money from the songs, they want to have expensive music. This
has led to some conflicts between Apple and the music studios.

Originally, all songs on iTunes sold for 99 cents. Some music publishers
felt that prices should be higher for new releases. After much back and
forth, Apple announced a new policy in March of 2009, where some new
releases would sell for $1.29. This is a form of differential pricing, or “ver-
sioning,” which is common in media markets. Those who are enthused and
impatient pay the higher price, while those who are more patient can wait
for the price reduction.

EXAMPLE: Who Makes an iPod?

Hint: it’s not Apple. In fact, iPods are assembled in a number of Asian
countries, by a variety of assemblers, including Asustek, Inventec Appli-
ances, and Foxconn.

But that’s not the end of the story. These companies merely assemble the
parts that are purchased from other companies. In 2009, some economists
tried to track down the origin of the 451 parts that go into an iPod.4

The retail value of the 30-gigabyte video iPod that the authors examined
was $299. The most expensive component in it was the hard drive, which
was manufactured by Toshiba and costs about $73. The next most costly
components were the display module (about $20), the video/multimedia
processor chip ($8), and the controller chip ($5). They estimated that the
final assembly, done in China, cost only about $4 a unit.

The authors of the report tried to track down where the major parts
were manufactured and how much value was added at each stage of the
production process. The researchers estimated that $163 of the iPod’s $299
retail value in the United States was captured by American companies and
workers, breaking it down to $75 for distribution and retail costs, $80 to
Apple, and $8 to various domestic component makers. Japan contributed

4 Greg Linden, Kenneth L. Kraemer, and Jason Dedrick, “Who Captures Value in
a Global Innovation Network,” Communications of the ACM, 52 (3), March 2009,
140–144.
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about $26 to the value added (mostly via the Toshiba disk drive), while
Korea contributed less than $1.
Ideally, each component was purchased from the lowest-cost provider,

and to a large extent these decisions reflected the comparative advantage
of the different providers.
Even though the assembly in China only contributed about 1% of the

value of the iPod, each imported iPod contributed about $150 of the bilat-
eral trade deficit between China and the United States. What this shows
is that the bilateral trade deficit makes no sense. Most of the high-value
parts in the iPod were in fact imported into China from other countries in
the first place. The highest-value component of the iPod—the design and
engineering that went into it—came from the United States.

EXAMPLE: AdWords and AdSense

Two of Google’s advertising programs are AdWords, which shows ads tar-
geted to search queries, and AdSense, which shows ads based on the con-
tents of a web page. AdWords shows “search targeted ads” and AdSense
shows “contextually targeted ads.”
When a user clicks on a contextually targeted ad on a particular site, the

advertiser pays a price per click determined by an auction, similar to that
described in Chapter 18. The revenue from this ad click is divided between
the publisher and Google according to a revenue-sharing formula. Hence
the AdSense program provides a simple way for a publisher to generate
advertising revenue without having to manage an advertising program on
its own.
There is a strong complementarity between the AdWords and AdSense

programs. By providing a way for publishers to make money from their
content, AdSense encourages the production of content. This means that
there is more useful information available on the web and therefore content
for Google to index and search. By creating a business model for content
creation, Google makes its search service more valuable.

36.3 Lock-In

Since IT components often work together as systems, switching any one
component often involves switching others as well. This means that the
switching costs associated with one component in IT industries may be
quite substantial. For example, switching from a Macintosh to a Windows-
based PC involves not only the hardware costs of the computer itself, but
also involves purchasing of a whole new library of software, and, even more
importantly, learning how to use a brand new system.
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When switching costs are very high, users may find themselves experi-
encing lock-in, a situation where the cost of changing to a different system
is so high that switching is virtually inconceivable. This is bad for the con-
sumers, but is, of course, quite attractive for the seller of the components
that make up the system in question. Since the locked-in user has a very
inelastic demand, the seller(s) can jack up the prices of their components
to extract consumer surplus from the user.

Of course, wary consumers will try to avoid such lock-in, or, at the very
least, bargain hard to be compensated for being locked in. Even if the
consumers themselves are poor at bargaining, competition among sellers of
systems will force prices down for the initial purchase, since the locked-in
consumers can provide them with a steady revenue stream afterwords.

Consider, for example, choosing an Internet service provider (ISP). Once
you have committed to such a choice, it may be inconvenient to switch
due to the cost of notifying all of your correspondents about your new e-
mail address, reconfiguring your Internet access programs, and so on. The
monopoly power due to these switching costs means that the ISP can charge
more than the marginal cost of providing service, once it has acquired you
as a customer. But the flip side of this effect is that the stream of profits of
the locked-in customers is a valuable asset, and ISPs will compete up front
to acquire such customers by offering discounts and other inducements to
sign up with them.

A Model of Competition with Switching Costs

Let’s examine a model of this phenomenon. We assume that the cost of
providing a customer with Internet access is c per month. We also assume
a perfectly competitive market, with many identical firms, so that in the
absence of any switching costs, the price of Internet service would simply
be p = c.
But now suppose that there is a cost s of switching ISPs and that ISPs

can offer a discount of size d for the first month to attract new customers.
At the start of a given month, a consumer contemplates switching to a new
ISP. If he does so, he only has to pay the discounted price, p − d, but he
also has to endure the switching costs s. If he stays with his old provider,
he has to pay the price p forever. After the first month, we assume that
both providers continue to charge the same price p forever.

The consumer will switch if the present value of the payments to the
new provider plus the switching cost is less than the present value of the
payments to the original ISP. Letting r be the (monthly) interest rate, the
consumer will switch if

(p − d) +
p
r
+ s < p +

p
r

.
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Competition between providers ensures that the consumer is indifferent
between switching or not switching, which implies

(p − d) + s = p.

It follows that d = s, which means the discount offered just covers the
switching cost of the consumer.
On the producer side, we suppose that competition forces the present

value of profits to be zero. The present value of profit associated with a
single customer is the price minus the initial discount, plus the present
value of the profits in future months. Letting r be the (monthly) interest
rate, and using the fact that d = s, the zero-profit condition can be written
as

(p − s)− c +
p − c

r
= 0. (36.1)

Rearranging this equation gives us two equivalent ways to describe the
equilibrium price:

p − c +
p − c

r
= s, (36.2)

or
p = c +

r
1 + r

s. (36.3)

Equation (36.2) says that the present value of the future profits from the
consumer must just equal the consumer’s switching cost. Equation (36.3)
says that the price of service is a markup on marginal cost, where the
amount of the markup is proportional to the switching costs.
Adding switching costs to the model raises the monthly price of service

above cost, but competition for this profit flow forces the initial price down.
Effectively, the producer is investing in the discount d = s in order to
acquire the flow of markups in the future.
In reality many ISPs have other sources of revenue than just the monthly

income from their customers. America Online, for example, derives a sub-
stantial part of its operating revenue from advertising. It makes sense for
them to offer large up-front discounts, in order to capture advertising rev-
enue, even if they have to provide Internet connections at rates at or below
cost.
We can easily add this effect to the model. If a is the advertising revenue

generated by the consumer each month, the zero-profit condition requires

(p − s) + a − c +
p + a − c

r
= 0. (36.4)

Solving for p we have

p = c − a +
r

1 + r
s.

This equation shows that what is relevant is the net cost of servicing the
customer, c − a, which involves both the service cost and the advertising
revenues.
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EXAMPLE: Online Bill Payment

Many banks offer low-cost or even free bill payment services. Some banks
will even pay customers who start using their online bill payment services.
Why the big rush to pay bills online? The answer is that banks have

found that once a customer goes to the trouble of setting up the bill-paying
service, he or she is much less likely to switch banks. According to a Bank
of America study, the frequency of switching goes down by 80 percent for
such customers.5

It’s true that once you get online bill payment up and running, it’s hard
to give it up. Switching to another bank to get an extra tenth of a percent
of interest on your checking account doesn’t seem very attractive. As in
the analysis of lock-in presented above, investing in services that create
switching costs can be very profitable for businesses.

EXAMPLE: Number Portability on Cell Phones

At one time, cell phone providers prevented individuals from transferring
their phone numbers when they switched carriers. This prohibition in-
creases individual switching costs significantly, since anyone who switched
would have to notify all of his or her friends about the new number.
As the model presented in this chapter describes, the fact that customers

could be charged more when they faced high switching costs meant that
the phone providers would compete even more aggressively to sign up such
highly profitable customers. This competition took the form of providing
low-cost or even free phones, along with offers of “free minutes,” “rollover
plans,” “cell-to-cell discounts,” and other marketing gimmicks.
The cell phone industry was united in its efforts to block number porta-

bility and lobbied regulatory agencies and Congress to maintain the status
quo.
Slowly but surely, the tide started to turn against the cell phone industry

as consumers demanded number portability. The Federal Communications
Commission, which regulates the telephone business, started dropping hints
that cell phone providers should consider ways in which they could imple-
ment number portability.
In June 2003, Verizon Wireless said it would drop opposition to number

portability. Their decision appeared to rest on two considerations. First,
it was becoming clear that they were fighting a losing battle: eventually
cell-number portability would win out. Perhaps more significantly, several
recent consumer surveys showed that Verizon led the industry in terms of

5 Michelle Higgins, “Banks Use Online Bill Payment In Effort to Lock In Customers,”
Wall Street Journal, September 4, 2002.
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customer satisfaction. It appeared quite possible that Verizon would gain
more customers than it lost if switching costs were reduced. Indeed, it
appears that ultimately Verizon benefited from number portability.
This episode provides a good lesson in business strategy: tactics to in-

crease customer switching costs may be valuable for a while. But ultimately
service quality plays a decisive role in attracting and retaining customers.

36.4 Network Externalities

We have already examined the idea of externalities in Chapter 35. Recall
that economists use this term to describe situations in which one person’s
consumption directly influences another person’s utility. Network exter-
nalities are a special kind of externalities in which one person’s utility for
a good depends on the number of other people who consume this good.6

Take for example a consumer’s demand for a fax machine. People want
fax machines so they can communicate with each other. If no one else has
a fax machine, it certainly isn’t worthwhile for you to buy one. Modems
have a similar property: a modem is only useful if there is another modem
somewhere that you can communicate with.
Another more indirect effect for network externalities arises with com-

plementary goods. There is no reason for a video store to locate in a
community where no one owns a video player; but then again, there is
little reason to buy a video player unless you have access to pre-recorded
video tapes to play in the machine. In this case the demand for video tapes
depends on the number of VCRs, and the demand for VCRs depends on
the number of video tapes available, resulting in a slightly more general
form of network externalities.

36.5 Markets with Network Externalities

Let us try to model network externalities using a simple demand and supply
model. Suppose that there are 1000 people in a market for some good and
we index the people by v = 1, . . . , 1000. Think of v as measuring the
reservation price for the good by person v. Then if the price of the good
is p, the number of people who think that the good is worth at least p is
1000 − p. For example, if the price of the good is $200, then there are
800 people who are willing to pay at least $200 for the good, so the total
number of units sold would be 800. This structure generates a standard,
downward-sloping demand curve.

6 More generally, a person’s utility could depend on the identity of other users; it is
easy to add this to the analysis.
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But now let’s add a twist to the model. Suppose that the good we are
examining exhibits network externalities, like a fax machine or a telephone.
For simplicity, let us suppose that the value of the good to person v is vn,
where n is the number of people who consume the good—the number of
people who are connected to the network. The more people there are who
consume the good, the more each person is willing to pay to acquire it.7

What does the demand function look like for this model?
If the price is p, there is someone who is just indifferent between buying

the good and not buying it. Let v̂ denote the index of this marginal indi-
vidual. By definition, he is just indifferent to purchasing the good, so his
willingness to pay for the good equals its price:

p = v̂n. (36.5)

Since this “marginal person” is indifferent, everyone with a higher value
of v than v̂ must definitely want to buy. This means that the number of
people who want to buy the good is

n = 1000− v̂. (36.6)

Putting equations (36.5) and (36.6) together, we have a condition that
characterizes equilibrium in this market:

p = n(1000− n).

This equation gives us a relationship between the price of the good and the
number of users. In this sense, it is a kind of demand curve; if there are n
people who purchase the good, then the willingness to pay of the marginal
individual is given by the height of the curve.
However, if we look at the plot of this curve in Figure 36.1, we see

that it has quite a different shape than a standard demand curve! If the
number of people who connect is low, then the willingness to pay of the
marginal individual is low, because there aren’t many other people out
there that he can communicate with. If there are a large number of people
connected, then the willingness to pay of the marginal individual is low,
because everyone else who valued it more highly has already connected.
These two forces lead to the humped shape depicted in Figure 36.1.
Now that we understand the demand side of the market, let’s look at

the supply side. To keep things simple, let us suppose that the good can
be provided by a constant returns to scale technology. As we’ve seen, this
means that the supply curve is a flat line at price equals average cost.
Note that there are three possible intersections of the demand and supply

curve. There is a low-level equilibrium where n∗ = 0. This is where no one

7 We should really interpret n as the number of people who are expected to consume
the good, but this distinction won’t be very important for what follows.
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Supply curve
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TO PAY

SIZE OF NETWORK

Demand curve

Network externalities. The demand is given by the curved
hump, the supply by the horizontal line. Note that there are
three intersections where demand equals supply.

Figure
36.1

consumes the good (connects to the network), so no one is willing to pay
anything to consume the good. This might be referred to as a “pessimistic
expectations” equilibrium.

The middle equilibrium with a positive but small number of consumers
is one where people don’t think the network will be very big, so they aren’t
willing to pay that much to connect to it—and therefore the network isn’t
very big.

Finally the last equilibrium has a large number of people, nH . Here the
price is small because the marginal person who purchases the good doesn’t
value it very highly, even though the market is very large.

36.6 Market Dynamics

Which of the three equilibria will we see occur? So far the model gives
us no reason to choose among them. At each of these equilibria, demand
equals supply. However, we can add a dynamic adjustment process to help
us decide which equilibrium is more likely to occur.

It is plausible to assume that when people are willing to pay more than
the cost of the good, the size of the market expands and, when they are
willing to pay less, the market contracts. Geometrically this is saying that
when the demand curve is above the supply curve, the quantity goes up
and, when it is beneath the supply curve, the quantity goes down. The
arrows in Figure 36.1 illustrate this adjustment process.
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Wage labor. The problem with wage labor is that it requires observation
of the amount of labor input. The wage has to be based on the effort put
in to production, not just the hours spent in the firm. If the owner can’t
observe the amount of labor input, then it will be impossible to implement
this kind of incentive scheme.

Take-it-or-leave-it. If the incentive payment is based on the labor input,
then we have the same problem with this scheme as with wage labor. If the
payment is based on output, then the scheme involves the worker bearing
all the risk. Even missing the “target output” by a small amount results
in a zero payment.

Sharecropping. This is something of a happy medium. The payment to the
worker depends in part on observed output, but the worker and the owner
share the risk of output fluctuations. This gives the worker an incentive to
produce output but it doesn’t leave him bearing all the risk.

The introduction of asymmetric information has made a drastic change
in our evaluation of the incentive methods. If the owner can’t observe effort,
then wage labor is infeasible. Rent and the take-it-or-leave-it scheme leave
the worker bearing too much risk. Sharecropping is a compromise between
the two extremes: it gives the worker some incentive to produce, but it
doesn’t leave him with all the risk.

EXAMPLE: Monitoring Costs

It is not always easy to observe the amount of effort an employee puts into
his or her job. Consider, for example, a job as a clerk in a 24-hour con-
venience store. How can the manager observe the employees’ performance
when the manager isn’t around? Even if there are ways to observe the
physical output of the employee (shelves stocked, sales rung up) it is much
harder to observe things like politeness to customers.
There is little doubt that some of the worst service in the world was

provided in the formerly Communist countries in Eastern Europe: once
you managed to attract the attention of a clerk, you were more likely to be
greeted by a scowl than a smile. Nevertheless, a Hungarian entrepreneur,
Gabor Varszegi, has made millions by providing high-quality service in his
photo developing shops in Budapest.7

Varszegi says that he got his start as a businessman in the mid-sixties
by playing bass guitar and managing a rock group. “Back then,” he says,
“the only private businessmen in Eastern Europe were rock musicians.”

7 See Steven Greenhouse, “A New Formula in Hungary: Speed Service and Grow Rich,”
New York Times, June 5, 1990, A1.



756 ASYMMETRIC INFORMATION (Ch. 38)

He introduced one-hour film developing to Hungary in 1985; the next best
alternative to his one-hour developing shops was the state-run agency that
took one month.
Varszegi follows two rules in labor relations: he never hires anyone who

worked under Communism, and he pays his workers four times the market
wage. This makes perfect sense in light of the above remarks about mon-
itoring costs: there are very few employees per store and monitoring their
behavior is very costly. If there were only a small penalty to being fired,
there would be great temptation to slack off. By paying the workers much
more than they could get elsewhere, Varszegi makes it very costly for them
to be fired—and reduces his monitoring costs significantly.

EXAMPLE: The Grameen Bank

A village moneylender in Bangladesh charges over 150 percent interest a
year. Any American banker would love a return of that size: why isn’t
Citibank installing money machines in Bangladesh? To ask the question is
to answer it: Citibank would probably not do as well as the moneylender.
The village moneylender has a comparative advantage in these small-scale
loans for several reasons.

• The village moneylender can deal more effectively with the small scale of
lending involved;

• The moneylender has better access to information about who are good
and bad credit risks than an outsider does.

• The moneylender is in a better position to monitor the progress of the
loan payments to insure repayment.

These three problems—returns to scale, adverse selection and moral
hazard—allow the village moneylender to maintain a local monopoly in
the credit market.
Such a local monopoly is especially pernicious in an underdeveloped

country such as Bangladesh. At an interest rate of 150 percent there are
many profitable projects that are not being undertaken by the peasants.
Improved access to credit could lead to a major increase in investment, and
a corresponding increase in the standards of living.
Muhammad Yunus, an American-trained economist from Bangladesh,

has developed an ingenious institution known as the Grameen Bank (vil-
lage bank) to address some of these problems. In the Grameen plan, en-
trepreneurs with separate projects get together and apply for a loan as a
group. If the loan is approved, two members of the group get their loan
and commence their investment activity. If they are successful in meeting
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the repayment schedule, two more members get loans. If they are also
successful the last member, the group leader, will get a loan.
The Grameen bank addresses each of the three problems described above.

Since the quality of the group influences whether or not individual members
will get loans, potential members are highly selective about who they will
join with. Since members of the group can only get loans if other members
succeed in their investments, there are strong incentives to help each other
out and share expertise. Finally, these activities of choosing candidates for
loans and monitoring the progress of the repayments are all done by the
peasants themselves, not directly by the loan officers at the bank.
The Grameen bank has been very successful. It makes about 475,000

loans a month with an average size of $70. Their loan-recovery rate is
about 98 percent, while conventional lenders in Bangladesh achieve a loan-
recovery rate of about 30 to 40 percent. The success of the group respon-
sibility program in encouraging investment has led to its adoption in a
number of other poverty-stricken areas in North and South America.

Summary

1. Imperfect and asymmetric information can lead to drastic differences in
the nature of market equilbrium.

2. Adverse selection refers to situations where the type of the agents is not
observable so that one side of the market has to guess the type or quality
of a product based on the behavior of the other side of the market.

3. In markets involving adverse selection too little trade may take place.
In this case it is possible that everyone can be made better off by forcing
them to transact.

4. Moral hazard refers to a situation where one side of the market can’t
observe the actions of the other side.

5. Signaling refers to the fact that when adverse selection or moral hazard
are present some agents will want to invest in signals that will differentiate
them from other agents.

6. Investment in signals may be privately beneficial but publically wasteful.
On the other hand, investment in signals may help to solve problems due
to asymmetric information.

7. Efficient incentive schemes (with perfect observability of effort) leave the
worker as the residual claimant. This means that the worker will equate
marginal benefits and marginal costs.
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8. But if information is imperfect this is no longer true. In general, an
incentive scheme that shares risks as well as providing incentives will be
appropriate.

REVIEW QUESTIONS

1. Consider the model of the used-car market presented in this chapter.
What is the maximum amount of consumers’ surplus that is created by
trade in the market equilibrium?

2. In the same model, how much consumers’ surplus would be created
by randomly assigning buyers to sellers? Which method gives the larger
surplus?

3. A worker can produce x units of output at a cost of c(x) = x2/2. He
can achieve a utility level of u = 0 working elsewhere. What is the optimal
wage-labor incentive scheme s(x) for this worker?

4. Given the setup of the previous problem, what would the worker be
willing to pay to rent the production technology?

5. How would your answer to the last problem change if the worker’s alter-
native employment gave him u = 1?



MATHEMATICAL
APPENDIX

In this Appendix we will provide a brief review of some of the mathematical
concepts that are used in the text. This material is meant to serve as a
reminder of the definitions of various terms used in the text. It is emphat-
ically not a tutorial in mathematics. The definitions given will generally
be the simplest, not the most rigorous.

A.1 Functions

A function is a rule that describes a relationship between numbers. For
each number x, a function assigns a unique number y according to some
rule. Thus a function can be indicated by describing the rule, as “take a
number and square it,” or “take a number and multiply it by 2,” and so
on. We write these particular functions as y = x2, y = 2x. Functions are
sometimes referred to as transformations.
Often we want to indicate that some variable y depends on some other

variable x, but we don’t know the specific algebraic relationship between the
two variables. In this case we write y = f(x), which should be interpreted
as saying that the variable y depends on x according to the rule f .
Given a function y = f(x), the number x is often called the indepen-

dent variable, and the number y is often called the dependent variable.
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The idea is that x varies independently, but the value of y depends on the
value of x.
Often some variable y depends on several other variables x1, x2, and

so on, so we write y = f(x1, x2) to indicate that both variables together
determine the value of y.

A.2 Graphs

A graph of a function depicts the behavior of a function pictorially. Figure
A.1 shows two graphs of functions. In mathematics the independent vari-
able is usually depicted on the horizontal axis, and the dependent variable
is depicted on the vertical axis. The graph then indicates the relationship
between the independent and the dependent variables.
However, in economics it is common to graph functions with the indepen-

dent variable on the vertical axis and the dependent variable on the hori-
zontal axis. Demand functions, for example, are usually depicted with the
price on the vertical axis and the amount demanded on the horizontal axis.
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A.1

Graphs of functions. Panel A denotes the graph of y = 2x,
and panel B denotes the graph of y = x2.

A.3 Properties of Functions

A continuous function is one that can be drawn without lifting a pencil
from the paper: there are no jumps in a continuous function. A smooth
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function is one that has no “kinks” or corners. A monotonic function
is one that always increases or always decreases; a positive monotonic
function always increases as x increases, while a negative monotonic
function always decreases as x increases.

A.4 Inverse Functions

Recall that a function has the property that for each value of x there is
a unique value of y associated with it and that a monotonic function is
one that is always increasing or always decreasing. This implies that for a
monotonic function there will be a unique value of x associated with each
value of y.
We call the function that relates x to y in this way an inverse function.

If you are given y as a function of x, you can calculate the inverse function
just by solving for x as a function of y. If y = 2x, then the inverse function
is x = y/2. If y = x2, then there is no inverse function; given any y, both
x = +

√y and x = −√y have the property that their square is equal to y.
Thus there is not a unique value of x associated with each value of y, as is
required by the definition of a function.

A.5 Equations and Identities

An equation asks when a function is equal to some particular number.
Examples of equations are

2x = 8

x2 = 9

f(x) = 0.

The solution to an equation is a value of x that satisfies the equation.
The first equation has a solution of x = 4. The second equation has two
solutions, x = 3 and x = −3. The third equation is just a general equation.
We don’t know its solution until we know the actual rule that f stands for,
but we can denote its solution by x∗. This simply means that x∗ is a number
such that f(x∗) = 0. We say that x∗ satisfies the equation f(x) = 0.
An identity is a relationship between variables that holds for all values

of the variables. Here are some examples of identities:

(x + y)2 ≡ x2 + 2xy + y2

2(x + 1) ≡ 2x + 2.

The special symbol ≡ means that the left-hand side and the right-hand
side are equal for all values of the variables. An equation only holds for
some values of the variables, whereas an identity is true for all values of the
variables. Often an identity is true by the definition of the terms involved.
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A.6 Linear Functions

A linear function is a function of the form

y = ax + b,

where a and b are constants. Examples of linear functions are

y = 2x + 3

y = x − 99.

Strictly speaking, a function of the form y = ax + b should be called an
affine function, and only functions of the form y = ax should be called
linear functions. However, we will not insist on this distinction.
Linear functions can also be expressed implicitly in forms like ax+by = c.

In such a case, we often like to solve for y as a function of x to convert this
to the “standard” form:

y =
c
b
− a

b
x.

A.7 Changes and Rates of Change

The notation Δx is read as “the change in x.” It does not mean Δ times
x. If x changes from x∗ to x∗∗, then the change in x is just

Δx = x∗∗ − x∗.

We can also write
x∗∗ = x∗ +Δx

to indicate that x∗∗ is x∗ plus a change in x.
Typically Δx will refer to a small change in x. We sometimes express

this by saying that Δx represents a marginal change.
A rate of change is the ratio of two changes. If y is a function of x

given by y = f(x), then the rate of change of y with respect to x is denoted
by

Δy
Δx

=
f(x +Δx)− f(x)

Δx
.

The rate of change measures how y changes as x changes.
A linear function has the property that the rate of change of y with

respect to x is constant. To prove this, note that if y = a + bx, then

Δy
Δx

=
a + b(x +Δx)− a − bx

Δx
=

bΔx
Δx

= b.
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For nonlinear functions, the rate of change of the function will depend
on the value of x. Consider, for example, the function y = x2. For this
function

Δy
Δx

=
(x +Δx)2 − x2

Δx
=

x2 + 2xΔx + (Δx)2 − x2

Δx
= 2x +Δx.

Here the rate of change from x to x + Δx depends on the value of x and
on the size of the change, Δx. But if we consider very small changes in x,
Δx will be nearly zero, so the rate of change of y with respect to x will be
approximately 2x.

A.8 Slopes and Intercepts

The rate of change of a function can be interpreted graphically as the
slope of the function. In Figure A.2A we have depicted a linear function
y = −2x + 4. The vertical intercept of this function is the value of y
when x = 0, which is y = 4. The horizontal intercept is the value of x
when y = 0, which is x = 2. The slope of the function is the rate of change
of y as x changes. In this case, the slope of the function is −2.
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y

x

Slope = —2

Horizontal
intercept

Vertical
intercept

1 2 3 4 5

A

y

Slope = 2

8
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B

21 3 x

Tangent
line

y = x2

Slopes and intercepts. Panel A depicts the function y =
−2x + 4, and panel B depicts the function y = x2.

Figure
A.2

In general, if a linear function has the form y = ax + b, the vertical
intercept will be y∗ = b and the horizontal intercept will be x∗ = −b/a. If
a linear function is expressed in the form

a1x1 + a2x2 = c,
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then the horizontal intercept will be the value of x1 when x2 = 0, which is
x∗

1 = c/a1, and the vertical intercept will occur when x1 = 0, which means
x∗

2 = c/a2. The slope of this function is −a1/a2.
A nonlinear function has the property that its slope changes as x changes.

A tangent to a function at some point x is a linear function that has the
same slope. In Figure A.2B we have depicted the function x2 and the
tangent line at x = 1.

If y increases whenever x increases, then Δy will always have the same
sign as Δx, so that the slope of the function will be positive. If on the
other hand y decreases when x increases, or y increases when x decreases,
Δy and Δx will have opposite signs, so that the slope of the function will
be negative.

A.9 Absolute Values and Logarithms

The absolute value of a number is a function f(x) defined by the following
rule:

f(x) =
{ x if x ≥ 0
−x if x < 0.

Thus the absolute value of a number can be found by dropping the sign of
the number. The absolute value function is usually written as |x|.
The (natural) logarithm or log of x describes a particular function of

x, which we write as y = lnx or y = ln(x). The logarithm function is the
unique function that has the properties

ln(xy) = ln(x) + ln(y)

for all positive numbers x and y and

ln(e) = 1.

(In this last equation, e is the base of natural logarithms which is equal to
2.7183 . . .) In words, the log of the product of two numbers is the sum of
the individual logs. This property implies another important property of
logarithms:

ln(xy) = yln(x),

which says that the log of x raised to the power y is equal to y times the
log of x.

A.10 Derivatives

The derivative of a function y = f(x) is defined to be

df(x)
dx

= lim
Δx→0

f(x +Δx)− f(x)
Δx

.
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In words, the derivative is the limit of the rate of change of y with respect
to x as the change in x goes to zero. The derivative gives precise meaning
to the phrase “the rate of change of y with respect to x for small changes
in x.” The derivative of f(x) with respect to x is also denoted by f �(x).

We have already seen that the rate of change of a linear function y =
ax + b is constant. Thus for this linear function

df(x)
dx

= a.

For a nonlinear function the rate of change of y with respect to x will
usually depend on x. We saw that in the case of f(x) = x2, we had
Δy/Δx = 2x +Δx. Applying the definition of the derivative

df(x)
dx

= lim
Δx→0

2x +Δx = 2x.

Thus the derivative of x2 with respect to x is 2x.
It can be shown by more advanced methods that if y = lnx, then

df(x)
dx

=
1

x
.

A.11 Second Derivatives

The second derivative of a function is the derivative of the derivative of
that function. If y = f(x), the second derivative of f(x) with respect to x
is written as d2f(x)/dx2 or f ��(x). We know that

d(2x)
dx

= 2

d(x2)

dx
= 2x.

Thus
d2(2x)

dx2 =
d(2)
dx

= 0

d2(x2)

dx2 =
d(2x)

dx
= 2.

The second derivative measures the curvature of a function. A function
with a negative second derivative at some point is concave near that point;
its slope is decreasing. A function with a positive second derivative at a
point is convex near that point; its slope is increasing. A function with a
zero second derivative at a point is flat near that point.
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A.12 The Product Rule and the Chain Rule

Suppose that g(x) and h(x) are both functions of x. We can define the
function f(x) that represents their product by f(x) = g(x)h(x). Then the
derivative of f(x) is given by

df(x)
dx

= g(x)
dh(x)

dx
+ h(x)

dg(x)
dx

.

Given two functions y = g(x) and z = h(y), the composite function is

f(x) = h(g(x)).

For example, if g(x) = x2 and h(y) = 2y + 3, then the composite function
is

f(x) = 2x2 + 3.

The chain rule says that the derivative of a composite function, f(x),
with respect to x is given by

df(x)
dx

=
dh(y)

dy
dg(x)

dx
.

In our example, dh(y)/dy = 2, and dg(x)/dx = 2x, so the chain rule says
that df(x)/dx = 2 × 2x = 4x. Direct calculation verifies that this is the
derivative of the function f(x) = 2x2 + 3.

A.13 Partial Derivatives

Suppose that y depends on both x1 and x2, so that y = f(x1, x2). Then
the partial derivative of f(x1, x2) with respect to x1 is defined by

∂f(x1, x2)

∂x1
= lim

Δx1→0

f(x1 +Δx1, x2)− f(x1, x2)

Δx1
.

The partial derivative of f(x1, x2) with respect to x1 is just the derivative
of the function with respect to x1, holding x2 fixed. Similarly, the partial
derivative with respect to x2 is

∂f(x1, x2)

∂x2
= lim

Δx2→0

f(x1, x2 +Δx2)− f(x1, x2)

Δx2
.

Partial derivatives have exactly the same properties as ordinary derivatives;
only the name has been changed to protect the innocent (that is, people
who haven’t seen the ∂ symbol).
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In particular, partial derivatives obey the chain rule, but with an extra
twist. Suppose that x1 and x2 both depend on some variable t and that
we define the function g(t) by

g(t) = f(x1(t), x2(t)).

Then the derivative of g(t) with respect to t is given by

dg(t)
dt

=
∂f(x1, x2)

∂x1

dx1(t)
dt

+
∂f(x1, x2)

∂x2

dx2(t)
dt

.

When t changes, it affects both x1(t) and x2(t). Therefore, we need to
calculate the derivative of f(x1, x2) with respect to each of those changes.

A.14 Optimization

If y = f(x), then f(x) achieves a maximum at x∗ if f(x∗) ≥ f(x) for
all x. It can be shown that if f(x) is a smooth function that achieves its
maximum value at x∗, then

df(x∗)

dx
= 0

d2f(x∗)

dx2 ≤ 0.

These expressions are referred to as the first-order condition and the
second-order condition for a maximum. The first-order condition says
that the function is flat at x∗, while the second-order condition says that
the function is concave near x∗. Clearly both of these properties have to
hold if x∗ is indeed a maximum.
We say that f(x) achieves its minimum value at x∗ if f(x∗) ≤ f(x) for

all x. If f(x) is a smooth function that achieves its minimum at x∗, then

df(x∗)

dx
= 0

d2f(x∗)

dx2 ≥ 0.

The first-order condition again says that the function is flat at x∗, while
the second-order condition now says that the function is convex near x∗.

If y = f(x1, x2) is a smooth function that achieves its maximum or
minimum at some point (x∗

1, x∗
2), then we must satisfy

∂f(x∗
1, x∗

2)

∂x1
= 0

∂f(x∗
1, x∗

2)

∂x2
= 0.

These are referred to as the first-order conditions. There are also second-
order conditions for this problem, but they are more difficult to describe.
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A.15 Constrained Optimization

Often we want to consider the maximum or minimum of some function over
some restricted values of (x1, x2). The notation

max
x1,x2

f(x1, x2)

such that g(x1, x2) = c.

means

find x∗
1 and x∗

2 such that f(x∗
1, x∗

2) ≥ f(x1, x2) for all values of x1 and x2
that satisfy the equation g(x1, x2) = c.

The function f(x1, x2) is called the objective function, and the equa-
tion g(x1, x2) = c is called the constraint. Methods for solving this kind
of constrained maximization problem are described in the Appendix to
Chapter 5.
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1 The Market

1.1. It would be constant at $500 for 25 apartments and then drop to $200.

1.2. In the first case, $500, and in the second case, $200. In the third case,
the equilibrium price would be any price between $200 and $500.

1.3. Because if we want to rent one more apartment, we have to offer a lower
price. The number of people who have reservation prices greater than p
must always increase as p decreases.

1.4. The price of apartments in the inner ring would go up since demand
for apartments would not change but supply would decrease.

1.5. The price of apartments in the inner ring would rise.

1.6. A tax would undoubtedly reduce the number of apartments supplied
in the long run.

1.7. He would set a price of 25 and rent 50 apartments. In the second case
he would rent all 40 apartments at the maximum price the market would
bear. This would be given by the solution to D(p) = 100− 2p = 40, which
is p∗ = 30.

1.8. Everyone who had a reservation price higher than the equilibrium
price in the competitive market, so that the final outcome would be Pareto
efficient. (Of course in the long run there would probably be fewer new
apartments built, which would lead to another kind of inefficiency.)

2 Budget Constraint

2.1. The new budget line is given by 2p1x1 + 8p2x2 = 4m.

2.2. The vertical intercept (x2 axis) decreases and the horizontal intercept
(x1 axis) stays the same. Thus the budget line becomes flatter.
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2.3. Flatter. The slope is −2p1/3p2.

2.4. A good whose price has been set to 1; all other goods’ prices are
measured relative to the numeraire good’s price.

2.5. A tax of 8 cents a gallon.

2.6. (p1 + t)x1 + (p2 − s)x2 = m − u.

2.7. Yes, since all of the bundles the consumer could afford before are
affordable at the new prices and income.

3 Preferences

3.1. No. It might be that the consumer was indifferent between the two
bundles. All we are justified in concluding is that (x1, x2) � (y1, y2).

3.2. Yes to both.

3.3. It is transitive, but it is not complete—two people might be the same
height. It is not reflexive since it is false that a person is strictly taller than
himself.

3.4. It is transitive, but not complete. What if A were bigger but slower
than B? Which one would he prefer?

3.5. Yes. An indifference curve can cross itself, it just can’t cross another
distinct indifference curve.

3.6. No, because there are bundles on the indifference curve that have
strictly more of both goods than other bundles on the (alleged) indifference
curve.

3.7. A negative slope. If you give the consumer more anchovies, you’ve
made him worse off, so you have to take away some pepperoni to get him
back on his indifference curve. In this case the direction of increasing utility
is toward the origin.

3.8. Because the consumer weakly prefers the weighted average of two bun-
dles to either bundle.

3.9. If you give up one $5 bill, how many $1 bills do you need to compen-
sate you? Five $1 bills will do nicely. Hence the answer is −5 or −1/5,
depending on which good you put on the horizontal axis.

3.10. Zero—if you take away some of good 1, the consumer needs zero units
of good 2 to compensate him for his loss.
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3.11. Anchovies and peanut butter, scotch and Kool Aid, and other similar
repulsive combinations.

4 Utility

4.1. The function f(u) = u2 is a monotonic transformation for positive u,
but not for negative u.

4.2. (1) Yes. (2) No (works for v positive). (3) No (works for v negative).
(4) Yes (only defined for v positive). (5) Yes. (6) No. (7) Yes. (8) No.

4.3. Suppose that the diagonal intersected a given indifference curve at
two points, say (x, x) and (y, y). Then either x > y or y > x, which
means that one of the bundles has more of both goods. But if preferences
are monotonic, then one of the bundles would have to be preferred to the
other.

4.4. Both represent perfect substitutes.

4.5. Quasilinear preferences. Yes.

4.6. The utility function represents Cobb-Douglas preferences. No. Yes.

4.7. Because the MRS is measured along an indifference curve, and utility
remains constant along an indifference curve.

5 Choice

5.1. x2 = 0 when p2 > p1, x2 = m/p2 when p2 < p1, and anything between
0 and m/p2 when p1 = p2.

5.2. The optimal choices will be x1 = m/p1 and x2 = 0 if p1/p2 < b,
x1 = 0 and x2 = m/p2 if p1/p2 > b, and any amount on the budget line if
p1/p2 = b.

5.3. Let z be the number of cups of coffee the consumer buys. Then we
know that 2z is the number of teaspoons of sugar he or she buys. We must
satisfy the budget constraint

2p1z + p2z = m.

Solving for z we have

z =
m

2p1 + p2
.
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5.4. We know that you’ll either consume all ice cream or all olives. Thus
the two choices for the optimal consumption bundles will be x1 = m/p1,
x2 = 0, or x1 = 0, x2 = m/p2.

5.5. This is a Cobb-Douglas utility function, so she will spend 4/(1 + 4) =
4/5 of her income on good 2.

5.6. For kinked preferences, such as perfect complements, where the change
in price doesn’t induce any change in demand.

6 Demand

6.1. No. If her income increases, and she spends it all, she must be pur-
chasing more of at least one good.

6.2. The utility function for perfect substitutes is u(x1, x2) = x1 + x2.
Thus if u(x1, x2) > u(y1, y2), we have x1 + x2 > y1 + y2. It follows that
tx1 + tx2 > ty1 + ty2, so that u(tx1, tx2) > u(ty1, ty2).

6.3. The Cobb-Douglas utility function has the property that

u(tx1, tx2) = (tx1)
a(tx2)

1−a = tat1−axa
1x1−a

2 = txa
1x1−a

2 = tu(x1, x2).

Thus if u(x1, x2) > u(y1, y2), we know that u(tx1, tx2) > u(ty1, ty2), so
that Cobb-Douglas preferences are indeed homothetic.

6.4. The demand curve.

6.5. No. Concave preferences can only give rise to optimal consumption
bundles that involve zero consumption of one of the goods.

6.6. Normally they would be complements, at least for non-vegetarians.

6.7. We know that x1 = m/(p1 + p2). Solving for p1 as a function of the
other variables, we have

p1 =
m
x1

− p2.

6.8. False.

7 Revealed Preference

7.1. No. This consumer violates the Weak Axiom of Revealed Preference
since when he bought (x1, x2) he could have bought (y1, y2) and vice versa.
In symbols:

p1x1 + p2x2 = 1× 1 + 2× 2 = 5 > 4 = 1× 2 + 2× 1 = p1y1 + p2y2
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and

q1y1 + q2y2 = 2× 2 + 1× 1 = 5 > 4 = 2× 1 + 1× 2 = q1x1 + q2x2.

7.2. Yes. No violations of WARP are present, since the y-bundle is not
affordable when the x-bundle was purchased and vice versa.

7.3. Since the y-bundle was more expensive than the x-bundle when the
x-bundle was purchased and vice versa, there is no way to tell which bundle
is preferred.

7.4. If both prices changed by the same amount. Then the base-year bundle
would still be optimal.

7.5. Perfect complements.

8 Slutsky Equation

8.1. Yes. To see this, use our favorite example of red pencils and blue
pencils. Suppose red pencils cost 10 cents a piece, and blue pencils cost
5 cents a piece, and the consumer spends $1 on pencils. She would then
consume 20 blue pencils. If the price of blue pencils falls to 4 cents a piece,
she would consume 25 blue pencils, a change which is entirely due to the
income effect.

8.2. Yes.

8.3. Then the income effect would cancel out. All that would be left would
be the pure substitution effect, which would automatically be negative.

8.4. They are receiving tx� in revenues and paying out tx, so they are losing
money.

8.5. Since their old consumption is affordable, the consumers would have to
be at least as well-off. This happens because the government is giving them
back more money than they are losing due to the higher price of gasoline.

9 Buying and Selling

9.1. Her gross demands are (9, 1).

9.2. The bundle (y1, y2) = (3, 5) costs more than the bundle (4, 4) at the
current prices. The consumer will not necessarily prefer consuming this
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bundle, but would certainly prefer to own it, since she could sell it and
purchase a bundle that she would prefer.

9.3. Sure. It depends on whether she was a net buyer or a net seller of the
good that became more expensive.

9.4. Yes, but only if the U.S. switched to being a net exporter of oil.

9.5. The new budget line would shift outward and remain parallel to the
old one, since the increase in the number of hours in the day is a pure
endowment effect.

9.6. The slope will be positive.

10 Intertemporal Choice

10.1. According to Table 10.1, $1 20 years from now is worth 3 cents today
at a 20 percent interest rate. Thus $1 million is worth .03 × 1, 000, 000 =
$30, 000 today.

10.2. The slope of the intertemporal budget constraint is equal to −(1+ r).
Thus as r increases the slope becomes more negative (steeper).

10.3. If goods are perfect substitutes, then consumers will only purchase the
cheaper good. In the case of intertemporal food purchases, this implies that
consumers only buy food in one period, which may not be very realistic.

10.4. In order to remain a lender after the change in interest rates, the
consumer must be choosing a point that he could have chosen under the
old interest rates, but decided not to. Thus the consumer must be worse
off. If the consumer becomes a borrower after the change, then he is choos-
ing a previously unavailable point that cannot be compared to the initial
point (since the initial point is no longer available under the new budget
constraint), and therefore the change in the consumer’s welfare is unknown.

10.5. At an interest rate of 10%, the present value of $100 is $90.91. At a
rate of 5% the present value is $95.24.

11 Asset Markets

11.1. Asset A must be selling for 11/(1 + .10) = $10.

11.2. The rate of return is equal to (10, 000 + 10, 000)/100, 000 = 20%.
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11.3. We know that the rate of return on the nontaxable bonds, r, must be
such that (1− t)rt = r, therefore (1− .40).10 = .06 = r.

11.4. The price today must be 40/(1 + .10)10 = $15.42.

12 Uncertainty

12.1. We need a way to reduce consumption in the bad state and increase
consumption in the good state. To do this you would have to sell insurance
against the loss rather than buy it.

12.2. Functions (a) and (c) have the expected utility property (they are
affine transformations of the functions discussed in the chapter), while (b)
does not.

12.3. Since he is risk-averse, he prefers the expected value of the gamble,
$325, to the gamble itself, and therefore he would take the payment.

12.4. If the payment is $320 the decision will depend on the form of the
utility function; we can’t say anything in general.

12.5. Your picture should show a function that is initially convex, but then
becomes concave.

12.6. In order to self-insure, the risks must be independent. However, this
does not hold in the case of flood damage. If one house in the neighborhood
is damaged by a flood it is likely that all of the houses will be damaged.

13 Risky Assets

13.1. To achieve a standard deviation of 2% you will need to invest x =
σx/σm = 2/3 of your wealth in the risky asset. This will result in a rate of
return equal to (2/3).09 + (1− 2/3).06 = 8%.

13.2. The price of risk is equal to (rm − rf )/σm = (9 − 6)/3 = 1. That
is, for every additional percent of standard deviation you can gain 1% of
return.

13.3. According to the CAPM pricing equation, the stock should offer an
expected rate of return of rf + β(rm − rf ) = .05 + 1.5(.10− .05) = .125 or
12.5%. The stock should be selling for its expected present value, which is
equal to 100/1.125 = $88.89.
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14 Consumer’s Surplus

14.1. The equilibrium price is $10 and the quantity sold is 100 units. If the
tax is imposed, the price rises to $11, but 100 units of the good will still
be sold, so there is no deadweight loss.

14.2. We want to compute the area under the demand curve to the left of
the quantity 6. Break this up into the area of a triangle with a base of
6 and a height of 6 and a rectangle with base 6 and height 4. Applying
the formulas from high school geometry, the triangle has area 18 and the
rectangle has area 24. Thus gross benefit is 42.

14.3. When the price is 4, the consumer’s surplus is given by the area of
a triangle with a base of 6 and a height of 6; i.e., the consumer’s surplus
is 18. When the price is 6, the triangle has a base of 4 and a height of 4,
giving an area of 8. Thus the price change has reduced consumer’s surplus
by $10.

14.4. Ten dollars. Since the demand for the discrete good hasn’t changed,
all that has happend is that the consumer has had to reduce his expenditure
on other goods by ten dollars.

15 Market Demand

15.1. The inverse demand curve is P (q) = 200− 2q.

15.2. The decision about whether to consume the drug at all could well
be price sensitive, so the adjustment of market demand on the extensive
margin would contribute to the elasticity of the market demand.

15.3. Revenue is R(p) = 12p − 2p2, which is maximized at p = 3.

15.4. Revenue is pD(p) = 100, regardless of the price, so all prices maximize
revenue.

15.5. True. The weighted average of the income elasticities must be 1, so
if one good has a negative income elasticity, the other good must have an
elasticity greater than 1 to get the average to be 1.

16 Equilibrium

16.1. The entire subsidy gets passed along to the consumers if the supply
curve is flat, but the subsidy is totally received by the producers when the
supply curve is vertical.
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16.2. The consumer.

16.3. In this case the demand curve for red pencils is horizontal at the price
pb, since that is the most that they would be willing to pay for a red pencil.
Thus, if a tax is imposed on red pencils, consumers will end up paying pb
for them, so the entire amount of the tax will end up being borne by the
producers (if any red pencils are sold at all—it could be that the tax would
induce the producer to get out of the red pencil business).

16.4. Here the supply curve of foreign oil is flat at $25. Thus the price
to the consumers must rise by the $5 amount of the tax, so that the net
price to the consumers becomes $30. Since foreign oil and domestic oil
are perfect substitutes as far as the consumers are concerned, the domestic
producers will sell their oil for $30 as well and get a windfall gain of $5 per
barrel.

16.5. Zero. The deadweight loss measures the value of lost output. Since
the same amount is supplied before and after the tax, there is no deadweight
loss. Put another way: the suppliers are paying the entire amount of the
tax, and everything they pay goes to the government. The amount that
the suppliers would pay to avoid the tax is simply the tax revenue the
government receives, so there is no excess burden of the tax.

16.6. Zero revenue.

16.7. It raises negative revenue, since in this case we have a net subsidy of
borrowing.

17 Measurement

17.1. This is an example of Simpson’s paradox.

17.2. If the coin is fair, then it has a probability 1/2 of coming up heads
the first time, 1/2 of coming up heads the second time, and so on. The
probability of coming up heads 5 times in a row would be 1/25 = 1/32 ∼
.03.

17.3. If you take the natural log of each side, you see that log (x) = c + bp
which is a semi-log demand function.

18 Auctions

18.1. Since the collectors likely have their own values for the quilts, and
don’t particularly care about the other bidders’ values, it is a private-value
auction.



A20 ANSWERS

18.2. Following the analysis in the text, there are four equally likely config-
urations of bidders: (8,8), (8,10), (10,8), and (10,10). With zero reservation
price, the optimal bids will be (8,9,9,10), resulting in expected profit of $9.
The only candidate for a reservation price is $10, which yields expected
profit of 30/4 = $7.50. Hence zero is a profit-maximizing reservation price
in this auction.

18.3. Have each person write down a value, then award the two books to
the students with the two highest values, but just charge them the bid of
the third highest student.

18.4. It was efficient in the sense that it awarded the license to the firm
that valued it most highly. But it took a year for this to happen, which is
inefficient. A Vickrey auction or an English auction would have achieved
the same result more quickly.

18.5. This is a common-value auction since the value of the prize is the same
to all bidders. Normally, the winning bidder overestimates the number of
pennies in the jar, illustrating the winner’s curse.

19 Technology

19.1. Increasing returns to scale.

19.2. Decreasing returns to scale.

19.3. If a + b = 1, we have constant returns to scale, a + b < 1 gives
decreasing returns to scale, and a+ b > 1 gives increasing returns to scale.

19.4. 4× 3 = 12 units.

19.5. True.

19.6. Yes.

20 Profit Maximization

20.1. Profits will decrease.

20.2. Profit would increase, since output would go up more than the cost
of the inputs.

20.3. If the firm really had decreasing returns to scale, dividing the scale
of all inputs by 2 would produce more than half as much output. Thus the
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subdivided firm would make more profits than the big firm. This is one
argument why having everywhere decreasing returns to scale is implausible.

20.4. The gardener has ignored opportunity costs. In order to accurately
account for the true costs, the gardener must include the cost of her own
time used in the production of the crop, even if no explicit wage was paid.

20.5. Not in general. For example, consider the case of uncertainty.

20.6. Increase.

20.7. The use of x1 does not change, and profits will increase.

20.8. May not.

21 Cost Minimization

21.1. Since profit is equal to total revenue minus total costs, if a firm is not
minimizing costs then there exists a way for the firm to increase profits;
however, this contradicts the fact that the firm is a profit maximizer.

21.2. Increase the use of factor 1 and decrease the use of factor 2.

21.3. Since the inputs are identically priced perfect substitutes, the firm
will be indifferent between which of the inputs it uses. Thus the firm will
use any amounts of the two inputs such that x1 + x2 = y.

21.4. The demand for paper either goes down or stays constant.

21.5. It implies that
∑n

i=1 ΔwiΔxi ≤ 0, where Δwi = wt
i − ws

i and Δxi =
xt

i − xs
i .

22 Cost Curves

22.1. True, true, false.

22.2. By simultaneously producing more output at the second plant and
reducing production at the first plant, the firm can reduce costs.

22.3. False.
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23 Firm Supply

23.1. The inverse supply curve is p = 20y, so the supply curve is y = p/20.

23.2. Set AC = MC to find 10y + 1000/y = 20y. Solve to get y∗ = 10.

23.3. Solve for p to get Ps(y) = (y − 100)/20.

23.4. At 10 the supply is 40 and at 20 the supply is 80. The producer’s
surplus is composed of a rectangle of area 10 × 40 plus a triangle of area
1
2 × 10× 40, which gives a total change in producer’s surplus of 600. This
is the same as the change in profits, since the fixed costs don’t change.

23.5. The supply curve is given by y = p/2 for all p ≥ 2, and y = 0 for all
p ≤ 2. At p = 2 the firm is indifferent between supplying 1 unit of output
or not supplying it.

23.6. Mostly technical (in more advanced models this could be market),
market, could be either market or technical, technical.

23.7. That all firms in the industry take the market price as given.

23.8. The market price. A profit-maximizing firm will set its output such
that the marginal cost of producing the last unit of output is equal to its
marginal revenue, which in the case of pure competition is equal to the
market price.

23.9. The firm should produce zero output (with or without fixed costs).

23.10. In the short run, if the market price is greater than the average
variable cost, a firm should produce some output even though it is losing
money. This is true because the firm would have lost more had it not
produced since it must still pay fixed costs. However, in the long run there
are no fixed costs, and therefore any firm that is losing money can produce
zero output and lose a maximum of zero dollars.

23.11. The market price must be equal to the marginal cost of production
for all firms in the industry.

24 Industry Supply

24.1. The inverse supply curves are P1(y1) = 10+ y1 and P2(y2) = 15+ y2.
When the price is below 10 neither firm supplies output. When the price
is 15 firm 2 will enter the market, and at any price above 15, both firms
are in the market. Thus the kink occurs at a price of 15.
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24.2. In the short run, the consumers pay the entire amount of the tax. In
the long run it is paid by the producers.

24.3. False. A better statement would be: convenience stores can charge
high prices because they are near the campus. Because of the high prices
the stores are able to charge, the landowners can in turn charge high rents
for the use of the convenient location.

24.4. True.

24.5. The profits or losses of the firms that are currently operating in the
industry.

24.6. Flatter.

24.7. No, it does not violate the model. In accounting for the costs we
failed to value the rent on the license.

25 Monopoly

25.1. No. A profit-maximizing monopolist would never operate where the
demand for its product was inelastic.

25.2. First solve for the inverse demand curve to get p(y) = 50 − y/2.
Thus the marginal revenue is given by MR(y) = 50 − y. Set this equal
to marginal cost of 2, and solve to get y = 48. To determine the price,
substitute into the inverse demand function, p(48) = 50− 48/2 = 26.

25.3. The demand curve has a constant elasticity of −3. Using the formula
p[1 + 1/	] = MC, we substitute to get p[1 − 1/3] = 2. Solving, we get
p = 3. Substitute back into the demand function to get the quantity
produced: D(3) = 10× 3−3.

25.4. The demand curve has a constant elasticity of −1. Thus marginal
revenue is zero for all levels of output. Hence it can never be equal to
marginal cost.

25.5. For a linear demand curve the price rises by half the change in cost.
In this case, the answer is $3.

25.6. In this case p = kMC, where k = 1/(1− 1/3) = 3/2. Thus the price
rises by $9.

25.7. Price will be two times marginal cost.
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25.8. A subsidy of 50 percent, so the marginal costs facing the monopo-
list are half the actual marginal costs. This will ensure that price equals
marginal cost at the monopolist’s choice of output.

25.9. A monopolist operates where p(y)+yΔp/Δy = MC(y). Rearranging,
we have p(y) = MC(y) − yΔp/Δy. Since demand curves have a negative
slope, we know that Δp/Δy < 0, which proves that p(y) > MC(y).

25.10. False. Imposing a tax on a monopolist may cause the market price
to rise more than, the same as, or less than the amount of the tax.

25.11. A number of problems arise, including: determining the true mar-
ginal costs for the firm, making sure that all customers will be served, and
ensuring that the monopolist will not make a loss at the new price and
output level.

25.12. Some appropriate conditions are: large fixed costs and small mar-
ginal costs, large minimum efficient scale relative to the market, ease of
collusion, etc.

26 Monopoly Behavior

26.1. Yes, if it can perfectly price discriminate.

26.2. pi = 	ic/(1 + 	i) for i = 1, 2.

26.3. If he can perfectly price discriminate, he can extract the entire con-
sumers’ surplus; if he can charge for admission, he can do the same. Hence,
the monopolist does equally well under either pricing policy. (In practice,
it is much easier to charge for admission than to charge a different price
for every ride.)

26.4. This is third-degree price discrimination. Apparently the Disneyland
administrators believe that residents of Southern California have more elas-
tic demands than other visitors to their park.

27 Factor Markets

27.1. Sure. A monopsonist can produce at any level of supply elasticity.

27.2. Since the supply of labor would exceed the demand for labor at such
a wage, we would presumably see unemployment.
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27.3. We find the equilibrium prices by substituting into the demand func-
tions. Since p = a − by, we can use the solution for y to find

p =
3a + c

4
.

Since k = a − 2bx, we can use the solution for x to find

k =
a + c
2

.

28 Oligopoly

28.1. In equilibrium each firm will produce (a− c)/3b, so the total industry
output is 2(a − c)/3b.

28.2. Nothing. Since all firms have the same marginal cost, it doesn’t
matter which of them produces the output.

28.3. No, because one of the choices open to the Stackelberg leader is to
choose the level of output it would have in the Cournot equilibrium. So it
always has to be able to do at least this well.

28.4. We know from the text that we must have p[1− 1/n|	|] = MC. Since
MC > 0, and p > 0, we must have 1 − 1/n|	| > 0. Rearranging this
inequality gives the result.

28.5. Make f2(y1) steeper than f1(y2).

28.6. In general, no. Only in the case of the Bertrand solution does price
equal the marginal cost.

29 Game Theory

29.1. The second player will defect in response to the first player’s (mis-
taken) defection. But then the first player will defect in response to that,
and each player will continue to defect in response to the other’s defection!
This example shows that tit-for-tat may not be a very good strategy when
players can make mistakes in either their actions or their perceptions of the
other player’s actions.

29.2. Yes and no. A player prefers to play a dominant strategy regardless of
the strategy of the opponent (even if the opponent plays her own dominant
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strategy). Thus, if all of the players are using dominant strategies then it
is the case that they are all playing a strategy that is optimal given the
strategy of their opponents, and therefore a Nash equilibrium exists. How-
ever, not all Nash equilibria are dominant strategy equilibria; for example,
see Table 29.2.

29.3. Not necessarily. We know that your Nash equilibrium strategy is
the best thing for you to do as long as your opponent is playing her Nash
equilibrium strategy, but if she is not then perhaps there is a better strategy
for you to pursue.

29.4. Formally, if the prisoners are allowed to retaliate the payoffs in the
game may change. This could result in a Pareto efficient outcome for
the game (for example, think of the case where the prisoners both agree
that they will kill anyone who confesses, and assume death has a very low
utility).

29.5. The dominant Nash equilibrium strategy is to defect in every round.
This strategy is derived via the same backward induction process that was
used to derive the finite 10-round case. The experimental evidence using
much smaller time periods seems to indicate that players rarely use this
strategy.

29.6. The equilibrium has player B choosing left and player A choosing top.
Player B prefers to move first since that results in a payoff of 9 versus a
payoff of 1. (Note, however, that moving first is not always advantageous
in a sequential game. Can you think of an example?)

30 Game Applications

30.1. In a Nash equilibrium, each player is making a best response to the
other player’s best response. In a dominant strategy equilibrium, each
player’s choice is a best response to any choice the other player makes.

30.2. No, because when r = 1/3 there is an infinity of best responses, not
a single one, as is required for the mathematical definition of a function.

30.3. Not necessarily; it depends on the payoffs of the game. In chicken if
both choose to drive straight they receive the worst payoff.

30.4. It is row’s expected payoff in the equilibrium strategy of kicking to
the left with probability .7, while column jumps to the left with probability
.6. We have to sum the payoffs to row over four events: the probability row
kicks left and column defends left × row’s payoff in this case + probability
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row kicks right and column defends left × row’s payoff in this case, and so
on. The numbers are (.7)(.6)50 + (.7)(.4)80 + (.3)(.6)90 + (.3)(.4)20 = 62.

30.5. He means that he will bid low in order to get the contract, but then
charge high prices subsequently for any changes. The client has to go along,
since it is costly for him to switch in the middle of a job.

31 Behavioral Economics

31.1. The first group is more likely to buy, due to the “framing effect.”

31.2. The “bracketing effect” makes it likely that the meals chosen by Mary
will have more variety.

31.3. From the viewpoint of classical consumer theory, more choice is bet-
ter. But it is certainly possible that too much choice could confuse the
employees, so 10 might be a safer choice. If you did decide to offer 50 mu-
tual funds, it would be a good idea to group them into a relatively small
number of categories.

31.4. The probability of heads coming up 3 times in a row is 1
2 × 1

2 × 1
2 =

1
8 = .125. The probability of tails coming up in a row is also .125, so the
probability of a run of 3 heads or tails is .25.

31.5. It is called “time inconsistency.”

32 Exchange

32.1. Yes. For example, consider the allocation where one person has every-
thing. Then the other person is worse off at this allocation than he would
be at an allocation where he had something.

32.2. No. For this would mean that at the allegedly Pareto efficient al-
location there is some way to make everyone better off, contradicting the
assumption of Pareto efficiency.

32.3. If we know the contract curve, then any trading should end up some-
where on the curve; however, we don’t know where.

32.4. Yes, but not without making someone else worse off.

32.5. The value of excess demand in the remaining two markets must sum
to zero.
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33 Production

33.1. Giving up 1 coconut frees up $6 worth of resources that could be used
to produce 2 pounds (equals $6 worth) of fish.

33.2. A higher wage would produce a steeper isoprofit line, implying that
the profit maximizing level for the firm would occur at a point to the left of
the current equilibrium, entailing a lower level of labor demand. However,
under this new budget constraint Robinson will want to supply more than
the required level of labor (why?) and therefore the labor market will not
be in equilibrium.

33.3. Given a few assumptions, an economy that is in competitive equilib-
rium is Pareto efficient. It is generally recognized that this is a good thing
for a society since it implies that there are no opportunities to make any in-
dividual in the economy better off without hurting someone else. However,
it may be that the society would prefer a different distribution of welfare;
that is, it may be that society prefers making one group better off at the
expense of another group.

33.4. He should produce more fish. His marginal rate of substitution indi-
cates that he is willing to give up two coconuts for an additional fish. The
marginal rate of transformation implies that he only has to give up one
coconut to get an additional fish. Therefore, by giving up a single coconut
(even though he would have been willing to give up two) he can have an
additional fish.

33.5. Both would have to work 9 hours per day. If they both work for
6 hours per day (Robinson producing coconuts, and Friday catching fish)
and give half of their total production to the other, they can produce the
same output. The reduction in the hours of work from 9 to 6 hours per day
is due to rearranging production based on each individual’s comparative
advantage.

34 Welfare

34.1. The major shortcoming is that there are many allocations that cannot
be compared—there is no way to decide between any two Pareto efficient
allocations.

34.2. It would have the form: W (u1, . . . , un) = max{u1, . . . , un}.

34.3. Since the Nietzschean welfare function cares only about the best off
individual, welfare maxima for this allocation would typically involve one
person getting everything.
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34.4. Suppose that this is not the case. Then each individual envies someone
else. Let’s construct a list of who envies whom. Person A envies someone—
call him person B. Person B in turn envies someone—say person C. And
so on. But eventually we will find someone who envies someone who came
earlier in the list. Suppose the cycle is “C envies D envies E envies C.”
Then consider the following swap: C gets what D has, D gets what E has,
and E gets what C has. Each person in the cycle gets a bundle that he
prefers, and thus each person is made better off. But then the original
allocation couldn’t have been Pareto efficient!

34.5. First vote between x and z, and then vote between the winner (z)
and y. First pair x and y, and then vote between the winner (x) and z.
The fact that the social preferences are intransitive is responsible for this
agenda-setting power.

35 Externalities

35.1. True. Usually, efficiency problems can be eliminated by the delin-
eation of property rights. However, when we impose property rights we
are also imposing an endowment, which may have important distributional
consequences.

35.2. False.

35.3. Come on, your roommates aren’t all bad . . .

35.4. The government could just give away the optimal number of grazing
rights. Another alternative would be to sell the grazing rights. (Question:
how much would these rights sell for? Hint: think about rents.) The
government could also impose a tax, t per cow, such that f(c∗)/c∗ + t = a.

36 Information Technology

36.1. They should be willing to pay up to $50, since this is the present value
of the profit they can hope to get from that customer in the long run.

36.2. Users would gravitate toward packages with the most users, since that
would make it more convenient for them to exchange files and information
about how to use the program.

36.3. In this case the profit maximization conditions are identical. If two
people share a video, the producer would just double the price and make
exactly the same profits.
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37 Public Goods

37.1. We want the sum of the marginal rates of substitution to equal the
marginal cost of providing the public good. The sum of the MRSs is 20
(= 10×2), and the marginal cost is 2x. Thus we have the equation 2x = 20,
which implies that x = 10. So the Pareto efficient number of streetlights is
10.

38 Asymmetric Information

38.1. Since only the low-quality cars get exchanged in equilibrium and there
is a surplus of $200 per transaction, the total surplus created is 50× 200 =
$10, 000.

38.2. If the cars were assigned randomly, the average surplus per trans-
action would be the average willingness to pay, $1800, minus the average
willingness to sell, $1500. This gives an average surplus of $300 per trans-
action and there are 100 transactions, so we get a total surplus of $30,000,
which is much better than the market solution.

38.3. We know from the text that the optimal incentive plan takes the
form s(x) = wx + K. The wage w must equal the marginal product of
the worker, which in this case is 1. The constant K is chosen so that the
worker’s utility at the optimal choice is u = 0. The optimal choice of x
occurs where price, 1, equals marginal cost, x, so x∗ = 1. At this point the
worker gets a utility of x∗ + K − c(x∗) = 1 + K − 1/2 = 1/2 + K. Since
the worker’s utility must equal 0, it follows that K = −1/2.

38.4. We saw in the last answer that the profits at the optimal level of
production are 1/2. Since u = 0, the worker would be willing to pay 1/2
to rent the technology.

38.5. If the worker is to achieve a utility level of 1, the firm would have to
give the worker a lump-sum payment of 1/2.
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Georgia Power Company, 152
Giffen good, 103–105, 114, 136, 144
Google, 338, 693
government-run monopolies, 471
Grameen Bank, 756
graph, A2
gross benefit, 253
gross complements, 112
gross consumer’s surplus, 253
gross demand, 167, 178, 608
gross demands, 161
gross substitutes, 112
Groves mechanism, 730

hawk-dove game, 569
Hicks substitution effect, 153–155, 158
hidden action, 744
hidden information, 744
homothetic preferences, 101
horizontal intercept, A5
horizontal supply curve, 294
housing

rate of return on, 206
rental rate on, 206
tax treatment of, 267

hyperbolic discounting, 594

identification problem, 325
identity, A3
implicit functions, 71
implicit income, 174
implicit rental rate, 206
incentive compatibility constraint, 347,

751
incentive systems, 749
income

distribution, 271
effect, 102, 137, 141–142, 156, 179, 256
expansion paths, 97–103
offer curves, 97–103
tax, 87

income elasticity of demand, 285
increasing returns to scale, 359
independence assumption, 225
independent variable, A1
index fund, 248
index numbers, 131
indexing, 133
indifference, 34
indifference curve, 36–44, 52, 604

construction of, 604
indirect revealed preference, 121, 128,

130
individualistic welfare function, 658, 662
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industry equilibrium
long run, 433
short run, 432

industry supply curve, 431
inelastic, 286
inferior good, 96, 106, 114, 144, 156,

163, 285
inflation

expected rate of, 191
inflation rate, 190–191
information economy, 686
inframarginal, 465
initial endowment, 602, 666
installment loans, 199
insurance, 227, 742, 744
Intel, 361
intellectual property, 709
intensive margin, 273
interest rate, 183–185, 200, 207

nominal, 190, 201
real, 190, 201

interior optimum, 76
internal monopolist, 367
internalization of production externali-

ties, 677
internalized, 670
intertemporal

budget constraint, 185
choice, 182

intertemporal choices, 182
InterTrust Technology, 468
intransitive preferences, 58
intransitivity, 729
inverse demand function, 112, 113, 115,

272, 295
inverse function, A3
inverse supply function, 295, 296, 421
iPod, 691, 705
iPods, 692
Iraq, 310
isocost lines, 383
isoprofit curves, 521, 533
isoprofit lines, 369, 519, 631, 644
isoquant, 352, 361, 383
isowelfare curves, 656
iTunes, 692, 705

jewelry, 344
joint production possibilities set, 640

kinky tastes, 76
Kodak, 469

labor
market, 288
supply, 172–179

supply curve, backward bending, 177
Laffer

curve, 288
effect, 288, 289

Lagrange multiplier, 92
Lagrangian, 626, 649, 662, 735
Laspeyres

price index, 132
quantity index, 131

Law of Demand, 147, 156
law of diminishing marginal product, 357
Law of Large Numbers, 590
leisure, 175
lender, 186
level set, 59
linear demand, 461
linear function, A4
LinkedIn, 711
liquidity, 202, 205, 208
liquor licenses, 445
loans, 306
lock-in, 694
logarithm, A6
long run, 17, 358, 362, 368, 379

average cost, 406, 409
marginal costs, 408

long-run
cost function, 389
equilibrium, 436
supply curve, 427, 435, 455
supply function, 425

loss averse, 592
lower envelope, 407
lump sum

subsidy, 27, 31
tax, 27

luxury good, 101
luxury goods, 285

maintained hypothesis, 175
majority voting, 651
marginal change, A4
marginal cost, 398–400, 409, 428, 458
marginal product, 356, 361, 379, 504
marginal rate of substitution, 48–52, 66,

70–72, 89, 609, 641, 647
marginal rate of transformation, 639,

647
marginal revenue, 281–286, 458–459, 504
marginal revenue product, 504
marginal utility, 65–67, 70
marginal willingness to pay, 51, 114
market

constraint, 414
demand, 270–272, 285, 293, 415
environment, 414
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equilibrium, 609
line, 245
portfolio, 244
supply, 293
system, 14

market supply curve, 431
markup pricing, 461, 476
maturity date, 198
maximum, A9
mean, 237, 316
mean-variance model, 236
measured income, 174
median expenditure, 729
Mickey Mouse, 197
Microsoft, 338, 468
Microsoft Corporation, 420
minimax social welfare function, 655
minimum, A9
minimum efficient scale, 472, 476
minimum wage, 509
missing variable bias, 327
mixed strategies, 560
mixed strategy, 544, 565
model, 2, 8, 11
monitoring costs, 756
monopolist, 12, 14, 617

discriminating, 12, 14, 473–491, 618
monopolistic competition, 491–498, 502,

515
monopoly, 12, 457, 476, 503

deadweight loss, 467
government-run, 471
ineffiency, 464
natural, 471, 476
Pareto efficiency, 17

monopsony, 506–508, 513
monotonic, 52, 354, 361, A3

transformation, 55, 67, 69, 223
monotonicity, 45
moral hazard, 743
MS-DOS, 420
municipal bonds, 208
mutual fund, 247–249
mutually assured destruction, 468
MySpace, 711

Nash bargaining model, 580
Nash equilibria, 562
Nash equilibrium, 542, 550, 554, 557,

689
natural experiment, 327
natural monopoly, 471, 476
necessary condition, 77
necessary good, 101
negative correlation, 242
negative framing, 587

negative monotonic function, A3
net buyer, 161
net consumer’s surplus, 253
net demand, 161, 167, 178, 608, 610
net present value, 195
net producer’s surplus, 264
net seller, 161
net supplier, 161
Netscape Communications Corporation,

703
network effect, 711
network externalities, 493, 697, 702
neutral good, 41, 81
no arbitrage condition, 205
nominal rate of interest, 190
nonconvex preferences, 82
nonconvexity, 635
nonlabor income, 173
nonlinear pricing, 483
normal good, 96, 114, 156, 163, 285
number portability, 696
numeraire, 26, 613, 630

objective function, A10
observational data, 322, 324
offer curves, 97–103
oil, 210
oligopoly, 515, 537, 552
OLS, 322
online bill payment services, 696
OPEC, 148, 330, 447
opportunity cost, 23, 174, 202, 364, 434,

441
optimal choice, 73–78, 89
optimality condition, 162
optimization principle, 3, 18, 292
ordinal utility, 55
ordinary good, 103–105, 114
ordinary income effect, 169
ordinary least squares, 322
Organization of Petroleum Exporting

Countries (OPEC), 469
overconfidence., 595
overtime wage, 177

Paasche
price index, 132
quantity index, 131

paradox of voting, 728
Pareto efficiency, competitive market,

310
Pareto efficient, 15–16, 18, 310–313, 332,

464, 481, 545, 554, 615–621, 626,
641, 647, 664, 684, 715

allocation, 16, 605, 620, 625, 626
competitive market, 16
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discriminating monopolist, 16
monopoly, 17
rent control, 17

Pareto improvement, 15, 17, 715, 716
Pareto inefficient, 15, 716
Pareto set, 606
partial derivative, A8
partial equilibrium, 601
participation constraint, 750
partnership, 365
passing along a tax, 302
patent, 197, 467
patent portfolios, 468
patent thicket, 468
patents, 468
payoff matrix, 540
perfect complements, 40, 62, 79, 99, 107,

147, 353
perfect price discrimination, 480, 618
perfect substitutes, 38, 39, 61, 78, 99,

107, 147, 353
perfectly elastic, 302
perfectly inelastic, 302
perpetuities, 198
philatelist auction, 332
physical capital, 351
Pigouvian tax, 675, 684
pivotal, 733
pivoted and shifted budget lines, 138
pollution, 682, 723
Polonius point, 184
pooling equilibrium, 747
portfolio, 238
position auction, 338
positive affine transformation, 224
positive framing, 587
positive monotonic function, A3
preference

ordering, 58, 69
strict, 34

preference(s), 34, 35, 651
axioms, 35
complete, 35
concave, 82
convex, 47
estimation, 135
maximization, 90
nonconvex, 82
over probability distributions, 219
reflexive, 35
single peaked, 728
strict, 34
transitive, 35
weak, 34

preferences
recovering, 122

preliminary injunction, 469

present value, 184, 192–194, 197, 202,
215

of consumption, 192
of income, 192
of profits, 365
of the firm, 366

price
allocative role of, 623
controls, 449
discrimination, 480, 485, 502
distributive role, 623
elasticity of demand, 274, 284
follower, 516
leader, 516, 522, 525
maker, 507
of risk, 240, 244
offer curve, 106, 167, 617
supports, 378
taker, 415, 507

price discrimination, 487
Principle of Revealed Preference, 121
prisoner’s dilemma, 545, 548, 554, 562,

718
private costs, 671
private-value auctions, 331
probability distribution, 217
producer’s surplus, 263–264, 421, 428,

443, 476, 481
producers’ surplus, 313
product differentiation, 496
production

externalities, 637, 663
function, 351, 361, 629
possibilities frontier, 638
possibilities set, 638, 640
set, 351, 361
techniques, 355

profit, 363–364, 378, 421
economic, 364
long run, 371–372
maximization, long run, 371
short run, 369–370

property rights, 666, 667, 684
proprietorship, 365
proxy bidder, 336
public good, 714, 735
public goods, 347
punishment games, 597
punishment strategy, 534
purchasing power, 137, 141, 156
pure competition, 414
pure exchange, 602
pure strategy, 543
purely competitive, 414

quality, 738
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quality choice, 739
quality score, 341
quantity

follower, 516
leader, 516, 525
subsidy, 27
tax, 27, 87, 298

quantity index, 322
quasi-fixed cost, 391
quasi-fixed factors, 368
quasilinear

preferences, 63, 102, 115, 148, 668,
684, 717, 722

utility, 63, 256, 262

randomize, 544
randomized treatment, 321
randomizing, 591
rank-order voting, 652
rate of change, A4
rate of exchange, 67, 77
rate of return, 215
rationing, 28, 32
Rawlsian social welfare function, 655
reaction function, 518, 520
real interest rate, 190, 202
Real Time Pricing (RTP), 152
real wage, 174
recovering preferences, 122
reflexive, 35
reflexive preferences, 653
regression, 322
regulatory boards, 471
reinsurance market., 221
relative prices, 612–613, 625
rent, 751, 754

control, 14
control and Pareto efficiency, 17
economic, 440–444, 455
seeking, 446

rent seeking, 455
rental rate, 364
repeated games, 554
representative consumer, 271
reservation price, 4, 16, 109, 253, 273,

286, 697, 705, 715
reserve price, 331
residual claimant, 752
residual demand curve, 524
resource allocation, 18

decentralized, 643, 646
returns to scale, 359, 392

and the cost function, 387
constant, 359, 373, 379, 438
decreasing, 360
increasing, 359

revealed preference, 120–122, 135, 154,
165, 187

revealed profitability, 374
revenue, 277
rights management, 706
risk, 241

adjusted return, 246
adjustment, 244
averse, 227
averter, 232
lover, 227, 232
neutral, 227
premium, 245
spreading, 231

risk averse, 592
risk-free asset, 238, 241
riskless arbitrage, 205
risky asset, 233–234, 238

taxation, 235
Robinson Crusoe economy, 628
rock paper scissors, 544
Rubinstein bargaining model, 580

sales tax, 27, 299
satiation, 43
sealed-bid auction, 332
search targeted ads, 693
second derivative, A7
second order statistic, 342
Second Theorem of Welfare Economics,

621, 623–625, 637
second-degree price discrimination, 480,

483
second-order condition, A9
security, 198
self select, 483
self-control, 594
self-serving attribution bias, 595
separating equilibrium, 747
sequential game, 516, 550, 552, 554
sequential moves, 571
shadow prices, 627
sharecropping, 755
shareholder voting rights, 753
sheepskin effect, 749
short run, 17, 358, 362, 368, 379

average cost, 409
cost function, 389
supply curve, 455

shutdown condition, 419
signaling, 745
Simpson’s paradox, 318
simultaneous game, 516
simultaneous moves, 571
single peaked preferences, 728
slope, A5
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Slutsky
demand function, 157
equation, 156–158, 169, 170, 179, 180,

187, 188
equation, with endowment, 171
identity, 143–145
identity, rates of change, 145
income effect, 141–142
substitution effect, 152, 153

Smith, Adam, 474
smooth function, A3
social cost, 304, 670, 672, 680, 684
social norms, 582
social preference, 651, 727
Social Security, 133
social welfare function, 654
software suite, 492, 493
solution, A3
Southwest Airlines, 482
stable equilibrium, 529
Stackelberg

follower, 518
leader, 520
model, 517–522, 550

standard deviation, 237
state contingent security, 222
states of nature, 219, 220, 232
stock market, 214, 231, 366

value, 366
strategic choices, 554
strategic interaction, 515, 540, 595
strategy method, 597
strict convexity, 48, 120
strict preference, 34
Strong Axiom of Revealed Preference

(SARP), 128
subsidies, 310
subsidy, 27, 32, 378

ad valorem, 27, 29
food, 309
lump sum, 27, 31
quantity, 27

substitute, 111, 115
gross, 112

substitution effect, 137, 139, 142, 153,
156

sufficient condition, 77
summary statistics, 316
Sun Microsystems, 468
sunk cost, 391
sunk cost fallacy, 593
supply curve, 5–6, 10, 17, 18, 161, 168,

262, 293, 313, 428
competitive firm, 417
horizontal, 294
industry, 431
inverse, 421

long run, 425, 427, 435, 436, 455
market, 293, 431
vertical, 294

supply function, 379
inverse, 295, 296

switching costs, 693, 697
symmetric treatment, 661
systemic risk, 243

take-it-or-leave-it, 752, 755
taking bids off the wall, 344
tangent, A6
tax, 11, 32, 87, 200, 298, 313, 438

ad valorem, 27, 298
capital gains, 207
deadweight loss, 304–306, 313
gasoline, 148
lump sum, 27
on asset returns, 207
policy, 288
quantity, 27, 298
reforms, 267
sales, 27, 299
value, 298
welfare implications, 623

taxi licenses, 442
technical rate of substitution, 362, 383
technical rate of substitution (TRS), 356
technological constraints, 350, 351, 361,

413
technology

convex, 354–355
perfect complements, 386
perfect substitutes, 386

third-degree price discrimination, 480,
487

time
behavior over, 593

time discounting, 593
time inconsistency:, 594
tit for tat, 548, 549
tragedy of the commons, 684
transformation function, 648
transformations, A1
transitive, 35, 121, 651, 653, 727
treatment group, 321
two-good assumption, 21
two-part tariff, 494
two-sided market, 705
two-sided matching, 346
two-sided matching models, 345
two-sided network effect, 711
two-tiered pricing, 447

U.S. Constitution, 197
ultimatum game, 596
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uncertainty, 217
choice under, 232

uniform pricing, 487
unit cost function, 387
unit elastic demand, 281, 286
upstream monopolist, 510
utility, 54

function, 55, 58, 61, 69
possibilities frontier, 656
possibilities set, 656

utility function
concave, 227

value, 27
value at risk, 246
value of the marginal product, 505
value tax, 27, 298
VaR, 246
variable cost, 397
variable factor, 368, 378
variance, 237
VCG mechanism, 730
Verizon Wireless, 696
vertical intercept, A5
Vickrey auction, 332, 334, 336, 338, 341,

348, 732
Vickrey-Clarke-Groves mechanism, 730
von Neumann-Morgenstern utility func-

tion, 224
voting mechanisms, 347
voting system, 727

wage labor, 751, 755
waiting in line, 312
Walras’ law, 611, 612, 625
Walrasian equilibrium, 609
warranty, 745
Weak Axiom of Cost Minimization

(WACM), 386
Weak Axiom of Profit Maximization

(WAPM), 375
Weak Axiom of Revealed Preference, 124
weak preference, 34, 47
weakly preferred set, 36
web page, 338
weighted-sum-of-utilities welfare func-

tion, 654
welfare function, 650, 661

Bergson-Samuelson, 658
individualistic, 658, 662
Rawlsian (minimax), 655

welfare maximization, 662
well-behaved indifference curves, 45
well-behaved preferences, 45, 47, 52, 186
windfall profits, 447

tax, 451

Winner’s Curse, 345
winner’s curse, 345

Yahoo, 338

zero profits, 634
zero-sum games, 564
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